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Abstract

The preponderance of Electronic Health Records (EHRs) motivates and enables

the exploitation of predictive measures, e.g., Artificial Intelligence (AI), in support of

personalized medicine. These measures aid physicians in their daily clinical practice

by predicting possible disease diagnoses and outcomes of drug prescriptions. With

well studied data mining techniques and machine learning models, e.g., deep neural

networks, building such systems seems relatively straightforward. However, in prac-

tice vast difficulties exists. Real-world EHRs are noisy and are abundant with tem-

poral relationships, hindering deep neural networks performance, preventing clinical

applicability. Equally important for clinical acceptance is interpretability; clinicians

must understand the reasoning behind a predicted outcome. Unfortunately, existing

approaches fail to achieve both high accuracy and model interpretability.

I develop graphical representations of EHRs for better model interpretability.

Additionally, the developed graph kernels achieve noise resistance and obtain superior

accuracy. Distance-based kernel learning with rigorous empirical evaluation concludes

a guideline of distance selection for variety of data distribution. Thus, using the pro-

posed approach, I address both aforementioned issues.

Index words: Predictive Medicine, Machine Learning, Deep Learning, Health
Informatics, Graph Kernel, Deep Metric Learning
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Chapter 1

Introduction

The rapid growth of patient Electronic Health Records (EHRs) enables the devel-

opment of data-driven medical applications to improve the quality of personalized

healthcare and clinical decision support [62]. EHR is a systematic collection of lon-

gitudinal patient health information, such as disease diagnosis and drug prescrip-

tion, which represents a patient’s medication road map in a historical viewpoint.

This record is mainly captured from administrative systems such as the nationwide

health insurance reimbursement system. This is also called insurance claim-based

EHR system. One major application developed by EHR is predictive medicine such

as prediction on the next disease diagnosis, drug prescription, or risk for a certain

medical condition. Although many approaches for many medical applications exist

[3, 70, 94, 118, 130], for our interest, it is valuable to study the potential of such an

application on drug prescription.

Erroneous drug prescription can be defined as a failure in the medication treat-

ment process resulting in an unsuccessful treatment or a harmful outcome and side

effects to patients [6]. Clinicians have the responsibility to accurately diagnose and

adequately treat a patient’s disease. For treatments that require medications, the ideal

prescription is one that is most effective and presents the least harmful side effects.

Our goal here is to target more critical diseases such as pneumonia, which early stage

prescription by antibiotics plays a central role to successful treatment. A wrong or
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ineffective prescription in such a case may cause severe negative consequences or even

patient mortality [75]. Yet, early stage treatment is not always achieved.

Recently, techniques that predict Adverse Drug Reactions (ADRs) were intro-

duced. For example, [129] formulates the prediction of ADRs as a hierarchical

Bayesian model. [92] reduces medication errors by using a probability model with

association rule mining to predict possible unsafe drug prescriptions. [73] predicts

side effects using a hybrid machine learning approach by incorporating multiple data

scores. [64] proposes a machine learning approach for predicting a failure in drug

prescription on an anti-diabetic drug. However, the above methods focus on a single

effect among drugs themselves, which is not ideal for doctors to know the success or

failure of a certain disease diagnosis. Hence, our task is to find such applications by

utilizing patient EHRs.

To utilize patient EHRs for developing an analytical model, feature extraction is

typically needed. The complexity of EHRs, such as high dimensions and temporal

event relationships, complicates their usage in developing an analytical application,

(e.g. Artificial Intelligence (AI) system). Traditional approaches transform EHRs into

vector representations via various feature extraction techniques (e.g., electronic phe-

notyping) [130]. The extracted feature vectors, where each dimension corresponds

to a certain medical concept, are fed into a linear or neural classifier. Such a flat-

tening formulation of EHRs ignores temporal relationships between medical events in

a patient’s history, reducing effectiveness. On the other hand, many extraction tasks

require medical knowledge to generate hand-crafted features which is inefficient and

cost prohibitive at large scale [130].

The problem arises when it comes to real world EHR systems, (e.g., insurance

claim-based EHR systems), which consist of highly temporally dependent data

attributes with high noise and variance. Most of the approaches rely on publicly
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available data or their collaborated hospital’s internal database, in which the patient

demographic information is uniform. Implementing models on such uniform datasets

can achieve better results if the system is performed in this scope, yet it often behaves

poorly when using other types of complex patient demographic datasets.

For countries with National Health Insurance (NHI) such as the United Kingdom

and Taiwan, medical doctors rely on a patient’s medical history from the NHI database

to have better knowledge of a patient’s status during a visit. Such a database system

usually comes with poor data quality due to its insurance claim-based nature and

user manipulating behavior such as entry errors, diversity of medical code standards,

data staging errors, and entry resolutions [112]. Deploying a clinical decision support

system on such data sources is very difficult.

Another problem comes with model interpretability. Model interpretability is the

ability to explain the behavior in a human understandable way (e.g., the cause of the

prediction). Generally, an interpretable model should consider human trustworthiness,

causality explanation, model transferability, objective informativeness, and a fair and

ethical decision-making process [78].

The lack of interpretability for AI models in medicine hinders the usage and accep-

tance of such systems from medical doctors and patients. Starting in 2018, the Euro-

pean Union regulations require a machine learning system for decision making to offer

human-level interpretation [46, 52]. The need for an interpretable model for medicine

is therefore necessary and urgent.

In this dissertation, I will argue and show that using graphs to represent patient

EHRs can solve modeling problems on temporal relationships mentioned above since

the graph itself has the ability to incorporate various information in a compact format.

I will demonstrate the ability to improve resistance to noise, as well as interpretability

by designing a set of proposed graph kernels, deep metric-based graph kernel learning,
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and a framework to train on the graphically represented EHRs. The theory of kernel

design and distance induced geometry for the embedding space is also discussed in

this dissertation.

1.1 Hypotheses

I formulate the challenges which are already described above in four hypotheses:

Hypothesis 1: The challenges of data complexity (e.g., high dimensional features

with complex temporal relationships), resulting in poor accuracy on prediction and

model interpretability, can be solved by representing patient EHRs as graphs (patient

graphs) along with properly designed graph kernels.

I first hypothesize that data representation is the key to achieving highly accurate

prediction as well as human level interpretability. Retaining all medical information

from patient EHRs can prevent model incompetence to make inference and predic-

tion. As mentioned previously, graphical EHR formulation compactly encompasses

all medical information, without the need of electronic phenotyping, which avoids

possible information loss due to flattened vector representations. The resulting graph

can be used directly to perform a classification task through the graph kernel, so the

model can learn both medical events and temporal relationships in a single frame.

I will demonstrate how to formulate patient EHRs into graphical representation in

Chapter 3, Section 3.2.2. I also show how to formulate the prediction task as a graph

classification task by using a Support Vector Machine (SVM) in Chapter 3, Sec-

tion 3.2.4, which can provide supportive evidence to show that the performance can

be improved by graphical representations of patient EHRs. The kernel design tech-

nique and its theoretical foundations are both discussed in Chapter 2, Section 2.1
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and 2.2 to support the mathematical aspects of the hypothesis. The details of imple-

mentation and development for our proposed graph kernels, which consider temporal

information and event ordering, are introduced in Chapter 3, Section 3.2.5 and 3.3.3

with their proof for positive definiteness.

Hypothesis 2: By considering multiple graph kernels and formulating predictive

models as similarity-based learning, the opaqueness of deep learning models can be

solved with clinically aligned interpretation as well as boosting the ability to resist

noise.

I next hypothesize that data noise and high variance leading to over-fitting for

deep learning models, which usually focuses on embedding data representations by

learning latent features, can be prevented by incorporating multiple graph kernels.

Through similarity-based learning, multiple graph kernels capture similarity from

multiple views between patients. This behavior can further boost the model inter-

pretability which aligns to real clinical practice. Although deep learning models are

powerful in learning complex data representation, they fail when unpredictable and

irregular patterns exist for which is a damage to learning data representation from

biased divergent latent feature space. The problem is even worse when it comes to

insurance claim based EHR systems since deep learning models try to fit data rep-

resentation based on biased medical event information, and result in poor prediction

performance. I will describe our discovery for irregular patterns in the real world

patient EHRs system in Chapter 3, Section 3.3.8. To investigate this hypothesis, I

will show our proposed deep learning architecture to consolidate multiple graph ker-

nels as well as generate clinically aligned interpretation for prediction in Chapter 3,

Section 3.3.5.

5



Hypothesis 3: With adaptive learned graph kernel, model inefficacy under complex

chronic disease can be addressed by automatically capturing relevant information in

biased long-term disease progression.

In addition to hypothesis 1 and 2, I further hypothesize that long-durable chronic

disease, which distorts the applicability for solutions in previous hypotheses, can

be overcome by an end to end deep metric learning-based graph kernel. Long-term

disease progression coupled with EHR complexity impedes the efficacy of outcome

prediction for medication. The increased divergence and noise on data attributes

over-fits the deep learning model as well as defeating kernel method, especially the

use of handcrafted graph kernel. I will present an adaptive learned graph kernel in

Chapter 3, Section 3.4 by jointly optimizing distance-metric and classification loss

to capture relevant feature in long-standing time progression. Such an approach also

brings clinical-aligned interpretation for prediction on treatment planning. The obser-

vation between Euclidean and cosine distance with regard to prediction performance

is reported in Chapter 3, Section 3.4.10.

Hypothesis 4: Certain geometric properties, derived from certain distance function

inducing Reproducing Kernel Hilbert Space (RKHS), exist and differ performance

behavior between Euclidean and cosine distance measures, deriving a distance selection

guideline.

In my last hypothesis, I surmise that different distance measures lead to dif-

ferent submanifolds in the original embedded space and different optimization process

on nonlinear kernel embedding. This can further explain the performance behavior

between Euclidean and cosine distance, and derive a distance selection guideline to

handle different use case. To validate this hypothesis, I will firstly establish several

geometric properties in Chapter 4, Section 4.2 to characterize the difference between
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Euclidean and cosine distance measures under Riemannian and subRiemannian geom-

etry. A unified framework is proposed in Chapter 4, Section 4.3 and empirically eval-

uated with different data balance-imbalance ratio in Chapter 4, Section 4.4. The

conclusion for this hypothesis, namely the distance selection guideline, is summarized

in Chapter 4, Section 4.5.

1.2 Organization

The organization of the remaining chapters in this dissertation is the following: In

Chapter 2, I introduce our theoretical work, namely a design principle for kernel

function, to support Hypothesis 1. In Chapter 3, I present our main contributions

including kernel-based traditional linear model and deep learning architecture as

the foundation to support Hypotheses 1 and 2. A deep metric learning-based graph

kernel is also introduced in Chapter 3 to support Hypothesis 3. In Chapter 4, I

establish geometric views on the difference between the selected distance measures

and validate the findings by a rigorous empirical evaluation. Finally, conclusions and

future works of the dissertation will be outlined in Chapter 5.

Parts of Chapter 2 and Chapter 3 are reproductions of my previous publica-

tions [44, 131, 132, 133] Parts of Chapter 4 are reproductions of my previous publi-

cations [43] Parts of Chapter 3 include concepts proposed and studies in my previous

publication [84, 117].
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Chapter 2

A Design Principle to Construct Valid Graph Kernels

In this chapter, mathematical knowledge related to kernel method is discussed as a

foundation to kernel design principle. The definition of kernel and the characterization

of feature map are showed in Section 2.1. The demonstration of constructing positive

definite kernel through Bochner’s Theorem is introduced in Section 2.2. We may see

a generalization of kernel form K(x, y) = e−d(x,y) given two data objects x and y, and

a valid distance function d.

This chapter is a near verbatim reproduction of [44].

2.1 The Definition of Kernel from Mathematics

The concept mainly discussed in this dissertation is Kernel-based method, which we

perform classification and prediction on the graphical data format directly through

graph kernel. Here we give an overview and definition on kernel.

A Kernel function performs an inner product implicitly by mapping data point

from an input space to the Hilbert space. It can also be treated as a similarity mea-

surement between two data objects. Graph kernels, positive definite or semidefinite

kernels defined for graphs, compute the similarity between pairs of graphs. Recent

graph kernel approaches compare two input graphs based on their common substruc-

tures, using walks [48, 66], shortest path [17], subtrees [114], or subgraphs [113]. Many
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of the applications introduced by graph kernels are within the domains of bioinfor-

matics [19, 101], social network analysis [20], natural language processing [14], infor-

mation retrieval [93], and image processing [57]. Applications using Electronic Health

Records (EHRs) are still relatively limited.

Kernel-based methods, which machine learning approaches utilize positive definite

or semi-definite kernel during training or prediction, are well known in the machine

learning community; kernels are associated with feature maps, and a kernel-based

procedure may be interpreted as mapping the data from the original data set (e.g.,

input space) into a highly dimensional feature space where linear models such as SVM

can be applied. Although many different kernels are used in machine learning, few

efforts study this topic systematically from a mathematical point of view, especially

as to how kernels associate to their feature maps and its positive definiteness, which

is the most important part. The positive definiteness of kernel guarantees that the

optimization problem, which can be solved in a set of classification tasks is convex. As

a result, positive definiteness becomes a main point to design and implement kernel

method. In this dissertation, I will provide a better understanding on the theoretical

ground of our proposed graph kernel.

The main idea behind kernel-based method is a so-called kernel trick that is

closely related to the Mercer’s Theorem [88]. We have the following definition of a

kernel:

Let X be a compact Riemannian manifold in Rn, n ∈ N, µ is a finite Borel measure

µ on X, and K : X ×X → R a pointwise-defined, symmetric function satisfying

N∑
j,k=−N

K(xj, xk)ajak ≥ 0 (2.1)
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for any finite subset {xj}Nj=−N in X and complex numbers {aj}Nj=−N . Then we call K

is a positive definite kernel on X. We assume further that∫
X

∫
X

K2(x, y)dµ(x)dµ(y) < +∞. (2.2)

Let

L2
µ(X) =

{
f : X → C :

∫
X

|f(x)|2dµ(x) <∞
}

be the space of all square integrable function with respect to the Borel measure µ.

Consider the induced integral operator LK : L2
µ(X) → L2

µ(X) defined by

LK(f)(x) =

∫
X

K(x, y)f(y)dµ(y) (2.3)

It is known that LK is a self-adjoint, positive and compact operator with a discrete

collection of non-negative eigenvalues {λj}∞j=1 satisfying
∑∞

j=1 λ
2
j < ∞. LK is said

to be Hilbert-Schmidt. The corresponding L2
µ(X)-normalized eigenfunctions {φj}∞j=1

forms an orthonormal basis of L2
µ(X). Recall that a Borel measure µ on X is said to

be (strictly) positive if the measure of every nonempty open subset in X is positive.

Here we state the famous Mercer’s Theorem.

Theorem 2.1.1. Let X ⊂ Rn be a closed subset, µ a strictly positive Borel measure

on X, K a continuous function on X ×X satisfying (2.1) and (2.2). Then

K(x, y) =
∞∑
j=1

λjφj(x)φj(y) (2.4)

where the series converges absolutely for each pair (x, y) ∈ X ×X and uniformly on

each compact subset of X.

A natural feature map that arises from Mercer’s Theorem is

Φµ : X → `2, where Φµ(x) =
{√

λjφj(x)
}∞
j=1

10



where if only m <∞ of the eigenvalues are strictly positive, then Φµ : X → Rm. It

is easy to see that there exist infinitely many feature maps associated with K. Since

Φµ depends on the measure µ, thus LK in (2.3) depending on µ. Each measure µ gives

a different system of eigenvalues and eigenfunctions {λj, φj}∞j=1 and hence a different

Φµ. However, these maps are essentially equivalent (page 39 in [108]).

Furthermore, we can rewrite (2.4) as follows:

K(x, y) =
∞∑
j=1

λjφj(x)φj(y) = 〈Φµ(x),Φµ(y)〉H

This is an inner product defined on the feature space. We say that the function K

induces a Reproducing Kernel Hilbert Space (RKHS).

Let us continue to address this concept by looking at the following example. Con-

sider a pointwise-defined, positive-definite kernel K(x, y) = (1 + x · y)k where x, y

are two points in the compact Riemannian manifold X = Sn−1 ⊂ Rn. Let µ be the

uniform probability distribution on X. Then by Theorem 2.1.1 [88], we know that

the operator LK has eigenvalues

λj = 2n+k−2
k!

(k − j)!
Γ(2k+n−1

2
)Γ(n

2
)

√
πΓ(k + n+ j − 1)

for 0 ≤ j ≤ k. Assume that n = 2, k = 3. Then we will have four eigenvalues:(
λ0, λ1, λ2, λ3

)
=
(

5π,
15

4
π,

3

2
π,

1

4
π
)

with eigenfunctions( 1√
2π
,
x1√
π
,
x2√
π
,
x21 − x22√

π
,
2x1x2√

π
,
x31 − 3x1x

2
2√

π
,
3x21x2 − x32√

π

)
=
( 1√

2π
,
cos θ√
π
,
sin θ√
π
,
cos(2θ)√

π
,
sin(2θ)√

π
,
cos(3θ)√

π
,
sin(3θ)√

π

)
where x1 = cos θ and x2 = sin θ. This gives us a feature map from X into R7:

Φµ(x1, x2)

=
[√5

2
,

√
15

2
x1,

√
15

2
x2,

√
3

2
(x21 − x22),

√
6x1x2,

1

2
(x31 − 3x1x

2
2),

1

2
(3x21x2 − x32)

]
.
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We would like to point out that feature maps do not necessarily come from

Mercer’s Theorem. Let K be any pointwise-defined and positive-definite kernel K

on X × X. For each x ∈ X, consider Kx : X → R be defined by Kx(y) = K(x, y)

and

HK = span{Kx : x ∈ X}

be the RKHS induced by K, with the inner product

〈Kx, Ky〉K = K(x, y)

(see Aronszajn [7]). Then we may obtain the following feature map easily:

ΦK : X → HK ΦK(x) = Kx.

Hence, to guarantee K is a valid kernel, we need apply a celebrated theorem by

Bochner [15] to make sure that it is positive definite.

2.2 The Constructuion of Kernel through Bochner’s Theorem

In this section, we review some properties about positive definite functions. Most of

these results are integral characterizations and were established in 1930s by Bochner

[15] and Schorenberg [105, 106]. Recall from (2.1), a sequence of complex numbers

{ck} is called positive-definite if

N∑
j=−N

N∑
k=−N

cj−kajak ≥ 0

for allN ∈ Z+ and for all complex number sequences {aj}Nj=−N . By Herglotz’s theorem

(see e.g., Katznelson [67]), we know that {cj} is positive-definite if and only if there

exists a positive measure dµ on the circle group R/Z = T ≡ T such that

(̂dµ)(k) = ck for all k.
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Using notations in Stein-Weiss [119], (̂dµ)(k) is the Fourier coefficient of the finite

(signed) measure µ as follows

(̂dµ)(ξ) =

∫ 1

0

e−2πiξ·xdµ(x).

A more important theorem concerning positive-definite functions was proven by S.

Bochner [16]. This theorem has many applications in modern analysis. See e.g.,

Gel’fand-Shilov [49], Hörmander [60], , Sadosky [103] and Wheeden-Zygmund [125].

Let us concentrate on positive-definite functions on the circle group T first. Then

later we will generalize the theory to Rn (or even locally compact Abelian groups).

Imitating (2.1), we may define positive-definite functions as follows.

Definition 1. A continuous function f defined on T is called positive-definite if

N∑
j=−N

N∑
k=−N

f(xj − xk)ajak ≥ 0 (2.5)

for all N ∈ Z+ and for all sequences {xj}Nj=−N ⊂ T and all sequences {ak}Nk=−N of

complex numbers.

Here we give an important example.

Lemma 2.2.1. Any trigonometric polynomial with positive-coefficients is positive

definite.

Proof. Any exponential function e2πikx is positive-definite for all k, since

N∑
j=−N

N∑
m=−N

e2πik(xj−xm)ajam =

∣∣∣∣∣
N∑

j=−N

aje
2πikxj

∣∣∣∣∣
2

≥ 0.

Let f and g be positive-definite functions and α, β ≥ 0. Then αf + βg is positive-

definite also. This completes the proof of the lemma.
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Lemma 2.2.2. A continuous function f on T is positive-definite if and only if for

every continuous function ψ, we have∫ 1

0

∫ 1

0

f(x− y)ψ(x)ψ(y)dxdy ≥ 0; (2.6)

and if and only if for all exponential functions e2πikx, k ∈ Z, we have

f̂(k) =

∫ 1

0

∫ 1

0

f(x− y)e2πik(x−y)dxdy ≥ 0. (2.7)

Proof. Let f be positive-definite and consider a partition {xj}Nj=−N of the unit interval

T then we have the Riemann sum

N∑
j=−N

N∑
k=−N

f(xj − xk)u(xj)(xj − xj−1)u(xk)(xk − xk−1).

Write aj = u(xj)(xj − xj−1). Since f is positive-definite, the above expression is

positive. Taking the limit of these Riemann sums, we obtain (2.6). The inequality (2.7)

follows obviously from (2.7) by taking ψ(x) = e2πikx. Now we shall use (2.7) to show

that f is positive-definite. Since f is continuous and f̂(k) ≥ 0, the coefficients of the

trigonometric polynomial

σN(f ;x) =
N∑

k=−N

(
1− |k|

N + 1

)
f̂(k)e2πikx

are positive. By Lemma 2.2.2, we know it is positive-definite. However,

σN(f ;x)→ f(x) uniformly.

It follows that f is positive-definite.

The following result is due to Bochner.
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Theorem 2.2.1. A continuous function f on T is positive-definite if and only if there

exists a positive sequence {λj} ∈ `1 such that

f(x) =
∞∑

k=−∞

λke
2πikx. (2.8)

Proof. Assume (2.8), then
∑N

k=0 λke
2πikx is positive-definite. Hence its uniform limit is

positive-definite. Conversely, let f be a positive-definite function. We know by (2.7)

that f̂(k) ≥ 0 for all k. It remains to show that {f̂(k)} ∈ `1. Once we have this,

we know that
∑∞

k=−∞ f̂(k)e2πikx converges absolutely and (2.8) follows immediately.

Indeed,

N∑
k=−N

(
1− |k|

N + 1

)
f̂(k) = σN(f ; 0) =

∫ 1

0

f(y)KN(−y)dy ≤ ‖f‖L∞(T).

Hence for M ≤ N , we have

M∑
k=−M

(
1− |k|

N + 1

)
f̂(k) ≤ ‖f‖L∞(T).

Here

KN(y) =
N∑

k=−N

(
1− |k|

N + 1

)
e2πikx =

1

N + 1

(
sin(N + 1)πx

sin πx

)2

is the Fejér kernel. Now let N →∞ first and then let M →∞, we conclude that

∞∑
k=−∞

f̂(k) ≤ ‖f‖L∞ .

The proof of the theorem is therefore complete.

Remark 2.2.1. Theorem 2.2.1 is due to S. Bochner concerning positive-definite func-

tions defined on the quotient group T ≡ R/Z. The Herglotz’s theorem is a repre-

sentation theorem for positive-definite functions defined on the group Z. The general

version of Bochner’s theorem tells us any positive-definite function defined on a locally
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compact commutative topological groupGmust be the Fourier transform of some pos-

itive measure defined on its dual group Ĝ. The original theorem which we shall prove

later in this section was first proved on Rn.

Theorem 2.2.2. A continuous function f on T is positive-definite if and only if there

exists g ∈ L2 such that

f(x) = g ∗ g?(x) =

∫ 1

0

g(y)g?(x− y)dy

=

∫ 1

0

g(x+ y)g(y)dy,

(2.9)

where g? is the involution of g, i.e., g?(x) = g(−x).

Proof. Suppose we have (2.9), then

f̂(k) = ĝ(k)ĝ(k) = |ĝ(k)|2 ≥ 0.

It follows that f is positive-definite. Conversely, if f is positive-definite, then f̂(k) ≥

0 and
∑∞

k=−∞ f̂(k) < ∞. Consider the sequence {[f̂(k)]
1
2}. By the Riesz-Fischer

theorem, there exists a function g ∈ L2 such that ĝ(k) = [f̂(k)]
1
2 . It follows that g ∗g?

and f have the same Fourier coefficients {f̂(k)}. Since both of them are in L1, hence

we conclude that f = g ∗ g?.

The above theorem gives another proof of the Parseval identity. Indeed, letting

x = 0 in (2.9), we have∫ 1

0

|g(y)|2dy = f(0) =
∞∑

k=−∞

f̂(k) =
∞∑

k=−∞

|ĝ(k)|2.

This identity is one of the cornerstones of the L2 theory in abstract harmonic analysis.
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Similarly, we may define positive-definite functions on Rn. Let F be a measurable

function defined on Rn. We say that F is positive-definite if for any sequence {xk}Nk=1,

any sequence of complex numbers {ξk}Nk=1, and any N ∈ N we have
N∑
j=1

N∑
k=1

F (xj − xk)ξjξk ≥ 0.

Now let us discuss the connection between positive-definite functions defined on Rn

and Zn. Basically, this is the connection between Fourier-Stieltjes transforms defined

on Rn and Tn.

For a function f defined on Rn, we consider the function fU on Tn defined via the

following identity:

fU(x) =
∑
~k∈Zn

f(x+ ~k), (2.10)

with ~k = (k1, . . . , kn) ∈ Zn. For f ∈ L1(Rn), we know the period of fU is 1 and

fU ∈ L1(Tn). Furthermore,

‖fU‖L1(Tn) ≤ ‖f‖L1(Rn).

Its Fourier transform satisfies

(̂fU)(~k) =

∫
Tn
fU(x)e−2πi

~k·xdx

=

∫
Rn

f(x)e−2πi
~k·xdx = f̂(~k),

(2.11)

for all ~k ∈ Zn.

Now let us build up a correspondence between the set of all complex-valued finite

regular Borel measures B(Rn) and B(Tn). Note that we always treat B(Rn) (resp.

B(Tn)) as the dual of C(Rn) (resp. C(Tn)), the space of all continuous functions

defined on Rn (resp. Tn). Let µ ∈ B(Rn), ΨU ∈ C(Tn), and Ψ be the periodic

extension of ΨU . Let us consider the mapping:

ΨU →
∫
Rn

Ψ(x)dµ(x).
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Obviously, this mapping defines a bounded linear functional on C(Tn). Therefore,

there exists a unique µU ∈ B(Tn) such that∫
Rn

Ψ(x)dµ(x) =

∫
Tn

ΨU(x)dµU(x), (2.12)

satisfying ‖µU‖ ≤ ‖µ‖ where

‖µU‖ =

∫
Tn
|dµU |, and ‖µ‖ =

∫
Rn

|dµ|.

It is easy to see that (̂µU)(~k) = µ̂(~k) for all ~k ∈ Zn. Note that when µ = g(x)dx with

g ∈ L1(Rn), we have µU = gU(x)dx.

Next we discuss the connection between B̂(Rn) and B̂(Tn). From there, we may

obtain a characterization for B̂(Rn) via B̂(Tn).

Let us prove the following simple fact for Schwartz functions and tempered dis-

tributions.

Lemma 2.2.3. A function ψ ∈ C(Rn) is the Fourier-Stieltjes transform of some

µ ∈ B(Rn) if and only if ∣∣∣∣∫
Rn

f̂(ξ)ψ(−ξ)dξ
∣∣∣∣ ≤ c · ‖f‖L∞(Rn), (2.13)

for all f ∈ S(Rn).

Proof. Let ψ(ξ) = µ̂(ξ), then∣∣∣∣∫
Rn

f̂(ξ)ψ(−ξ)dξ
∣∣∣∣ =

∣∣∣∣∫
Rn

(∫
Rn

e2πix·ξdµ(x)

)
f̂(ξ)dξ

∣∣∣∣
=

∣∣∣∣∫
Rn

(∫
Rn

f̂(ξ)e2πix·ξdξ

)
dµ(x)

∣∣∣∣
=

∣∣∣∣∫
Rn

f(x)dµ(x)

∣∣∣∣ ≤ ‖µ‖B · ‖f‖L∞(Rn).

Conversely, the left hand side of (2.13) defines a bounded linear functional on a

dense subspace of C0(R
n). By continuity, this linear functional can be extended as
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a bounded linear functional on C0(R
n). By the Riesz representation theorem, there

exists a µ ∈ B(Rn) such that∫
Rn

f̂(ξ)ψ(−ξ)dξ =

∫
Rn

f(x)dµ(x)

with ‖µ‖ ≤ c. Here c is the constant that appears on the right hand side of (2.13).

This completes the proof.

Theorem 2.2.3. A continuous function ψ belongs to B̂(Rn) if and only if for all

λ > 0, {ψ(λ~k)}~k∈Zn is the Fourier-Stieltjes transform of some µλ,U ∈ B(Tn) with

‖µλ,U‖B ≤ C.

Proof. Let µ ∈ B(Rn) such that ψ(ξ) = µ̂(ξ), for all ξ ∈ Rn. Define µλ by∫
Rn

f(x)dµλ(x) =

∫
Rn

f(λx)dµ(x), (2.14)

for all bounded continuous functions f . Then we have ‖µλ‖ = ‖µ‖. Now let f(x) =

e−2πi
~k·x in (2.14), we have

µ̂λ(~k) = µ̂(λ~k), for all ~k ∈ Zn.

Let µλ,U be the function defined in (2.10) with f = µλ. Then

(̂µλ,U)(~k) = (̂µλ)(~k) = ψ(λ~k), for all ~k ∈ Zn,

and

‖µλ,U‖B ≤ ‖µλ‖B ≤ ‖µ‖B.

Now let us use Lemma 2.2.3 to prove the converse. Let f ∈ S be a Schwartz function.

By our hypothesis, for arbitrary ψ ∈ C0(R
n) and arbitrary λ, {ψ(λ~k)}~k∈Zn is the
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Fourier-Stieltjes transform of µλ,U with ‖µλ,U‖B ≤ c. It follows that for arbitrary

ε > 0, there exist a compact set K and sufficiently small λ such that∣∣∣∣∫
Rn

f̂(ξ)ψ(−ξ)dξ
∣∣∣∣ ≤ ∣∣∣∣∫

K

f̂(ξ)ψ(−ξ)dξ
∣∣∣∣+ ε

≤

∣∣∣∣∣∣λn
∑
~k∈Zn

f̂(λ~k)ψ(−λ~k)

∣∣∣∣∣∣+ 2ε.

(2.15)

Define

fλ,U(x) =
∑
~k∈Zn

f

(
x+ ~k

λ

)
,

then we have

(̂fλ,U)(~k) = λnf̂(λ~k), for all ~k ∈ Zn. (2.16)

Since f ∈ S, it follows that

‖fλ,U‖L∞ ≤ ‖f‖L∞ + ε (2.17)

for sufficiently small λ. Now we may apply the Parseval identity on Tn to obtain∣∣∣∣∣∣λn
∑
~k∈Zn

f̂(λ~k)ψ(−λ~k)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∑
~k∈Zn

(̂fλ,U)(~k)(̂µλ,U)(−~k)

∣∣∣∣∣∣
=

∣∣∣∣∫
Tn
fλ,U(x)dµλ,U(x)

∣∣∣∣
≤ c · ‖fλ,U‖L∞ ≤ c · ‖f‖L∞ + ε.

(2.18)

It follows that ∣∣∣∣∫
Rn

f̂(ξ)ψ(−ξ)dξ
∣∣∣∣ ≤ c · ‖f‖L∞ + 3ε.

Since ε is arbitrary, by Lemma 2.2.3, we know that there exists µ ∈ B(Rn) such that

µ̂(ξ) = ψ(ξ) satisfying ‖µ‖B ≤ c. The proof of the theorem is therefore complete.

If µ is positive-definite, then Theorem 2.2.3 can be improved as follows.
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Theorem 2.2.4. Let B+(Rn) be the set of all positive finite regular Borel measures

defined on Rn. Let ψ be a continuous function defined on Rn. Then ψ is the Fourier-

Stieltjes transform of some µ ∈ B+(Rn) if and only if for all λ > 0, {ψ(λ~k)}~k∈Zn is

the Fourier-Stieltjes transform of some µλ,U ∈ B+(Tn).

Proof. Let ψ(ξ) = µ̂(ξ) for some µ ∈ B+(Rn). By (2.14), we know that µλ,U ∈

B+(Rn). Besides, the measure µλ corresponds to µλ,U is also positive. This proves the

necessity of the condition. To prove the sufficiency of the condition, let us consider

λ > 0 and let {ψ(λ~k)}~k∈Zn be the Fourier-Stieltjes transform of some µλ,U ∈ B+(Tn),

i.e.,

ψ(λ~k) =

∫
Tn
e−2πiλ

~k·xdµλ,U(x), for all ~k ∈ Zn.

This implies that ‖µλ,U‖ = ψ(0) and therefore the µλ,U are uniformly bounded. By

Theorem 2.2.3, there exists µ ∈ B(Rn), ‖µ‖ ≤ c · ψ(0) and ψ(ξ) = µ̂(ξ). It remains

to show that µ is positive. Choose f ∈ S, non-negative, and λ > 0 sufficiently small.

Using the Riemann sum approximation we have∫
Rn

f(x)dµ(x) =

∫
Rn

f̂(ξ)ψ(−ξ)dξ

= c

∫
Tn
fλ,U(x)dµλ,U(x) + o(1),

as λ→ 0. Since fλ,U is positive, one has∫
Rn

f(x)dµ(x) ≥ 0

for all positive f ∈ S. This implies that µ is a positive measure and the proof of the

theorem is complete.

Now we are in a position to prove Bochner’s Theorem characterizing positive-

definite functions on Rn.
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Theorem 2.2.5. A function ψ is positive-definite on Rn if and only if there exists

µ ∈ B+(Rn) such that ψ(ξ) = µ̂(ξ).

Proof. Suppose that ψ = µ̂ with µ ∈ B+(Rn). Then∑
j,k

ψ(xj − xk)ξjξk =

∫
Rn

∑
j,k

e−2πi(xj−xk)·yξjξkdµ(y)

=

∫
Rn

∣∣∣∣∣∑
k

ξke
−2πixk·y

∣∣∣∣∣
2

dµ(y) ≥ 0.

It follows that ψ is positive-definite. Now assume that ψ is a positive-definite function

defined on Rn. Then for all λ > 0, {ψ(λ~k)}~k∈Zn is a positive sequence on Zn. By

Herglotz’s theorem, we know that there exists µλ,U ∈ B+(Tn) so that

ψ(λ~k) = (̂µλ,U)(~k).

Now by Theorem 2.2.4, we know that there exists µ ∈ B+(Rn) so that ψ = µ̂. This

completes the proof of the theorem.

It is known that a sequence {d~k}~k∈Zn belongs to B̂(Tn) if and only if for all

trigonometric polynomials
∑
|~k|≤N λ~ke

2πi~k·x, it satisfies such that∣∣∣∣∣∣
∑
|~k|≤N

λ~kd~k

∣∣∣∣∣∣ ≤ c ·

∥∥∥∥∥∥
∑
|~k|≤N

λ~ke
2πi~k·x

∥∥∥∥∥∥
L∞(Tn)

. (2.19)

(see e.g., pp. 37-38 in Katznelson [67]). Here we prove another theorem due to Bochner

which characterizes elements in B̂(Rn).

Theorem 2.2.6. A continuous function ψ defined on Rn is an element in B̂(Rn) if

and only if there exists µ ∈ B(Rn) with ψ = µ̂ such that for all generalized trigono-

metric polynomials ∑
|~k|≤N

λ~ke
−2πiν~k·x
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where {ν~k}|~k|≤N is a real sequence, the following inequality holds:∣∣∣∣∣∣
∑
|~k|≤N

ν~kψ(λ~k)

∣∣∣∣∣∣ ≤ κ ·

∥∥∥∥∥∥
∑
|~k|≤N

ν~ke
−2πiλ~k·x

∥∥∥∥∥∥
L∞(Rn)

. (2.20)

Moreover, the constant κ in (2.20) is comparable to the norm ‖µ‖ of µ.

Proof. Let ψ = µ̂ with µ ∈ B(Rn). Then

∑
|~k|≤N

ν~kψ(λ~k) =

∫
Rn

∑
|~k|≤N

ν~ke
−2πiλ~k·xdµ(x).

It is easy to see that (2.20) follows and the constant κ is dominated by ‖µ‖. Conversely,

choose λ~k = λ · ~k in (2.20). Then we have∣∣∣∣∣∣
∑
|~k|≤N

ν~kψ(λ · ~k)

∣∣∣∣∣∣ ≤ κ ·

∥∥∥∥∥∥
∑
|~k|≤N

ν~ke
−2πiλ~k·x

∥∥∥∥∥∥
L∞(Rn)

= κ ·

∥∥∥∥∥∥
∑
|~k|≤N

ν~ke
−2πi~k·x

∥∥∥∥∥∥
L∞(Rn)

.

(2.21)

This tells us that
∑
|~k|≤N ν~kψ(λ~k) defines a bounded linear functional on C(Tn). By

the Riesz representation theorem, there exists µλ,U ∈ B(Tn) such that ‖µλ,U‖B ≤ κ

and ∑
|~k|≤N

ν~kψ(λ~k) =

∫
Tn

∑
|~k|≤N

ν~ke
−2πi~k·xdµλ,U(x),

for all ~k ∈ Zn. In particular, we choose the monomial ψ(x) = e−2πi
~k·x to obtain

ψ(λ~k) = (̂µλ,U)(~k),

for all ~k ∈ Zn. Now by Theorem 2.2.3, there exists µ ∈ B(Rn), ‖µ‖B ≤ κ, such that

ψ = µ̂. The proof of the theorem is therefore complete.

We may use Bochner’s Theorem to construct feature maps. Let f : Rn → R is

a non-negative radial function. Assume further that f and
√
f ∈ L1(Rn). Then the
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kernel K : Rn ×Rn → R defined by

K(x, y) =

∫
Rn

f(ξ)e−2πi(x−y)·ξdξ

is a continuous, positive-definite radial function. Moreover, for any x, y ∈ Rn, one has

K(x, y) =

∫
Rn

√̂
f(x− ξ)

√̂
f(y − ξ)dξ.

Then the following is a feature map induced by the convolution kernel K on X ×X:

ΦK : X → L2(Rn)

with

ΦK(x)(y) =
√̂
f(x− y).

2.3 Conclusion

As stated in Section 2.2, any positive-definite function defined on a locally compact

commutative topological group G must be the Fourier transform of some positive

measure defined on its dual group Ĝ. Based on the statement, we may derive a

generalization form of kernel function as K(x, y) = e−d(x,y)) given two data points

x, y and a valid distance function d. The resulting feature map can be constructed

through Bochner’s Theorem.
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Chapter 3

Clinical Aligned Prediction System for Drug Prescription

I first provide some background knowledge and related works on EHR modelling

task in Section 3.1.1 and 3.1.2. Then, I address the trade-off problem between model

accuracy and interpretability in Section 3.1.3. Finally, my contribution, namely graph

kernel-based predictive system, is presented in Sections 3.2, 3.3, and 3.4 to target the

aforementioned problem.

This chapter is a near verbatim reproduction of [132], [131], and [133]

3.1 Background and Related Works

3.1.1 Predictive Modeling and Analysis with Electronic Health

Records

It is known that working with EHRs directly is difficult due to its sparsity, nosiness,

heterogeneity, and complexity. The representation of EHRs and feature extraction are

crucial steps for building effective machine learning application. Traditional methods

primary focus on extracting relevant medical features through electronic phenotyping.

Then, the mined or extracted features (also called Phenotypes) will be fed into linear

classifiers such as SVM or logistic regression (LR). In this case, relevant features

play an important role to the success of the task. Recently, the emergence of deep

learning models promotes the unsupervised feature learning techniques on medical

data. Usually, patient EHRs will be embeded into low dimensional vector space via
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deep representation learning. The downstream classification task is further performed

on fully-connected layer through an end to end learning fashion or feeding the learned

representation into linear classifiers (e.g., SVM or LR). However, the problem presents

on the difficulty of model interpretation.

Most of the work on predictive model focus on predicting next possible disease

diagnosis code [12]. Given patient EHRs, we want to predict the possible diag-

nosis codes, which offers various advantages. We can identify for possible diseases

for incoming patient with uncertain symptoms, or it can serve as a warning system

for early stage disease or hospitalization [135]. Also, if risk factor is well-defined for

certain type of disease, the risk prediction task can be well established by predicting

possible disease with factor as confident scores [30]. For some fatal diseases such as

heart attack (e.g, EHRs are used to predict primary myocardial infarction in [123]),

disease diagnosis prediction gives patients an opportunity to early detect possible

threats like mortality (e.g. mortality prediction [111]) based on their medical history

where early treatment can be taken place to save their life.

Another area is prediction on drugs, which focus on predicting possible drug pre-

scription for a given diagnosis. The goal is to find a drug to prevent erroneous med-

ication as much as possible. Erroneous medication can be defined as a failure in

the medication treatment process resulting in an unsuccessful treatment or harmful

outcome and side-effect to patients [5]. Recently, a machine learning approach for

detecting failure in drug prescription on diabetes was proposed in [65]. However, the

approach fails to consider historical perspectives. Aside from prediction on erroneous

medication and Adverse Drug Reaction, already discussed in Chapter ]1, a predictive

model that can decide whether a certain drug prescription is a success or failure to a

certain disease diagnosis still remains scarce.
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3.1.2 Traditional Approaches verse Deep Learning Methods

Traditional works use various data representation and extracts relevant features or

phenotypes based on how EHRs is represented. The simplest form is vector-based

phenotyping used in [64, 73, 129]. The disease and medication information (medical

events) in patient EHRs are aggregated as a bag of features. The feature vector is then

constructed for each medical event where the dimension is equal to the number of all

aggregated features, and the value of each dimension is the summary statistics such as

frequency. In short, the vector representation contains all the aggregated information

features from EHRs.

Pattern-based approach is another way to extract phenotypes. Under this

approach, patient EHRs are represented as a sequence of medical events. The frequent

pattern mining algorithm (e.g., [97]) is used to generate frequent patterns where each

pattern is a single phenotype [53, 98]. Tensor-based approach is introduced in [58, 59],

for which patient EHRs are represented as a tensor where every mode of tensor is a

medical event including diagnosis and medication. A tensor factorization technique is

proposed in the paper to extract phenotypes from tensor based EHRs. In [122, 139],

temporal event matrix is developed to represent patient EHRs where one dimension

stands for medical event, and other dimension stands for time. Then, phenotypes are

extracted by non-negative matrix factorization based on the assumption that raw

medical features have similar time-evolving patterns. It is further extended with the

incorporation of convolutional neural network (CNN) to build the risk prediction

model with patient EHRs [34]. On the other hand, the most important factor of

patient EHRs is the temporal knowledge information. EHRs contain many temporal

related medical events that compose certain cause of disease or outcome of treatment.

However, for all the above works, they do not consider the temporal relationship
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between medical events within patient EHRs, which may cause the information loss

on the discriminant features since the extracting process is isolated to the learning

process. As a result, deep end-to-end learning techniques is gaining popularity, which

can potentially solve the above problems.

Recently, deep neural network (deep learning) has become popular in machine

learning field especially in natural language processing (NLP). One of the spotlight

in deep learning is the ability to learn and select important features automatically

through multiple layered non-linear transformation, which is a huge improvement

compared to electronic phenotyping. By using deep learning, model learns relevant

phenotypes that best contributes to the classification procedure without domain

experts involvement and complex electronic phenotyping. Today, more and more

methods utilize deep learning as main approach including Recurrent Neural Network

(RNN), CNN, and Autoencoder, which is an unsupervised embedding techniques by

multi-layer perceptron (MLP). Generally, deep learning architecture is formulated as

an end to end manner which feature extraction (e.g., Embedding layer) and learning

are concatenated together allowing gradients from classification loss to pass through,

and this achieves the automatic feature extraction process described above.

Representation learning is a technique that transfers the original input into low

dimensional vector space which preserves or improves the original feature charac-

teristics. Most of embedding techniques are used in Natural Language Processing

(e.g. Word embedding). By treating EHRs as a set of document, [37] performs the

EHRs embedding through skip-gram used in Word2Vec [87]. In their work, EHRs

are represented as two information (e.g. visit information and medical diagnosis code

information). A MLP is used to learn the embedding of medical codes and visits.

Another way [90] of EHRs representation learning employs the hidden layer in an

autoencoder after training the model. In [90], input EHRs is represented as a docu-
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ment with all medical histories concatenated together. Considering temporal events

ordering, [13] apply RNN; specifically, long short term memory network (LSTM);

to model temporal information between medical events. To summarize end to end

learning formulation, EHRs are firstly transfer to the appropriate format that deep

learning model can accept. The representation is then learned by model itself which,

in other words, are formulated (decided) by deep learning model during the training

process.

3.1.3 Trade-Off between Interpretability and Model Accuracy

The main problem for deep learning approach is the interpretability. It is known that

explaining such an opaque model on how deep neural network work for classification

task is very difficult [78]. For instance, in social science, we would like to show the

formulation of hateful text on social network sites by using high accurate hate speech

classifier [47, 104]. In health care and medical domain, interpretation is very critical

for doctor and patient to understand how and why they have such a prediction result

(e.g. Predicting heart failure in next one week). Most of the situation involves the

trade-off between less accurate but more interpretable and more accurate but less

interpretable model [38].

Recently, some efforts focus on the design of interpretable deep learning models

especially through the attention mechanism [9, 37, 38, 82, 111]. For classification

or prediction, Med2Vec [37] uses MLP with Rectified linear unit (ReLU) activation

function to embed medical codes and clinical visits into interpretable low dimensional

spaces. The success of attention mechanism in neural machine translation [8, 81] pro-

vides opportunities for interpretability for RNN-based models. Retain [39] used a

two-level neural attention model to assign an attention weight for each visit and cap-

ture relevant medical information. Dipole [82] introduces a three attention mechanism
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with bi-directional LSTM to predict patient future medical diagnosis. A hierarchical

attention networks is introduced in [110] with Gated Recurrent Units (GRUs) to

detect code level and visit level attention. Timeline [10] proposes an attention based

RNN to learn time progression patterns of disease by learning time decay factors for

every medical code. In [74], attention based RNN along with conditional variational

autoencoder (CVAE) is developed to learn both temporal medical events and patient

demographic information.

Although those studies successfully improve the interpretability of deep learning

models, few problems remain unsolved. First, interpretation should lead to medical

knowledge discovery. Posing attention on relevant medical codes or visits enables

inference on the cause of prediction. However, this inference only happens in a local

perspective, namely the interpretation is only used for an individual patient; gen-

eralized global knowledge gain is minimal. Second, to deal with complex represen-

tation learning on EHR, the developed models are of complex structure, resulting

in implementation difficulty and overfitting possibility. An additional attention layer

for interpretability further expands the complexity. Third, the offered interpretation

should be familiar to medical practice, namely support common clinical practice per-

formed by medical clinician [86], and such is not the case. We, however, design a case

learning based interpretation, which mimics the real medical learning method, instead

of returning attention spots in the specific part of information. In addition, letting

the deep learning model to decide and focus on the temporal relationship which con-

tributes the most to the classification task may omit some essential but not obvious

features due to the non-linear operation and learning temporal and event information

separately.

In my previous joint publication for detecting hateful text [84, 117], we demon-

strated the possibility of building a hate speech classifier that achieves both high
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accuracy and interpretability. In this dissertation, I will capitalize on this previous

effort and propose several approaches to settle such a trade-off between accuracy and

interpretability.

3.2 Predicting the Outcome for Drug Prescription through Graph

Kernel

3.2.1 Methodology

I now present the framework that we developed to predict the success or failure of

a drug used for disease treatment. The described approach is already in preliminary

use and assists clinicians in identifying which drug prescription path to pursue. The

method predicts success or failure of drug prescription by formulating it as a binary

graph classification problem without the need of electronic phenotyping. First, we

identify training data, namely success and failure patients for target disease treatment

within a user-defined time period; we extract the set of medical events from patient

EHRs that occur within this time quantum. Then, we perform a classification task on

the graphical representation of the patient EHRs. Representing EHRs as a temporal

graph is provenly effective, as shown in [79]. The graphical representation provides

an opportunity to model the EHRs in a compact structure with high interpretability.

3.2.2 Patient Graph

We formulate a patient’s EHR or a subset of the EHR in figure 3.1 as a directed acyclic

graph where each medical event represents a node, and two consecutive medical events

form an edge with time difference (e.g., days) used as a weight between them. Patient
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demographic information, e.g., gender and age, connects to a first medical event with

age as an edge weight 1.

Given n medical events, set M = {(m1, t1), . . . , (mn, t1)} represents a patient’s

EHR with mi denoting a medical event such as diagnosis, and ti denoting the time

for mi. We define the patient graph as follows:

Definition 2 (Patient Graph). The patient graph Pg = (V,E) of events M is a

weighted directed acyclic graph with its vertices V containing all events mi ∈ M and

edges E containing all pairs of consecutive events (mi,mj). The edge weight from

node i to node j is defined as Wij = tj − ti which defines the time interval between

mi,mj.

Figure 3.2 describes an example patient graph.

We have found out that EHRs graph formulation has been studied in other

works [40, 79]. In [79], graph-based phenotyping framework is proposed. They for-

mulate patient EHRs as temporal graph where each medical event is the node and

temporal relationships between medical events are edges. An optimization based tech-

nique is introduced to extract phenotypes from patient temporal graph. However, the

optimization procedure does not take temporal information account but only spec-

trum aspect on matrix. In addition, time complexity of machine learning task may

increase due to the phenotyping algorithm. GRAM [40] combines medical ontologies

to learn medical concept representation by graph-based attention model to address

data insufficiency and align the interpretation with medical knowledge. Since it is

required external medical ontologies, we will not compare GRAM with our formula-

tion.
1To simplify model assumption, we only use gender and age as demographic information.
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Figure 3.1: A sample patient electronic health records

Figure 3.2: An example of patient graph

3.2.3 Success and Failure Cases

Given a disease diagnosis and the clinical medical history of a patient, a drug pre-

scription for the diagnosis is considered as a failure if there is an occurrence of clinical

visit with a similar or identical type of disease diagnosis within a predefined time

period. Otherwise, the prescription is considered a success. Figure 3.3 illustrates this

criterion2. A failure is labelled as a positive outcome (as we manage to avoid a poor

2We follow the similar setting as in [79]
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Figure 3.3: Criteria for success and failure cases

outcome), and a success as negative (as the prescription was valid and no corrective

measure was necessary).

3.2.4 Predictive Model Formulation

Given a patient EHR, the patient’s current diagnosis, and the drug prescription to

the current diagnosis, we wish to predict the success or failure of the prescribed medi-

cation. We create a temporal graph Gi that consists of the current diagnosis, the drug

prescription to the current diagnosis, and the medical events in the patient EHR prior

to the current diagnosis. We then formulate a binary graph classification problem on

the resulting temporal graph by considering the following dual optimization problem

for a Support Vector Machine (SVM):

max
α

∑
i

αi −
1

2

∑
j,k

αjαkyjykK(Gj, Gk)

s.t. 0 ≤ αi ≤ C, i = 1, . . . , N∑
i

αiyi = 0, i = 1, . . . , N

(3.1)

where K is a positive definite graph kernel on input graphs Gj, Gk. C is a regular-

ization parameter, and b is a bias term. Given the graph Gi, the bias term b can be
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computed by

b = yi −
N∑
j=1

αjyjK(Gi, Gj) (3.2)

and the decision function is defined as:

f(G) =
N∑
i=1

αiyiK(Gi, G) + b (3.3)

Next, we introduce our developed graph kernel and differentiate it from existing

models. The predictive framework is depicted in Figure 3.4.

Figure 3.4: Predictive framework.

3.2.5 EHR-Based Graph Kernel

In this section, I introduce a set of graph kernels designed for graph classification,

which incorporate the concept of temporal information between medical events, and

offer the proof for kernel positive definiteness.

Temporal topological kernel

To provide an effective treatment, considering the temporal relationships between

medical events is necessary. Existing graph kernels are discussed in [50]; primarily

they focus on counting similar substructures, whereas the temporal relationships with

each other are not considered. We, however, present a temporal topological kernelKtp.

Specifically, we transform input graphs to shortest path graphs by identical operations

as discussed in [18] and define the kernel function as follows:
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Definition 3 (Temporal topological kernel). Let g1 = (V1, E1) and g2 = (V2, E2)

denote the shortest path graph of Pg1 and Pg2 by using the transformation discussed

above, we define Temporal topological kernel Ktp as:

Ktp(g1, g2) =
∑

e1∈E1,e2∈E2

Kts(e1, e2) (3.4)

where Kts is a temporal substructure kernel defined on edges e1 = (u1, v1) and

e2 = (u2, v2) which calculates temporal similarity on substructures that connect to

nodes in e1, e2.

The intuition ofKtp is based on calculating the similarity among temporal ordering

on substructures (e.g., node neighborhoods) by Kts between input graphs, recursively.

If two graphs are similar, their temporal order for node neighborhood structures are

similar. That is, for a given pair of nodes v1, v2 from two similar graphs g1, g2, the

time difference from other nodes ui, uj in g1, g2 to v1, v2 where ui, uj lie in the subtrees

that connect to v1, v2 must be similar.

Temporal substructure kernel

Definition 4 (Temporal substructure kernel). Given a pair of edge e1 = (u1, v1), e2 =

(u2, v2), their associated edge weight function w1, w2 of g1, g2, and set of neighbor nodes

N1, N2 of u1, u2, we define temporal substructure kernel Kts as:

Kts(e1, e2) =
∑

ei=(ni,u1)∈E1,ni∈N1

ej=(nj ,u2)∈E2,nj∈N2

Kts(ei, ej)+

Ktime(w1(e1), w2(e2))×

Knode(u1, u2)×Knode(v1, v2)

(3.5)
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and base case definition for recursion part in Equation 3.5 when u1 or u2 is the root

node:

Kts(e1, e2) =Ktime(w1(e1), w2(e2))×

Knode(u1, u2)×Knode(v1, v2),

(3.6)

where Ktime is defined as:

Ktime(w1(e1), w2(e2)) = e−1×|w1(e1)−w2(e2)|, (3.7)

and Knode is defined as:

Knode(u1, u2) =


1, if label(u1) = label(u2)

0, otherwise
(3.8)

Kernel validity

To show Kts is a valid kernel, we must prove that it is positive definite.

Proof. Knode is a Dirac delta function which is proven to be positive definite in [107].

Ktime is positive definite since the transformation of exponential function is positive

definite [44]. It is known that positive definiteness is closed under positive scalar linear

combination and multiplication on positive definite kernels, and it is hold in base case

definition in Equation 3.6. As a result, Kts is positive definite, and Ktp is therefore

positive definite.

3.2.6 Experimental Setup

Evaluation data

We evaluate our approach using the Taiwanese National Health Insurance Research

Database (NHIRD)3 provided by the National Health Insurance Administration and

the Ministry of Health and Welfare. Our collection contains a longer than 20-year
3https://nhird.nhri.org.tw/en/
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complete medical history for one-million randomly sampled patients. Each record

contains an ICD9-CM4 code to indicate the disease diagnosed, and an ATC5 code

to indicate the drug prescription. Georgetown University Institutional Review Board

(IRB) approvals were obtained. The dataset are cleaned to remove all patients con-

taining erotic code, duplicate entry, and unidentified information entry. We selected

four diseases to study, ones whose treatments primarily rely on drug prescription

(e.g., antibiotics). The objective is to predict whether the given prescription for

disease diagnosis is a success or a failure as a binary graph classification task. We

set an observation window for 1 month after the drug is prescribed with a 2 month

medical history included prior to diagnosis for each patient. The statistics of these

selected diseases are listed in Table 3.1.

Table 3.1: Disease data statistics

Disease Pneumonia Acute
Otitis media

Acute
cystitis

Urinary
tract infection

ICD-9 Codes 481.*,482.*
483.* 381.0 595.0 599.0

# of patient 37,677 40,008 113,513 279,645
# of failure 12,439 14,999 35,728 94,105
# of success 25,238 25,009 77,785 185,540

Baseline approaches

We compare our approach to the following baseline models:

• Traditional models. Logistic Regression (LR), Linear Support Vector Machine

(L-SVM), and Random Forest (RF) with a bag of word model are used to

build frequency vectors on all diagnoses and drug codes for each medical record.
4The International Classification of Diseases, 9th Revision, Clinical Modification
5Anatomical Therapeutic Chemical
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We also use word2vec [87] to embed all medical records into 2566 dimensional

vectors.

• Deep learning models. We use Med2Vec [37], Deepr [126], and recurrent

neural network with long short term memory (RNN-LSTM) as our comparative

deep learning models. For Med2Vec and deepr, we follow the same setting as

in [37] and [126]. For RNN-LSTM, we embed each medical record in a low

dimension vector as in [83] and feed into LSTM with fully connected softmax

layer as prediction output.

Evaluation metrics and settings

We use accuracy (ACC), F1-score (F1), and the area under the receiver operating

characteristic curve (AUROC) as our evaluation metrics. Datasets for each disease

are divided into training, validation, and testing in an 80:10:10 ratio. All parameters

in all models are fine tuned via 10-fold cross validation on the validation set. We

repeat all experiments 10 times and report the average performance scores; we test

them statistically by using pairwise t-test to validate the statistical significance of

our proposed method. The p-value is set to 0.05 to reject the null-hypothesis, namely

our solution insignificantly differs from previous efforts.

Results

Results shown in Table 3.2 and 3.3 illustrate that our proposed method outperforms

all baseline approaches. Surprisingly, the deep learning model fails to yield better

performance than traditional methods. We surmise the reason may be due to char-

acteristic differences in the EHR dataset. NHIRD is a nation-wide EHR database
6We found this achieves the best performance after fine tuning
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and one expects a high variance (difficulty in training) of patient features and demo-

graphics.

Table 3.2: Performance comparison

Pneumonia Acute otitis media
Model AUC ACC F1 AUC ACC F1
K-SVM 0.6969 0.6671 0.6463 0.6860 0.6605 0.6208
Med2Vec 0.5359 0.5393 0.4583 0.5644 0.5649 0.5929
Deepr 0.5673 0.6202 0.4137 0.5971 0.5916 0.5858
LSTM 0.5679 0.6035 0.4458 0.5607 0.6598 0.1862
LR-WB 0.6486 0.6023 0.5328 0.6152 0.5839 0.5791
SVM-WB 0.6463 0.6120 0.5369 0.6209 0.5955 0.5035
RF-WB 0.6603 0.6134 0.5874 0.6190 0.5772 0.5344
LR-BoW 0.6349 0.5950 0.6018 0.6103 0.5865 0.5850
SVM-BoW 0.6341 0.6013 0.5447 0.6008 0.5800 0.4249
RF-BoW 0.6500 0.6123 0.6258 0.6285 0.6146 0.6142

Table 3.3: Performance comparison

Acute cystitis Urinary tract infection
Model AUC ACC F1 AUC ACC F1
K-SVM 0.7200 0.7172 0.6281 0.7402 0.6671 0.6463
Med2Vec 0.5831 0.5865 0.5260 0.5725 0.5724 0.5612
Deepr 0.5923 0.5989 0.5309 0.6073 0.6133 0.5434
LSTM 0.5678 0.5706 0.5112 0.6448 0.6519 0.5779
LR-WB 0.5939 0.5720 0.4991 0.6486 0.6023 0.5328
SVM-WB 0.5950 0.6241 0.2809 0.6463 0.6120 0.5369
RF-WB 0.5887 0.6069 0.4372 0.6603 0.6134 0.5874
LR-BoW 0.6209 0.5806 0.5351 0.6349 0.5950 0.6018
SVM-BoW 0.6160 0.6242 0.3254 0.6341 0.6013 0.5447
RF-BoW 0.6083 0.6159 0.5387 0.6500 0.6125 0.6258

3.2.7 Discussion & Conclusions

Model interpretation

A known issue for deep learning models is interpretability; that is, classification perfor-

mance is often high but results are hard to interpret. To investigate the interpretability

of our proposed model, we refer to the decision function in Equation 3.3. There, the
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Figure 3.5: Top two α patient graphs

class label for input graph G is determined by a linear combination of all training

labels yi and kernel values between G and all training examples Gi with associated

dual coefficient αi which can be interpreted as the overall importance of Gi during

the label computation. We illustrate via an example, the training examples with top

α values for failed prescription after training the Pneumonia dataset in Figure 3.5.

Top influential Gi learned by SVM gives us an insight on how treatments look like in

success or failure cases. Also, kernel values K(G,Gi) define the similarity between G

and Gi, providing clues to medical practitioners as to why the given treatment is a

success or failure by looking into similar cases. All training examples are easily under-

stood by medical practitioners due to their graphical representation and let them be

able to investigate the background knowledge of these cases.

3.2.8 Conclusion

Patient EHRs contain sparse, temporal, and heterogeneous data, complicating pre-

dictive model development. Our graph kernel based approach works directly on graph

representations of patient EHR and has the following advantages:
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1. We incorporate all medical event information including temporal relationships

in a compact format.

2. We eliminate the need of electronic phenotyping by predicting directly from the

graph structure.

3. Given the interpretability of the temporal graph representation of patient EHR,

our classification results are self-explanatory and are easily understood by both

the medical practitioner and patient.

The classification performance of our drug prescription success/failure surpasses

all evaluated approaches. A potential application is the real-time screening-inspection

for doctors before delivering the resulting prescription to patients. We also present

the new approach to perform the prediction task on EHR without the need of elec-

tronic phenotyping. Our proposed method, reviewed and adopted by a medical clinic,

predicts the success or failure of a drug used for a specific diagnosis, identifying which

drug prescription path to pursue. We thank our collaboration partners at Fu Jen

Catholic University for access to the NHIRD.

Hypothesis 1 solving

This section show how Hypothesis 1 is solved by the following:

• For data complexity, which results in poor prediction accuracy, can be tackled

by formulating patient graphs. The kernel-based prediction objective can be

implemented on the graph without the need of electronic phenotyping by using

graph kernel proposed in Section 3.2.5, which considers temporal information.

The design principle and mathematical foundation has already established in

Chapter 2. The experimental results in 3.2 shows this part in Hypothesis 1 can

be effectively solved.
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• For model interpretability, The support vector graphs in Figure 3.5 providing

high interpretability provide insights on the cause of prediction, which finalizes

the solution to Hypothesis 1.
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3.3 Minimizing the Effects of Data Noise via Multiple Graph Kernel

Fusion

3.3.1 Methodology

Following the graph kernel prediction approach illustrated in the previous section, I

have shown how graphical representation of EHRs can potentially solve data com-

plexity problem of patient EHRs for drug prescription. However, it is insufficient

to resist high noise by using a single kernel to perform similarity measurement. In

previous K-SVM work, we perform complete data cleaning to remove erratic med-

ical records for error ICD9 codes, drug codes, and missing values. If we simulate the

real-world clinical environment, by keeping all abnormal information, we can see how

performance drops drastically. Considering K-SVM with noise and noise removal in

Table 3.4, we can see all evaluation metrics drop for a big margin as compared to

its noise removal condition especially in their F1 scores. This is due to single kernel

function and incapable learning power of shallow SVM that overfits noise. It further

shows that a single kernel solution is insufficient to build a clinical-aligned system in

real-world medical situations.

Table 3.4: Noise level performance comparison

Pneumonia Acute otitis media
Model AUC ACC F1 AUC ACC F1
K-SVMNoise 0.5040 0.6168 0.0480 0.5102 0.5252 0.0411
K-SVMClean 0.6969 0.6671 0.6463 0.6860 0.6605 0.6208

Acute cystitis Urinary tract infection
Model AUC ACC F1 AUC ACC F1
K-SVMNoise 0.5016 0.5736 0.0421 0.5059 0.5600 0.0994
K-SVMClean 0.7200 0.7172 0.6281 0.7402 0.6671 0.6463

I now develop a predictive system for success and failure drug prescription by

using graphical EHRs and a set of graph kernels, which high noise and variance can
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be potentially resisted. Here, the same patient graph is used as in figure 3.2. The

same criteria is also adopted as described in Section 3.2.3 to determine success and

failure cases for drug prescription. A set of graph kernels is proposed to compute

the similarity between patient graphs with multi-view captured by different types of

kernels. For classification problem, the same formulation as described in Section 3.2.4

to perform a binary graph classification on graph EHR is implemented. Given success

and failure cases with their associated label (gi, yi), we want to learn a classifier such

that f(gi) = yi where yi ∈ {0, 1} to predict the success or failure outcome yi of

the given prescription in gi. The predictive system is the same as in Figure 3.4. The

problem is solved using SVM with multiple kernel learning, which I will discuss in

the following section.

3.3.2 Multiple Kernel Learning

Multiple kernel learning is a framework involving a set of predefined kernels. The opti-

mization problem for minimizing objective loss function is performed simultaneously

with the convex combination on a set of kernels, so as to manipulate the interdepen-

dent behavior of different features collectively by different kernel functions [51].

Recently, a multiple kernel learning framework, working on feature fusion, with

a deep learning approach was proposed [116]. Instead of traditional multiple kernel

learning framework, the learned representation can be considered as a replacement of

convex combination approach by using representation learning on kernel merging. In

this section work, I will proposed a multi-layer embedding framework with associated

ReLU activation function, where an embedding is learned for each kernel, and a fusion

embedding is learned for their joint representation followed by a fully-connected layer

with sigmoid activation function commuting the binary cross-entropy loss. Given a set

of kernel gram matrix, instead of minimizing the classification loss as well as finding
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the best convex combination, it aims to learn their individual kernel representation

jointly which derives the best combination in an end-to-end fashion.

3.3.3 Multiple Views of Graph Kernels

For a given pair of graph input g1, g2, we want to calculate their kernel value via a

kernel function. Before introducing our proposed Temporal proximity kernel , we

need to define Topological sequence and Temporal signature .

Topological sequence

Let T be a topological ordering of graph G = (V,E) such that T = {ni | i =

1, . . . , |V |}, the topological sequence S is defined as

S = {ni.label + level | i = 1, . . . , |V |, and ni ∈ T} (3.9)

where + represents the string concatenation and level denotes the order of occurrence

of label associated to node ni in T . Namely, every node in the topological sequence has

an attached number to indicate the level. The level indicates the order of occurrence

of the same node label in the topological ordering. It is performed by iterating all

nodes and appending the level in the resulting ordering which takes O(V ) for V nodes.

Topological signature

Let S1, S2 be topological sequences of two input graphs g1, g2, and S = S1 ∪ S2 with

the union set length m = |S|. We define the temporal signature for g1 as tp1 =

{v11, · · · , v1m} where

v1j =


dj, if S[j] ∈ S1

−1, otherwise
, for j = 1, . . . ,m (3.10)

and define the temporal signature for g2 as tp2 = {v21, · · · , v2m} where
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Figure 3.6: Input graphs to temporal signatures

v2j =


dj, if S[j] ∈ S2

−1, otherwise
, for j = 1, . . . ,m (3.11)

for dj denotes the total passage day from the root node to node nj in its belonging

patient graph. We now transfer g1, g2 into their vector representation tp1, tp2.

Figure 3.6 illustrates the process of transferring the input from graphs to temporal

signature.

Temporal proximity kernel

Temporal proximity kernelKtp calculates the kernel value between g1, g2 via temporal

signature tp1, tp2 as:

Ktp(g1, g2) = e−‖tp1−tp2‖ (3.12)

where ‖tp1 − tp2‖ is the Euclidean distance between tp1, tp2.
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Shortest path kernel7

Shortest path kernel Ksp calculates the edge walk similarity on the shortest path

graphs for two input graphs. We use the same kernel definition in [18].

Node kernel

Node kernel Knode compares the node labels of two input graphs. The kernel value is

the total number of same node labels:

Knode(g1, g2) =
∑

n1∈g1.V,n2∈g2.V

Klabel(n1, n2) (3.13)

where Klabel is defined as:

Klabel(n1, n2) =


1, if label(n1) = label(n2)

0, otherwise
(3.14)

3.3.4 Positive Definiteness

Here, we prove all the above kernels are positive definite. Ktp is positive definite

since the transformation of exponential function of euclidean distance is still positive

definite [44]. Ksp is already proven to be positive definite in [18]. Finally, Knode is

positive definite since the Klabel is a dirac delta function which is proven to be positive

definite in [107], and it is known that positive definiteness is closed under addition

on positive definite kernels.
7We modify original all-pair shortest path algorithm used in [18] to directed acyclic graph

version to reduce time complexity.
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Figure 3.7: Multiple graph kernel fusion

3.3.5 Multiple Graph Kernel Fusion

To capture multi-view characteristics on patient graphs, we use two additional kernels;

shortest path kernel and node kernel, in conjunction with our proposed temporal

proximity kernel and find the best combination of them in an end-to-end manner.

Specifically, temporal proximity kernel Ktp focuses on temporal similarity between

substructure such as node ordering and their time difference, shortest path kernel

Ksp aims to capture similarity in overall connection, and node kernel Knode offers

a balance between local and global similarity by comparing all node labels between

two patient graphs to achieve best accuracy as well as prevent overfitting from noise

collaboratively by kernels. The architecture is described in Figure 3.7.

Given gram matrices on all pair of n graphs for each kernel type Kt ∈ Rn×n

where Ktgi,gj = kt(gi, gj) and t ∈ {tp, sp, node}, we use a Multi-layer perceptron

(MLP) to generate the corresponding kernel representation gembt ∈ Rn×m where m�

n. In this case, each row i in Kt represents a high-dimensional feature vector with

each dimension being a kernel value (e.g., similarity score) between its associated
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graph gi and all other graphs, and its kernel embedding gembt can be treated as a

dimension reduction by using traditional kernel approximation technique [100, 127,

137] to generate low dimensional features for gi such that efficient linear classifier can

be used directly. git ∈ Rn is converted to gembt ∈ Rm under kernel type t as follows:

gembt = ReLU(Wtgit + bt) (3.15)

by using the kernel embedding weight matrixWt ∈ Rm×n and the bias vector bt ∈ Rm

where n is the number of input graphs, and m is the dimension for the embed-

ding space. The rectified linear unit (ReLU) activation is defined as ReLU(val) =

max(val, 0). For deep architecture, we can compute the layer l with its previous layer

l− 1 with related parameters Wtl and btl within layer by using the same way that we

compute the embedding for input kernel gram matrix such as:

gembtl = ReLU(Wtlgembtl−1
+ btl) (3.16)

For combining three kernels, we first average their embedding from last layer and use

another dense layer with ReLU activation that learns the kernel fusion gembF ∈ Rf :

gembsum =
∑

t∈{tp,sp,node}

gembtlast

gembavg =
gembsum

3

gembF = ReLU(WFgembavg + bF )

(3.17)

in which WF ∈ Rf×q is the fusion weight matrix with fusion embedding dimension f

and the bias vector bF ∈ Rf assuming the last embedding layer dimension is q.

Finally, the label of success or failure for gembF is produced by using Sigmoid layer

defined as:
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ŷ = Sigmoid(WpgembF + bp) (3.18)

where Wp ∈ R1×f and bp ∈ R are trainable weight used to generate class label ŷ ∈

{0, 1}. We also use binary cross-entropy loss function to optimize the best embedding

under the fusion setting to learn all kernel embedding weight matrices.

3.3.6 Interpretation

As we stated in Section 3.3.5, each row (e.g., each patient) depicts a high dimensional

feature vector with each dimension corresponding a kernel value to a specific training

example. Since the kernel value can be treated as a similarity measurement, we can

use the concept in similarity-based classification, in which class labels are inferred by a

set of most similar training examples [32], and consult the top k most similar patients

to get prediction insights based on the nature such that features with higher weight

contribute more to the result in a linear classifier [91]. Kernel embedding, reducing

input dimension, for each kernel type facilitates similarity measurement refinement,

reducing the number of training examples used to infer. Similar patients with allied

graph similarity are grouped into one coordinate (e.g., dimension) in the embedding

space.

Since kernel embedding space is trained in an end-to-end manner through ReLU

operation in Equation 3.16, which achieves the interpretability [37], we can select a

set of candidates that contribute most to the prediction, via top k value coordinates in

the embedding space. The selected ones under different kernel type can be interpreted

as multi-view representative cases (e.g., time propagation or disease connection) in

case-based learning [86]. In practice, we sort patient gembt in kernel embedding space

and pick up top k coordinates. We then select top k′ training examples for the i-th

coordinate in top k coordinates. We illustrate the interpretation process under ktp
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Figure 3.8: Interpretation steps

in Figure 3.8: Given an embedded patient vector gembtp , we sort it in a descending

order and select top 3 value dimension and find corresponding training examples in

gtp, which contribute most, through weight matrix Wtp.

All sorts are in a reverse order:

argsort(gembt)[1 : k] (3.19)

argsort(Wt[i, :])[1 : k′] (3.20)

3.3.7 Experimental Setup

MGKF implementation

We use Keras with Tensorflow backend to build our model. We set 1000 dimensions

for dense embedding layer of each kernel and 500 dimensions for kernel fusion layer.

Between the dense embedding layer and kernel fusion layer, we setup 3-layer neural

network with size 800, 600, and 500 to learn the deep representation for each kernel.

We also use dropout for each layer with the fine tuning rate except for the final fusion
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layer which is set to 0.9. All these parameters were empirically determined. For the

training stage, we use the adam optimizer with 128 batch size to optimize the binary

cross-entropy loss and train for 10 epochs. All the experiments are executed on an

Intel Core i7, with 64GB memory and one Nvidia 1080 Ti GPU.

Baseline approaches

We selected 14 deep learning and 3 traditional approaches as our baselines8.

Deep learning approaches:

• Deep Patient [89]. Deep Patient learns an EHR unsupervised representation

through three-layer stack denoising autoencoder with Random Forest used as

classifier to predict future diagnosis.

• LSTM [13]. This model uses LSTM to classify medical code diagnosis given the

time series clinical measurements. Word embedding is used to embed medical

code before feeding to LSTM.

• Med2Vec [37]. Med2Vec tries to learn interpretable code and visit represen-

tations from EHR by using multi-layer perceptron and uses the current visit

information to predict medical codes in the following visit.

• Doctor AI [36]. Doctor AI uses Gate Recurrent Unit to learn representation for

patient status at each timestamp to make multilabel predictions. We connect a

timestamp to the most recent diagnosis time and change the softmax layer to

sigmoid layer.

• Retain [39]. This is an interpretable model to predict the future diagnosis of

heart failure via two-level RNN attention model incorporated with reverse time
8All word embedding is performed by Word2Vec [87].
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attention mechanism. By using attention, influential past visits which contribute

to the final prediction can be selected.

• CNN [29]. This model uses word embedding to learn medical code embedding

from raw EHRs and transfer each visit into a fixed dimension vector. The multi-

layer CNN is introduced to capture local and short temporal dependency in

EHRs for risk prediction.

• Temporal Fusion CNN [33]. Four types of CNNs, namely Single-frame (S), Early

Fusion (EF), Late Fusion (LF), and Slow Fusion (SF) are proposed to extract

phenotypes from patient EHR represented as a temporal event matrix and per-

forms various prediction tasks.

• Deepr [126]. Deepr uses CNN to learn and detect meaningful clinical motifs

from EHR to predict unplanned readmission. In their work, EHRs are trans-

formed into a sentence where each medical event is represented as a phrase and

connected with each other by special keywords as a time gap.

• Dipole [82]. In their work, bidirectional RNN with three different attention

mechanism is proposed. The three attention mechanisms, namely, general (g),

concatenation-based (c), and location-based (l) are used to calculate attention

weight for each patient visit.

• GRNN-HA [110]. This model introduces a hierarchical attention network to

learn attention weight from medical code level to patient visit level.

• MCA-RNN [74]. An attention-based contextual RNN is used, and patient infor-

mation (e.g., demographic) is derived from conditional variational autoencoders.

They combine the contextual features with RNN by using medical context atten-

tion to generate final representation to make prediction.
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• Timeline [10]. Timeline is an interpretable model with attention mechanism to

learn time decay factors for every medical code and improves visit embedding.

By analyzing attention and disease propagation functions, Timeline provides

interpretation for prediction and insights on how future risks are changed over

time.

• Patient2Vec [136]. Patient2Vec proposes a hierarchical representation learning

framework to capture complex relationships between medical events in EHR

with the attention mechanism used to learn personalized representation for

patient.

• ClinicalBERT 9 [4]. The pre-trained BERT model is used to learn embedding

for clinical text and performed on clinical natural language processing tasks.

Traditional approaches 10:

• Linear Support Vector Machine (SVM).

• Logistic Regression (LR).

• Random Forest (RF).

3.3.8 Result Discussion

Results

Results shown in Table 3.5 and 3.6 illustrate that our proposed method (MGKF)

outperforms all baseline approaches by a large margin. It is surprised that most of

the deep learning approaches failed to yield better results than traditional methods.
9In our task, patient is represented as a document containing all medical codes.

10All traditional approaches use word embedding to embed medical code into 256 dimen-
sion vector.
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Table 3.5: Performance comparison

Pneumonia Acute otitis media
Model AUC ACC F1 AUC ACC F1
MGKF 0.7056 0.6744 0.6583 0.6912 0.6920 0.6351
Deep Patient 0.5184 0.6258 0.3829 0.6076 0.6051 0.5747
LSTM 0.5650 0.6074 0.4249 0.5929 0.5912 0.6031
Doctor AI 0.4689 0.5250 0.2963 0.6054 0.6046 0.5968
CNN 0.5616 0.6171 0.3932 0.6036 0.6048 0.5837
Fusion CNN-S 0.5655 0.6308 0.3804 0.6053 0.6070 0.5783
Fusion CNN-EF 0.5596 0.6142 0.3932 0.6042 0.6064 0.5660
Fusion CNN-SF 0.5718 0.6279 0.4045 0.6045 0.6067 0.5667
Fusion CNN-LF 0.5667 0.6476 0.3329 0.6165 0.6195 0.5738
Med2Vec 0.5506 0.6308 0.3134 0.6174 0.6204 0.5537
Retain 0.5559 0.5800 0.4531 0.6176 0.6183 0.5970
Deepr 0.5400 0.6180 0.2204 0.6081 0.6113 0.5639
Dipole-g 0.5802 0.5860 0.4759 0.6031 0.6040 0.5775
Dipole-c 0.5668 0.5900 0.4533 0.5943 0.5959 0.5716
Dipole-l 0.5357 0.5520 0.4455 0.6025 0.6049 0.5709
GRNN-HA 0.5553 0.5709 0.4624 0.5767 0.5763 0.5778
Timeline 0.5458 0.6300 0.2629 0.6200 0.6280 0.5613
Patient2Vec 0.5497 0.6053 0.3785 0.6010 0.6029 0.5672
NCA-RNN 0.6121 0.6532 0.4762 0.6440 0.6464 0.6081
ClinicalBERT 0.5000 0.5089 0.3373 0.5949 0.6018 0.5170
SVM 0.6463 0.6120 0.5369 0.6209 0.5955 0.5035
LR 0.6586 0.6023 0.5328 0.6152 0.5839 0.5791
RF 0.6603 0.6134 0.5874 0.6190 0.5772 0.5344
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Table 3.6: Performance comparison

Acute cystitis Urinary tract infection
Model AUC ACC F1 AUC ACC F1
MGKF 0.7201 0.7200 0.6883 0.7249 0.7224 0.7202
Deep Patient 0.5874 0.6400 0.4994 0.5714 0.6017 0.5178
LSTM 0.5986 0.6184 0.5106 0.5841 0.5877 0.5457
Doctor AI 0.6008 0.6233 0.5066 0.6286 0.6350 0.4511
CNN 0.6085 0.6372 0.5014 0.5975 0.6055 0.5407
Fusion CNN-S 0.6127 0.6437 0.5019 0.6000 0.6087 0.5408
Fusion CNN-EF 0.6096 0.6355 0.5070 0.5992 0.6088 0.5356
Fusion CNN-SF 0.6112 0.6429 0.4943 0.6088 0.6222 0.5306
Fusion CNN-LF 0.6130 0.6550 0.4597 0.6133 0.6286 0.5169
Med2Vec 0.6040 0.6493 0.4382 0.6028 0.6224 0.4777
Retain 0.6073 0.6576 0.4403 0.6027 0.6170 0.5030
Deepr 0.5996 0.6509 0.4242 0.6073 0.6266 0.4922
Dipole-g 0.5999 0.6436 0.4434 0.5982 0.6131 0.5060
Dipole-c 0.5994 0.6351 0.4689 0.5936 0.6024 0.5280
Dipole-l 0.5973 0.6367 0.4604 0.5926 0.6051 0.5096
GRNN-HA 0.5763 0.5824 0.5184 0.5730 0.5730 0.5502
Timeline 0.6470 0.6400 0.5982 0.6022 0.6000 0.6226
Patient2Vec 0.5995 0.6351 0.4729 0.5851 0.5975 0.5059
NCA-RNN 0.6065 0.6457 0.4680 0.6123 0.6263 0.5296
ClinicalBERT 0.5000 0.5855 0.3693 0.5000 0.5089 0.3373
SVM 0.5950 0.6241 0.2809 0.6463 0.6120 0.5369
LR 0.5939 0.5720 0.4991 0.6486 0.6023 0.5328
RF 0.5887 0.6069 0.4372 0.6603 0.6143 0.5874
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It can be surmised that the possible reason might be the characteristic difference

between development datasets, which I will discuss in the remaining part.

Discussion on failure of deep learning models

For most deep learning models, their datasets are primarily collected from regional

sources such as local hospitals or private healthcare data partnerships where uniform

patient population type is expected. Data cleaning and normalization is often con-

ducted. For models developed on a widely used public open dataset, namely MIMIC3,

the primary difficulty is the relatively few history records for each patient, dimin-

ishing the detection on long term medical information. On the contrary, NHIRD is a

national-wide, in production, and clinical usage dataset with complete medical his-

tory, mirroring true medical practice from daily clinical activities. High variance and

noise is inevitable. This noise introduces complications hindering performance.

In NHIRD, some clinical visit records are for reimbursement or request for refill

of prescription purposes. Due to the system limitation for maximum number of drugs

allowed to store in one record, physicians split prescription orders into multiple

records. The diagnosis or drug codes in such cases are pointless, which prevents deep

learning models from learning event sequence patterns from those pointless events. We

can see all deep learning models especially Doctor AI, Deepr, Med2Vec, and Timeline,

where code level representation learning acts as the major part, performing poorly

on F1 for pneumonia since it is one of the most frequent diseases that uses record

splitting for reimbursement purposes. The attention mechanism on visit level (e.g.,

Retain, Dipole, GRNN-HA, and MCA-RNN) eases the effect by memorizing relevant

visits toward classification result. Although Timeline introduces time decay factors

with attention, the capricious medical records listed in those pointless events may

lead to overfitting in Timeline. Another concern, the patient hospital-shopping habit
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in Taiwan generates lots of sequences for the same disease diagnosis. Distinguishing

the event sequence originated from a hospital-shopping habit from a true medical

condition is difficult, causing RNN-based models to overfit.

On the other hand, traditional approaches are shallow architectures that usually

fit the data in a simple manner without much representation learning process (e.g.,

LR and SVM). They are easy to interpret and avoid severe overfitting in high noise

environments as compared to deep architectures. Thus, our approach does not rely

on data representation learning, reducing the likelihood of falling into NHIRD-driven

potential pitfalls. Also, with the help of representation learning on multi-view kernel

value (e.g., similarity measurement), the reduced dimension keeps the most relevant

consulting cases and filters noise such as hospital-shopping events.

Results interpretation

We select two patients who had a successful and failure treatment for pneumonia

respectively. All patients from top coordinate under all kernel types are selected 11

following interpretation steps in Section 3.3.6. We show top 5 weighted patients with

their kernel value between two selected patients from each coordinate in Table 3.7, 3.8,

and 3.9, and two selected patient graphs in Figure 3.9 12.

For patient level interpretation, it is simple to see patient’s disease progression

using an EHR graphical representation. Patient 10 failed to treat Pneumonia at visit

7 while patient 19 is successful at visit 4. The medical event ordering and their

connection is straightforward for the treating physician to understand. We also see
11Due to space limitation we only select maximum value coordinate.
12Instead of displaying connection between disease nodes and drug nodes, we show drug

information by text. For each medical event, red color denotes disease diagnosis following
a ICD9-CM code and black color denotes drug prescription with prescribed days within
parentheses.
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that similar patients, whose treatment is successful, under all kernel types do not

affect the prediction for patient 10 since the weight contribution for success training

examples are reduced by Ksp and Knode; top failure patients from coordinate 365

in Ksp and coordinate 499 in Knode balance the final weight 13. Also, for patient 19

whose treatment is a success, the node similar patients from coordinate 499 in Knode

do not affect the prediction because of the contribution weight reduced by Ktp and

Ksp. Each coordinate in the kernel embedding space reveals similarity patient group,

where top weighted training examples in each coordinate provide contribution to pre-

diction, diminishing the effects from pointless events described in Section 3.3.8. The

representative cases, which are denoted by top weighted training examples, provide

insights on how overall treatment and disease progression look like for success and

failure outcomes. These results demonstrate how multiple graph kernel fusion with

multiple layer embedding prevents the model from overfitting due to noise and offers

interpretation.

3.3.9 Conclusion

Sparsity, temporal relationships, and heterogeneity challenge the development of a

predictive model on patient EHRs. The bias among different population groups also

provides a gap between model implementation and utilization. Those are issues that

must be addressed in model development. It is a trade-off to develop a model that

achieves high accuracy versus high interpretability, for example, recurrent neural net-

work versus logistic regression solutions. To balance the issue, current approaches try

to add interpretability via different ways of attention mechanism to existing deep

neural networks. This, however, increases the complexity of the models themselves
13The ranking for training examples is ordered by weight in their belonging coordinate.
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Figure 3.9: Two sample patient graphs (patient 19 for upper one and patient 10 for
lower one)

Table 3.7: Coordination information of two selected patients under Ktp

Patient/Kernel type Ktp

Coordinate number 11
Patient Number Kernel Value

Patient 10 Failure 193 Failure 15.362
332 Success 4.955
589 Success 2.901
102 Success 4.579

Coordinate number 304
Patient Number Kernel Value

Patient 19 Success 207 Success 3.604
110 Success 22.351
343 Success 3.304
222 Success 10.021
532 Failure 10.081
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Table 3.8: Coordination information of two selected patients under Ksp

Patient/Kernel type Ksp

Coordinate number 365
Patient Number Kernel Value

Patient 10 Failure 96 Failure 17.291
747 Success 7.957
415 Success 4.252
558 Failure 0.626
112 Failure 17.460

Coordinate number 218
Patient Number Kernel Value

Patient 19 Success 470 Success 6.691
494 Success 17.284
4 Success 13.011
297 Success 0.179
337 Failure 30.395

Table 3.9: Coordination information of two selected patients under Knode

Patient/Kernel type Knode

Coordinate number 499
Patient Number Kernel Value

Patient 10 Failure 546 Success 28.322
523 Failure 2.173
733 Failure 3.462
654 Success 1.765
35 Success 2.221

Coordinate number 499
Patient Number Kernel Value

Patient 19 Success 546 Success 20.930
523 Failure 3.808
733 Failure 8.773
654 Success 5.347
35 Success 3.404
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and may result in overfitting issues when performing those models on different pop-

ulation based datasets (e.g., NHIRD).

Consequently, the model, Multiple Graph Kernel Fusion proposed achieves both

high accuracy and interpretability in predicting the success or failure of drug prescrip-

tion. I presented a deep learning approach where the prediction task uses a graph-

ical represented EHR without the need of electronic phenotyping or representation

learning. Three of the proposed kernel functions capture different aspects from patient

graph structures that provide meaningful insights for clinical practice. The multiple

graph kernel fusion with the help of deep neural networks helps the prediction task to

refine and concentrate on the most relevant and similar patients to prevent overfitting

on noisy data via kernel embedding. The classification performance of drug prescrip-

tion success/failure shown by experimental results surpasses all evaluated approaches.

The interpretation is simple, and the medical clinician can put more attention on the

most relevant cases for the given patient.

Overall, I have shown that our described approach has the ability to predict the

outcome of drug prescription with the high scores in all evaluation metrics with

high interpretability. It was also reviewed by a medical clinician to confirm that our

proposed approach is able to predict the failure of a drug used for a specific diagnosis

and identify which drug prescription path to pursue. The approach is now in limited

clinical use.

Hypothesis 2 solving

Hypothesis 2 is addressed as follows:

• Noisy data distribution that leads to over-fitting is reduced by formulating the

predictive model as similarity-based learning with the help of multiple graph
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kernel fusion described in Section 3.3.5. Capturing different views of data via

three proposed graph kernels incorporates structures between patient graphs.

The similarity-based learning helps the model to tolerate noise by learning most

similar patients with each others instead of directly learning representation from

highly variant data. The experimental results in Table 3.5 and Table 3.6 validate

Hypothesis 2.

• The interpretation process is presented in Section 3.3.6. As evidenced by the,

limited but still, clinical deployment, the provided interpretation reasonably

aligns with health provider needs.
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3.4 Capturing Relevant Feature under Long-Term Disease Progres-

sion via Cross-Global Attention Graph Kernel Network

3.4.1 Methodology

While the aforementioned approaches outlined in previous section 3.2 and 3.3 validate

hypotheses 1 and 2, the applicability of the proposed approach to chronic diseases

should be further investigated. So far, we only concentrate on predicting the outcome

of a single medication, which immediate targets antibiotic treatment based diseases

with short observation windows. However, there are many diseases, especially for

chronic diseases, requiring precise drug prescription to further reduce certain medical

condition occurrence (e.g., re-hospitalization or mortality) in a longer observation

period. Hypertension, diabetes, or hyperlipidemia are such chronic diseases, which

medication greatly affects patient progressions in a long run. For such chronic dis-

eases, long-term disease progression coupled with EHR complexity complicates the

effort of outcome prediction for medication. The increased divergence and noise on

data attributes over-fits the deep learning model and defeats the handcrafted kernel.

We surmise that attention-based deep learning models and handcrafted kernel com-

putations are limited to handle complex EHR under long-term disease progression.

In this section, I propose a cross-global attention graph kernel network to learn

optimal graph kernels on a graphical representation of patient EHRs, as the same

patient graph in figure 3.2. The chronic disease drug prediction task is formulated as

a binary graph classification problem. An optimal graph kernel learned through cross-

global attention graph kernel network is used to perform classification on a kernel

SVM. It is termed "cross-global" to delineate pairwise-less "cross" graph node atten-

tion and its "global" attention graph pooling. The novel cross-global attention node

matching automatically captures relevant information in biased long-term disease pro-
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gression. In contrast to attention-based graph similarity learning [2, 11, 77] that relies

on a pairwise comparisons of training pairs or triplets, our matching is performed on

a batch of graphs simultaneously by a global cluster membership assignment. This is

accomplished without the need to generate training pairs or triplets for pairwise com-

putations and seamlessly combines classification loss. The learning process is guided

by cosine distance. The resulting kernel, compared to its Euclidean distance counter-

part, has better noise resistance under a high dimension space [22, 23]. Unlike distance

metric learning [55, 109] and aforementioned graph similarity learning, the learned

distance and graph kernel are aligned to a classification objective. It is formulated as

an end to end training by jointly optimizing contrastive and kernel alignment loss with

a SVM primal objective. Such a training procedure encourages node matching and

similarity measurement to produce ideal classification, providing interpretation on

prediction. The resulting kernel function can be directly used by any off-the-shelf ker-

nelized classifier (e.g., scikit-learn SVC 14). The cross-global attention node matching

and kernel-based classification makes it interpretable in both knowledge discovery

and prediction case study, which I will discussed in the following section.

3.4.2 Success and Failure Cases for Chronic Disease

Since chronic diseases require a set of drug prescriptions with necessary adjustment

per disease condition, we use the term treatment plan to indicate drug prescription

for chronic diseases. To define the success or failure of a treatment plan for a chronic

disease, we follow the guideline published by the National Medical Association for

selected chronic diseases [1, 35, 76]. Generally, an observation window is defined simi-

larly as in figure 3.3 after a treatment period to monitor whether the given treatment

plan achieves its treatment objective (e.g., no severe complication occurrence in 5

14https://scikit-learn.org/stable/modules/svm.html
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Figure 3.10: Criteria for success and failure cases of chronic disease

years). Given a chronic disease diagnosis, a treatment is considered a failure if the

patient is diagnosed with a selected severe complication or comorbidity within the

post treatment observation window. Otherwise, the treatment is considered a success.

Figure 3.10 illustrates this criterion. Due to the chronic disease long-term progression

where past factors are potentially decisive, all medical histories are included prior to

the first diagnosis date. We treat each case as a set of medical records from a patient’s

EHR as in Figure 3.1. The terms, patient and case, are used interchangeably.

3.4.3 Prediction Framework for Chronic Disease

I formulate the outcome prediction task for chronic disease treatment plan as a binary

graph classification on graph-based EHR using a kernel SVM. Although similar to

Section 3.2, it is differentiated by learning a graph kernel, not handcrafting one. Given

a set of success and failure case patient graphs G, Cross-Global Attention Graph

Kernel Network learns an optimal graph kernel k. Then, the prediction for success

and failure is performed by a kernel SVM using a kernel gram matrix K generated

from Cross-Global Attention Graph Kernel Network such that Kij = k(Gi, Gj) where

Gi, Gj ∈ G. For an incoming patient, patient graph Gp is firstly created based on

the concatenation of patient’s medical history, current diagnosis, and treatment plan.
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Then, the kernel value between Gp and all training examples Gi ∈ G is determined,

and the prediction is given through a kernel SVM. The proposed system is illustrated

in Figure 3.11.

Figure 3.11: Predictive framework for chronic disease

3.4.4 Cross-Global Attention Graph Kernel Network

Cross-Global Attention Graph Kernel Network learns an end-to-end deep graph

kernel on a batch of graphs. This is accomplished through cross-global attention

node matching without an explicit pairwise similarity computation. Given a batch B

of input graphs G1, ..., G|B| with batch size |B|, their nodes are embed into a lower

dimensional space, where node structures and attribute information are encoded

in dense vectors. A graph level embedding is then produced by a graph pooling

operation on node level embedding via cross-global attention node matching. It then

calculates the batch-wise cosine distance and generates a kernel gram matrix on the

entire batch of resulting graph embedding. Finally, the network loss is computed

with contrastive loss, kernel alignment, and SVM primal objective. An overview of

cross-global attention graph kernel network is illustrated in Figure 3.12: The node

level embedding and node clusters are determined first through black arrows. The

graph level embedding is derived (denoted in red arrows) from node matching based

pooling (through blue arrows). The loss is calculated by the resulting distance and

kernel matrix, and backpropagation is performed to update all model parameters (via
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Figure 3.12: Cross-global attention graph kernel network

green arrows). The remainder of this section details this process. I firstly introduce

graph embedding with higher-order graph information. Then, I will move to node

matching based graph pooling and graph kernel. Finally, a training procedure, which

jointly optimizes constrastive distance loss and SVM classification loss, is presented

in this section.

3.4.5 Graph Embedding

Graph convolutional networks

Graph Convolutional Networks (GCN) [69] perform 1-hop neighbor feature aggrega-

tion for each node in a graph. The resulting graph embedding is permutation invariant

when a pooling operation is properly chosen. Given an n number nodes patient graph

G with node attribute one-hot vector matrix X ∈ Rn×c, where c denotes the total

number of medical codes in EHRs, and a weighted adjacency matrix A ∈ Rn×n, we

use GCN to generate a node level embedding H ∈ Rn×d with embedding size d as

follows:
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H = f(D̃−1ÃXW ) (3.21)

where D̃ is the diagonal node degree matrix of Ã defined with D̃ =
∑

jÃij, Ã =

A+ I is the adjacency matrix with self-loops added, W ∈ Rc×d is a trainable weight

matrix, and f is a non-linear activation function such as ReLU(x) = max(0, x).

The embedding H can be an input to another GCN, creating stacked multiple graph

convolution layers:

Hk+1 = f(D̃−1ÃHkW k), H0 = X (3.22)

where Hk is the node embedding after the kth GCN operation, and W k is the train-

able weight associated with the kth GCN layer. The resulting node embedding Hk+1

contains k-hop neighborhood structure information aggregated by graph convolution

layers.

Higher-order graph information

To capture longer distance nodes and preserve their hierarchical multi-hop neighbor-

hood information as in [31], we stacked t multiple GCN layers15 and concatenated

all layer’s outputs H1:t = [H1, ..., H t] where H1:t ∈ Rn×(t×d). The concatenated node

embedding might be very large and could potentially cause a memory issue for subse-

quent operations. To mitigate such drawbacks, we perform a non-linear transformation

on H1:t by a trainable weight Wconcat ∈ R(t×d)×d and a ReLU activation function as

follows:

Hfinal = ReLU(H1:tWconcat) (3.23)

15Assuming the dimension of all layers’ trainable weight matrices are the same
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To produce the graph level embedding, instead of using another type of pooling

operation [72, 134, 138], we propose cross-global attention node matching and its

derived attention based pooling.

3.4.6 Cross-Global Attention Node Matching and Pooling

Node matching between graphs is computed via a pairwise node similarity measure-

ment. This optimizes a distance metric-based or KL-divergence loss on the graph pairs

or triplets [2, 11, 77] necessitating vast training pairs or triplets to capture the entire

global characteristics. One way to avoid explicit pair or triplet generation utilizes effi-

cient batch-wise learning via optimizing classification loss [99, 124]. However, pairwise

node matching in a batch-wise setting is problematic due to graph size variability.

To address this issue, I propose a novel batch-wise attention-based node matching

scheme, a.k.a., cross-global attention node matching. The matching scheme learns

a set of global node clusters and computes the attention weight between each node

and the representation associated with its membership cluster. The pooling operation

based on its attention score to global cluster performs a weighted sum on nodes to

derive a single graph embedding.

Global node cluster learning and cluster representation query

Given node embedding Hfinal ∈ Rn×d from the last GCN layer and transformation

after concatenation in Equation 3.23, we define M ∈ Rs×d as a trainable global node

cluster matrix with s clusters and d dimension features sized to provide an overall

representation of its membership nodes. Here, we define membership assignment A ∈

Rn×s for Hfinal and as follows:

A = Sparsemax(ReLU(HfinalM
T )) (3.24)
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where Sparsemax [85] is a sparse version Softmax, that outputs sparse probabilities.

It can be treated as a sparse soft cluster assignment. We can interpret A as a cluster

membership identity with s dimension feature representation. We further define the

query of nodes’ representation in their belonging membership cluster:

Q = Tanh(AM) (3.25)

where Q ∈ Rn×d denotes a queried representation for each node in Hfinal from their

belonging membership cluster.

As described in Figure 3.13, matching can be treated as retrieving cluster identity

from global node clusters, and similar nodes are assigned to a similar or even the

same cluster membership identity. To construct a better cluster, we add an auxiliary

loss by minimizing the reconstruction error, which is similar to Non-negative Matrix

Factorization (NMF) clustering in [45] as:

Lrecon = ‖Hfinal −Q‖F (3.26)

Pooling with attention-based node matching

The intuition of pairwise node matching is to assign higher attention-weight to those

similar nodes. In other words, matching occurs when two nodes are highly similar,

closer to each other than to other possible targets. Following this idea, we observe that

two nodes are matched if they have similar or even identical cluster membership. The

higher the similar membership identity, the higher the degree of node matching. In

addition, a cluster is constructed by minimizing the reconstruction error between the

original node Hfinal and the query representation Q. A node with high reconstruction

error means no specific cluster assignment and further lowers the chance to match

other nodes. This can be measured by using entry-wise similarity metrics (e.g., cosine
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similarity) between Hfinali ∈ Hfinal and its respective query representation Qi ∈ Q.

Higher similarity between them reveals better reconstruction quality and potential to

match other nodes. Based on these observations, I design the cross-global attention

node matching pooling, where a node similar to the representation in its cluster

membership should receive higher attention weight, as follows:

α = Softmax(Sim(Hfinal, Q))

Gemb =
n∑
i=1

αiHfinali

(3.27)

where α ∈ Rn is the attention weight for each node, Softmax is applied to generate

importance among nodes by using Sim, a similarity metric (e.g., cosine similarity),

and the resulting pooling Gemb is the weighted sum of node embeddings that compress

higher order structure and node matching information from other graphs. Matching

and cluster assignment membership is illustrated in Figure 3.13: Each node in G1, G2

will map to a cluster. Their cluster membership assignments generate their query,

which is their representation in terms of belonging cluster. Such an assignment can

be seen as a soft label of cluster membership identity. Similar query means similar

cluster membership identity, inducing possible matching..

Figure 3.13: Predictive framework
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3.4.7 Distance-Based Graph Kernel

Given a graph pair with their graph level embeddings Gemb1, Gemb2, we define the

graph kernel as follows:

DistC(Gemb1, Gemb2) = 1− 〈Gemb1, Gemb2〉
‖Gemb1‖ · ‖Gemb2‖

DistE(Gemb1, Gemb2) = ‖Gemb1 −Gemb2‖2

K(Gemb1, Gemb2) = exp(−Dist(Gemb1, Gemb2)
2)

(3.28)

whereDistC is a cosine distance andDistE is the Euclidean distance. As usual, 〈·〉 is a

standard inner product. Dist can be either DistC or DistE. The resulting kernel func-

tion is positive definite since exp(−x2) is positive definite for any real number x [23].

It can be easily proved by the definition of positive definiteness with the same deriva-

tion in [23, 44]. Cosine distance enjoys benefits in more complex data representations.

Euclidean distance considers vector magnitude (i.e., norm) during measurement which

is not sufficiently sensitive to highly variant features such as long-term disease pro-

gressions. Moreover, cosine distance can measure objects on manifolds with nonzero

curvature such as spheres or hyperbolic surfaces. In general, Euclidean distance can

only be applied to local problems which may not be sufficient to express complex

feature characteristics [22]. The resulting cosine guided kernel is more expressive, and

thus, capable of performing implicit high dimensional mapping [23].

3.4.8 Training

Given a batch B of input graphs and their class labels y ∈ R|B|×1 where yi ∈ {1, 0},

we get their graph level embeddings for the entire batch via shared weight GCN with

cross-global node matching pooling. To support graph size variation within a batch,

we concatenate their feature matrices and combine their adjacency matrices into a

sparse block-diagonal matrix. Each block corresponds to an adjacency matrix of a
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graph in the batch. The resulting concatenated feature matrix and block-diagonal

matrix are treated as a single graph, so all operations (e.g., GCN and pooling) can

perform simultaneously on batch-wise graphs. Then, we calculate their batch-wise

distance matrix D ∈ R|B|×|B| and batch-wise kernel gram matrix K ∈ R|B|×|B|. The

model can be trained by mini-batch Stochastic Gradient Descent (SGD) without

training pair and triplet generation. To learn an optimal graph embedding, which

results in an optimal graph kernel, we optimize it by contrastive loss [55] with a

margin threshold λ > 0:

Lcontrastive =
1

|B|
∑
i,j∈B

(1−Yij)max(0, λ−Dij)
2 + YijDij (3.29)

and kernel alignment loss [42]:

Lalignment =
1

|B|

√
2− 2(〈K,Y〉F /

√
〈K,K〉F 〈Y,Y〉F ) (3.30)

where 〈·〉F denotes the frobenius inner product, K is a batch-wise kernel gram matrix,

and Y ∈ R|B|×|B| where Yij = 1 if yi = yj else Yij = 0. We believe that a good

distance-metric induces a good kernel function and vice versa. So, we learn the graph

kernel jointly through optimal cosine distance between graphs via contrastive loss

with an optimal graph kernel through kernel alignment loss.

To align a learned embedding, distance, and kernel to the classification loss in end-

to-end training, we incorporate the SVM primal [28] objective with squared hinge loss

function into our objective:

LSVM =
1

C

∑
i,j∈B

βiβjKij +
∑
i

max(0, 1− yi
∑
j∈B

Kijβj)
2

(3.31)
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where C >= 0 is a user defined regularization constant and β ∈ R|B|×1 is a train-

able coefficient weight vector. The following is the final model optimization problem

formulation:

min
θ,β

(Lcontrastive
θ

+ Lalignment
θ

+ Lrecon
θ

) + LSVM
β

(3.32)

where θ denotes a set of all trainable variables in graph embedding and β is a trainable

coefficient weight vector for SVM. Since the training is done by mini-batch SGD, the

SVM objective is only meaningful for a given batch. Namely, gradient for β in SVM

are only relevant for the current batch update as the SVM objective is dependent

on the input kernel gram matrix. When training proceeds to the next batch, the

kernel gram matrix is different, and the optimized β is inconsistent with the last

batch status. To resolve this inconsistent weight update problem, we treat SVM as a

light-weight auxiliary objective (e.g., regularization), encouraging the model to learn

an effective graph kernel. In this case, we first perform a forward pass through graph

kernel network, then we train the SVM by feeding in the kernel gram matrix from

the forward pass output until convergence. The positive definiteness of the kernel

function guarantees SVM convergence. Once the SVM is trained, we treat β as a

model constant, and LSVM now acts as a regular loss function. The gradient of θ

can be computed through Lkernel, Lrecon, and LSVM , and the model can perform

backpropagation to update θ.

3.4.9 Experimental Setup

Chronic disease dataset

We evaluate our model on real-world EHRs, a subset of the Taiwanese National Health

Insurance Research Database (NHIRD) 16, which contains over a 20-year complete
16https://nhird.nhri.org.tw/en/
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Table 3.10: Selected complication ICD9 codes

Disease Selected Complication ICD9 Codes

Hypertension

402.*: Hypertensive heart disease
403.*: Hypertensive renal disease
404.*: Hypertensive heart and renal disease
410.*: Acute myocardial infarction
428.*: Heart failure
434.*: Occlusion of cerebral arteries

Hyperlipidemia

410.*: Acute myocardial infarction
411.*: Other acute and subacute

forms of ischemic heart disease
412.*: Old myocardial infarction
413.*: Angina pectoris of heart disease
43*.*: Cerebrovascular disease

Diabetes

361.*: Retinal detachments and defects
362.*: Other retinal disorders
365.*: Disorders of iris and ciliary body
366.*: Cataract
369.*: Blindness and low vision

medical history for one-million randomly sampled de-identified patients. NHIRD com-

poses reimbursement related registration files and original claim data for hospitals and

clinics that enroll in the National Health Insurance (NHI) program. The ICD9-CM17

code indicates the diagnosed disease and the ATC18 code is used for drug prescrip-

tion. Institutional Review Board (IRB) approvals for our research were granted by all

associated institutions.

The three most prevalent chronic diseases in Taiwan, namely, hypertension, hyper-

lipidemia, and diabetes, are selected. Their treatments primarily rely on a long-term

treatment plan including multiple drug prescriptions to control disease progression.
17International Classification of Diseases, 9th Revision, Clinical Modification
18Anatomical Therapeutic Chemical
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The effectiveness of treatment depends on the risk level of possible future severe

comorbidities and complications after receiving the treatment plan for several years.

The goal is to predict the success or failure for the given drug prescriptions during

the treatment period of a chronic disease diagnosis. According to our collaborating

medical doctors and to published treatment guidelines of hypertension [35], hyper-

lipidemia [76], and diabetes [1], we define success and failure cases for each disease

by the following steps:

1. Locate the first chronic disease diagnosis date T0.

2. Set Yplan year observation window for treatment plan.

3. Set treatment plan end date Tplan = T0 + Yplan.

4. Set Youtcome year observation window for outcome.

5. Set outcome observation end date Toutcome = Tplan + Youtcome.

6. If no selected severe comorbidities and complications diagnosis exist between

Tplan and Toutcome, the case is defined successful, otherwise, a failure.

We use the patient’s entire medical history (a.k.a., clinical visits) from the first medical

record to Tplan to create the patient graphs. We set Yplan for 1 year and Youtcome for

10 years. For each medical event, we extract all diagnosis ICD-9 codes and drug

prescription ATC codes. Table 3.11 19 summarizes the dataset statistic, and Table

3.10 lists all selected complication ICD-9 codes for each disease.

Evaluation and model setup
19In Table 3.11, the percentage denotes data imbalance ratio especially in hyperlipidemia

and diabetes.
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Table 3.11: Dataset statistics.

Disease Hypertension Hyperlipidemia Diabetes
ICD9 Codes 401.* 272.* 250.*
# of patient 235,695 123,380 131,997
# of failure 104,936 (45%) 26,043 (21%) 34,414 (26%)
# of success 130,759 (55%) 97,337 (79%) 97,583 (74%)
Max # nodes 33,497 19.159 15,454
Min # nodes 3 3 3
Avg # nodes 220 285 374
Max # edges 87,852 52,750 57422
Min # edges 2 2 2
Avg # edges 561 620 891

Accuracy (ACC), F1-score (Macro F1), and the area under the receiver operating

characteristic curve (AUROC) are used as our evaluation metrics. For each disease,

we randomly divide our datasets into training, validation, and testing sets in an

80:10:10 ratio. We notice the data imbalance as shown in Table 3.1. To reflect real-

world clinical practice, we do not use any data balancing techniques and keep data

imbalance. All parameters for all evaluated models are fine tuned via the validation

set. The pairwise t-test with a p-value set to 0.05 is used to reject the null-hypothesis

to assess the statistical significance of our proposed model. Our solution statistically

significantly differs from previous efforts. For our proposed model architecture, we

set 6 layers GCN with output dimension 256 and ReLU activation function. We set

the number of global node clusters to 256 and the contrastive loss margin threshold

λ = 1. We use Tensorflow-Keras to implement our proposed model architecture.

For SVM training, we set 100 iterations with early stopping and an regularization

constant C = 1. For the training stage, we use the Adam optimizer with an initial

fixed learning rate set to 0.0005 with 128 batch size and train for 10 epochs with
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early stopping criteria. For the graph classification stage, we use classical kernel SVM

from scikit-learn [96] and set the regularization constant C = 1. All experiments are

executed on an Intel Core i7 CPU, with 64GB memory and one Nvidia 1080 Ti GPU.

Baseline approaches

Three types of baselines are selected to compare our model performance: Deep

learning based, graph classification based, and traditional based.

Part of baselines are repetition in 3.3.7 to provide for convenience to the reader.

Deep learning approaches:

• Deep Patient [89]. Deep Patient utilizes a three-layer stacked denoising autoen-

coder to perform unsupervised representation learning on EHRs with Random

Forest to predict future diagnosis.

• LSTM [13]. A LSTM model with word embedding to encode time series clinical

measurements in EHRs is used to predict future medical code diagnosis.

• Med2Vec [37]. Med2Vec uses multi-layer perceptron to learn interpretable code

and visit embedding based on the skip-gram model. The code level embedding

is learned first, and the resulting embedding is concatenated with demographic

information to form visit level embedding.

• Retain [39]. It is a RNN using GRU with a two-level reverse time attention mech-

anism, which offer interpretation to select influential past visits contributing to

the final prediction.

• CNN [29]. This model uses a 1D-CNN to learn EHRs temporal embedding

matrix representation to capture local and short temporal dependency in EHRs

for risk prediction.

80



• Dipole [82]. It is a bidirectional RNN with three different attention mecha-

nisms, proposed to calculate attention weights for each patient visit: general,

concatenation-based, and location-based. In our experiment, we use multiplica-

tive attention [81] to compute attention weight due to memory constraints.

• Clinical BERT [4]. In their work, a pre-trained clinical language model trained

by the state-of-the art BERT model is created. We use their Clinical BERT as

the BERT base model to train our language model on NHIRD. For each patient

case, we concatenate all medical codes from all visits into a single document.

Then, we fine-tune it on our prediction task.

Graph based approaches:

• WL-Kernel-SVM [114]. Here, we use Weisfeiler-Lehman subtree graph kernel to

compute a pairwise kernel gram matrix on all patient graphs. Then, a kernel

SVM is used to perform graph classification.

• DGCNN [138]. It is an end-to-end graph classification model by graph convolu-

tion networks with a sort pooling layer to derive permutation invariant graph

embeddings. 1D-CNN then extracts features along with full-connected layer for

graph classification task on patient graphs.

• MGKF 3.3.5. In this experiment, we replace the shortest path kernel with

Weisfeiler-Lehman subtree graph kernel [114] on patient graphs to avoid insuf-

ficient memory and a forever running time issue for shortest path kernel.

Traditional approaches 20:

• Linear Support Vector Machine (SVM).
20All patient cases are represented as documents with one-hot encoding containing all

medical codes from all visits.
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Table 3.12: Performance comparison

Hypertension Hyperlipidemia
Model ACC AUC F1 ACC AUC F1

CGA-GK-Cosine (Our) 0.7417 0.7361 0.7371 0.8702 0.7428 0.7727
CGA-GK-Euclidean (Our) 0.7337 0.7278 0.7290 0.8507 0.6798 0.7153

MGKF 0.6990 0.7025 0.6973 0.7200 0.7043 0.6698
WL-Kernel-SVM 0.7101 0.6968 0.6982 0.8293 0.6092 0.6304

DGCNN 0.6954 0.6895 0.6894 0.8290 0.6338 0.6518
ClinicalBERT 0.7132 0.6996 0.6434 0.8510 0.6808 0.5215

Retain 0.6580 0.6537 0.6174 0.8340 0.6908 0.5337
Dipole 0.6603 0.6805 0.6782 0.8180 0.5943 0.3259
LSTM 0.6960 0.6607 0.5250 0.7920 0.6267 0.3988
CNN 0.7170 0.6999 0.6323 0.8320 0.6920 0.5359

Med2Vec 0.6864 0.6681 0.5847 0.8167 0.6593 0.4575
Deep Patient 0.6560 0.6443 0.5835 0.7980 0.5295 0.1217

LR 0.7220 0.7083 0.6532 0.8368 0.6417 0.4401
SVM 0.6909 0.6738 0.6016 0.8168 0.6939 0.5252
RF 0.7266 0.7188 0.6774 0.8424 0.6507 0.4609

• Logistic Regression (LR).

• Random Forest (RF).

3.4.10 Result Discussion

Results

Table 3.12 and 3.13 shows that cross-global attention graph kernel network (CGA-GK-

Cosine) consistently outperforms all baseline approaches on all evaluation metrics.

Specifically, all baselines are affected by data imbalance and receive high Accuracy

and AUC but low F1 scores, particularly in the imbalance hyperlipidemia and diabetes

dataset as depicted in Table 3.11. Data imbalance is common in real-world clinical

practice, and it is critical when developing medical applications. It is undesirable to
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Table 3.13: Performance comparison

Diabetes
Model ACC AUC F1

CGA-GK-Cosine (Our) 0.7804 0.6602 0.6758
CGA-GK-Euclidean (Our) 0.7613 0.5920 0.5970

MGKF 0.7250 0.6354 0.6404
WL-Kernel-SVM 0.7625 0.5911 0.5955

DGCNN 0.7536 0.5871 0.5914
ClinicalBERT 0.7720 0.6484 0.4718

Retain 0.7657 0.6369 0.4529
Dipole 0.7553 0.5540 0.2338
LSTM 0.7283 0.5497 0.2598
CNN 0.7317 0.6481 0.4679

Med2Vec 0.7524 0.2698 0.5805
Deep Patient 0.7280 0.5395 0.1905

LR 0.7483 0.5371 0.1658
SVM 0.7294 0.6329 0.4544
RF 0.7631 0.3066 0.5811

prescribe a false predicted success drug treatment, which may lead to severe disease

progression or fatality. Furthermore, NHIRD, a real-world claim-based EHR database,

is known to have highly biased medical records along with unpredictable and irregular

patterns such as (1) Record splitting: multiple same diagnosis records with different

drug prescription (2) Reimbursement trick: only record higher reimbursement drug or

disease (3) Patient shopping behavior: multiple same disease diagnosis without drug

prescription on the same date, and medical events from all of these conditions are

pointless.

Our approach is insensitive to data imbalance and yields the highest F1 score,

highlighting its ability to learn a meaningful and noise resistant graph kernel since

the prediction is conducted purely by traditional kernel SVM. The high F1 score also
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demonstrates that CGA-GK-Cosine outperforms CGA-GK-Euclidean, highlighting

the advantage of cosine distance over Euclidean distance. This result confirms our

hypothesis that cosine distance captures micro differences in feature dimension and

is relatively insensitive to the highly biased dataset, as compared to its counterparts.

Discussion on failure of baseline models

Looking at different baseline groups, the graph-based approach outperforms all other

baselines on F1, revealing the usefulness for graphs as a modeling tool under real

world data imbalance situation. The graph kernel approaches show the effectiveness

of similarity-based classification to overcome highly variant and imbalanced medical

records. For deep learning baselines, we observe they all tend to predict drug treat-

ment as success, which leads to low F1 for all tasks. It is even worse on RNN based

models due to their over-fitting on the majority class. We also hypothesize that pre-

trained fine-tuned BERT language model is not suitable for drug prediction task, as

its training objective is not aligned to disease progression.

For most other research efforts, the datasets used are either from a collaborating

hospital or public dataset, namely MIMIC321, with a significantly shorter medical

history per patient and much less biased data records. Consequently, the model devel-

oped on such datasets fails to comply with NHIRD and suffers from over-fitting under

an imbalanced situation. Traditional approaches are too shallow to learn meaningful

representation; however, due to their simple learning process, they can avoid severe

over-fitting and perform better than some deep learning approaches (e.g., Dipole,

LSTM, and Deep Patient).

21We’re not using MIMIC3 since it doesn’t contain enough medical history to monitor
chronic disease outcome.
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Cross-global attention node matching

We evaluate our proposed node cluster membership assignment based on how two

identical graphs relate to each other under different node and edge removals. If two

graphs are identical, they should match themselves symmetrically (e.g., the diagonal

part). By randomly removing some node and edge labels, the matching result will

change since the graph structure is changed. We select an identical patient graph from

hypertension in Figure 3.14. Nodes of the same color indicate same cluster membership

by selecting the largest dimension in their cluster membership label, which implies

matching. The heatmap shows the full attention matrix on node matching which

reveals a more complete view of their alignment.

Figure 3.14: Cross-global attention node matching on hypertension success case
patient graph

In Figure 3.14 right, when we remove all node labels and edge connections, nodes

do not match themselves. At this time, they are considered as differing graphs with

different cluster membership assignments, although they are actually identical. By

recovering some node labels and all edge connections in Figure 3.14 middle, we can see

their degree of alignment is increased. Finally, when all nodes and edges are recovered,

their nodes are matched to themselves with the same cluster membership assignment.

In Figure 3.14 left, we can see the matching is a symmetrical one-to-one alignment

between all nodes in the diagonal 22. Results suggest that our cross-global attention
22Diagonal means self matching
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node matching, which is computed on batch of graphs simultaneously, can successfully

provide an effective matching without explicit pairwise graph comparisons.

3.4.11 Model Interpretation

Our proposed method enjoys three types of interpretations: (1) patient graph inter-

pretation, (2) most similar case on cause of prediction, and (3) knowledge discovery

on support vectors:

Patient graph interpretation

We can use the cross-global attention score on each node to discover important

disease diagnoses and drug prescriptions on a per patient basis. The higher the score,

namely the better matching to others, the more important the node is in the simi-

larity computation. The patient graph in Figure 3.15 is easily understood by medical

doctors due to their graphical representation. Each number denotes a medical code

in NHIRD. The directed edge and its length tell disease progression. The size of

the node indicates its importance in the patient graph. Together with high attentive

node visualization, they provide investigative direction and background knowledge

on patient disease progression.

Most similar case on cause of prediction

Kernel K(Gi, Gj) measures the similarity between two cases patient graph Gi, Gj;

we can infer the most similar case Gj for Gi by finding the highest kernel value.

With cross-global attention node matching in Figure 3.16, one sees how these two

graphs match each other. The heatmap in Figure 3.16 right of their matching explains

what makes these two patient graphs similar. The graphical representation highlights

common disease progression related to matched nodes. The insights on how these
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Figure 3.15: An example hyperlipidemia patient graph

two patient cases are similar guides medical doctors as to the cause of why the given

treatment is a success or failure.

Figure 3.16: An example diabetes patient failure case patient graph (left), patient’s
most similar patient graph (middle), and their graph node matching (right)

Knowledge discovery on support vectors

Finally, we consult a set of top support vectors from the kernel SVM, which receive

top maximum dual coefficients 23, interpreting the overall importance to assign a class

label during SVM training. Combining this with the previous two types of interpre-
23Refer [28] for SVM dual formulation.
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tation techniques, we are able to discover knowledge among overall disease patterns

for a success or failure treatment plan.

3.5 Conclusion

The highly biased and variant nature of real-world EHR coupled with the long-term

disease progression behavior of chronic diseases challenge the development for pre-

dictive models in clinical decision support. Many proposed prior efforts address such

difficulty, yet none succeeded nor earned clinical deployment. Deep learning models

tend to over-fit on real-world EHR with highly biased long-term time progression

medical patterns, worse yet when data imbalance exists. Furthermore, interpretability

measures still demand refinement due to the opaqueness of deep neural networks.

Accordingly, we proposed a deep learning model, namely, cross-global attention

graph kernel network, to learn an optimal graph kernel and achieve state-of-the-art

prediction accuracy on highly biased and imbalanced real-world EHR. The cosine

distance guided the learning process with SVM primal objective learning an optimal

noise resistant graph kernel. The novel cross-global attention node matching effi-

ciently captures important graph structure without explicit pairwise comparisons.

The classification results outperform all state-of-the-art baselines simply using a tra-

ditional kernel SVM. Three types of interpretation techniques can work cooperatively

to maximize model interpretability. We also notice that cosine distance has interesting

properties, specifically, in sub-Riemannian geometry. This is a very active research

direction in partial differential equations with many applications in control theory,

such as self-driving automobiles and the stochastic process of heat flows [22, 23].

We plan to study the sub-Riemannian geometry that can be applied to model EHR

patient similarity.
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Our approach predicts chronic disease drug prescription outcome for long-term

disease progression, exceeding the performance of state-of-the-art in all evaluation

metrics, while providing interpretability. It was intentionally designed in coordination

with and is under current use and assessment by medical clinicians in diverse clinical

practices.

Hypothesis 3 solving

Hypothesis 3 is addressed as follows:

• Long-term disease progression coupled with EHR complexity, which impedes the

efficacy of outcome prediction for chronic disease treatment planning, is tackled

by adaptive learned distance-based graph kernel. As its capacity to automat-

ically capture relevant views of data by cosine distance, it is now possible to

efficiently and effectively modelling the increased divergence and noise on data

attributes under longer time period. The experimental results in Table 3.12 and

Table 3.13 validate Hypothesis 3.

• The comprehensive interpretation is presented in Section 3.4.11. As involved and

depicted by medical doctors and pharmaceutical expert, the offered interpreta-

tion reasonably aligns with drug development purposes and clinical practices.
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Chapter 4

An Investigation to the Choice of Distance Metrics:

Euclidean or Cosine Distance?

In previous section 3.4, cosine distance is superior to its Euclidean counterpart under

highly imbalanced chronic disease (Cross-Global). However, the Euclidean distance

achieves high prediction performance under short-term diseases in 3.3 (MGKF). It is

worthwhile to investigate how they relate to each other. In this chapter, I attain the

following:

• Provide a theoretical explanation from geometry perspective, generalizing

Euclidean and cosine distance in Section 4.2.

• Propose a scalable unified framework for prescription efficacy prediction in Sec-

tion 4.3.

• Evaluate performance using 10-fold cross validation on large-scale, real-world,

electronic health record dataset that includes common and rare, short and

chronic illnesses in Section 4.4.

• Investigate the difference between Euclidean and cosine distance on learned

embedding space 4.5.

In this chapter, the term MGKF and Cross-Global indicate research works in 3.3

and 3.4 respectively.

This chapter is a near verbatim reproduction of [43]
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4.1 Introduction

Distance metrics and their nonlinear variants play a fundamental role in machine

learning tasks. They measure the degree of linear or nonlinear similarity between

objects, grouping similar objects into k different groups (e.g., k-means clustering)

or assigning class labels based on their nearest neighbors (e.g, k-nearest neighbor

classification) [56]. There are multiple choices of distance functions to solve specific

problems. Generally, Euclidean distance is used for the majority of classification prob-

lems, whereas, cosine distance is more suitable for document classification [102, 115].

Distance metrics can also be part of kernel function design. In [54], the authors demon-

strate the positive definiteness for a distance substitution kernel. Usually, the kernel

function k for two data objects x and y and user defined parameter α is defined as:

kt(x, y) = Cte
−α‖x−y‖,

where ‖x − y‖ is the Euclidean distance between x and y, and Ct is a constant

depending on time t.

Distance metric learning, on the other hand, tries to find the optimal distance

metric or embedding space given a task specific objective for a set of data objects [71].

Under this scope, semantically similar objects are encouraged to be closer to each

other and further apart for non-similar objects. The prevalence of deep learning has

largely populated the development of deep metric learning, where nonlinear observa-

tion can be captured, specifically in unsupervised representation learning for images

(e.g., computer vision [61, 80]). It also motivated the deep kernel learning [63, 128].

The proposed model in 3.4 is an example of deep metric learning based graph kernel.

Euclidean and cosine distance measures are found to exhibit different performance

behaviors. As described in the beginning of this chapter, cosine distance is found
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superior to the Euclidean measure under highly data imbalanced chronic disease in

Cross-Global, however, Euclidean distance is used for short-term disease in MGKF.

To further investigate such differences, a rigorous empirical evaluation on all selected

diseases is a need. However, it is not suitable to directly compare MGKF and Cross-

Global since the following:

• Different datasets 1 are used in MGKF and Cross-Global.

• Different model structures and optimization perspectives. In MGKF, optimiza-

tion aims at generating optimal kernel fusion, while it turns out to find optimal

graph embedding under Cross-Global.

• Different data balance and imbalance ratio between short-term and chronic

disease.

To fairly compare MGKF and Cross-Global with Euclidean and cosine dis-

tance under short-term and chronic disease, a generalization of aforementioned two

approaches is a need. Here, I establish a unified framework, which integrates two

model structures, namely MGKF and Cross-Global, to conduct a rigorous empirical

evaluation on all diseases in this thesis on a very large-scale real-world EHRs. In addi-

tion to empirical evaluation, a theoretical discussion presents a geometry perspectives

to explain the characteristic difference between Euclidean and cosine distance.
1Different database provider, hence, different dataset.
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4.2 Discussion from the Geometric Point of View

4.2.1 Riemannian and SubRiemannian Geometries

To discuss differences between Euclidean and cosine distance, we first establish some

mathematical properties with those distance under geometry point of view. In fact,

we may consider this problem in a more general setting.

Let X = {X1, . . . , Xm} be m linearly independent vector fields on an n-

dimensional real manifold Mn with m ≤ n of the tangent bundle TMn. To find a

good kernel function to describe the diffusion (energy flow) between two points in

Mn, we need to solve the heat equation associate to the the sum of square of Xj’s:

∆X =
1

2

m∑
j=1

X2
j .

When m = n, the operator ∆X is elliptic. Assume that

Xj ⊥ Xk, 1 ≤ j, k ≤ n, j 6= k, and ‖Xj‖ = 1.

In this case, we have a natural volume element which yields the adjoint vector fields

X∗j for 1 ≤ j ≤ m. More precisely, for φ, ψ ∈ C∞0 (Mn),∫
Mn

(
Xjφ

)
ψ =

∫
Mn

φ
(
X∗jψ

)
,

whence −1
2

∑m
j=1X

∗
jXj is the classical Laplace-Beltrami operator whose second order

part agrees with the operator ∆X . This suggests us that we may use the given dif-

ferential operator ∆X to introduce a geometry on Mn which may help us to solve

∆X and hence the heat equation. Hence, for n ≥ 2, the solving kernel for the heat

operator ∂
∂t
−∆X takes the form

Pt(x, x0) =
1

(2πt)
n
2

e−
d2(x,x0)

2t

(
a0 + a1t+ a2t

2 + · · ·
)
.
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The aj’s are functions of x and x0. Here d(x, x0) represents the induced Riemannian

distance between the points x0 and x in Mn. Moreover, + · · · stands for negligible

error. Furthermore,

∂

∂t

(d2(x, x0)
2t

)
+

1

2

n∑
j=1

(
Xj

d2(x, x0)

2

)2
=

∂

∂t

(d2(x, x0)
2t

)
+

1

2
H
(
X1(

d2

2t
), . . . , Xn(

d2

2t
)
)

= 0,

i.e., d2(x,x0)
2t

is a solution of the Hamilton-Jacobi equation. Here H is the Hamiltonian

function associated with ∆X .

The simplest example will be the Euclidean distance d(x, y) = ‖x − y‖ and the

kernel Pt(x, x0) is the Gaussian (see [21]). In this paper, we are going to use another

non-trivial example of Riemannian metric. Given a large sample space, we first embed

those sample s in an n-dimensional sphereMn = Sn−1. Given two points x1 and x2 in

Mn, we define the “distance" d(x1, x2) = 1−cos
( 〈x1,x2〉
‖x1‖·‖x2‖

)
. Here ‖x‖ is the Euclidean

distance between the point x and the origin. This is so-called cosine metric. In other

words, x1 and x2 are on the same sphere. Hence, x1 and x2 are located on a "big circle"

which is determined by the center x0 of the sphere and these two points. Instead of

measure the arc-length (which maybe huge), we consider the angle θ between ~x0x1

and ~x0x2. This metric provides better estimates for the kernel in applications of drug

prescription prediction system for long term disease.

When m < n, the operator is non-elliptic. In this case, the subspace D =

span{X1, . . . , Xm} is called the “horizontal subspace" of TMn, and the vectors X ∈

Dp are called horizontal vectors at p. Sometimes, we call the distribution D the

horizontal distribution. The sections in the horizontal bundle (D,Mn) are called hor-

izontal vector fields. They are smooth assignmentsMn 3 p → Xp ∈ Dp. The set of

the horizontal vector fields on Mn will be denoted by Γ(D). If U is an open subset

of Mn, the set of horizontal vector fields on U will be denoted by Γ(D, U). We call

the complement of Γ(D, U) the “missing direction" at U .
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Now we encounter new problems since D 6= TMn, and we cannot find arc-length

in general. We overcome this difficulty by assuming bracket generating property: “the

horizontal vector fields X and their brackets span TMn", then Chow’s theorem [41]

to conclude that given any two points A,B ∈Mn, there is a piecewise C1 horizontal

curve γ : [0, 1] → Mn such that

γ(0) = A, γ(1) = B,

and

γ̇(s) =
m∑
k=1

ak(s)Xk.

This yields a distance, and therefore a geometry, which we shall call subRiemannian

geometry. SubRiemannian geometry was first discussed in the field of thermodynamics

around 1800s. Carnot discovered the principle of an engine in 1824 involving two

isotherms and two adiabatic processes, Jule studied adiabatic processes, and Clausius

formulated the existence of the entropy in the second law of thermodynamics in 1854.

In 1909 Carathéodory made the point regarding the relationship between the con-

nectivity of two states by adiabatic processes and nonintegrability of a distribution,

which is defined by the one form of work. Chow proved the general global connec-

tivity in 1934 which was used in studying of partial differential equations. There are

significant differences between Riemannian and subRiemannian geometries. However,

this geometry can be applied in many situations in our daily life. For more details,

readers can read the book by Calin and Chang [22].

A subRiemannian structure over a manifold Mn is a pair (D, 〈·, ·〉), where D is

a bracket generating distribution and 〈·, ·〉 a fibre inner product defined on D. The

length of the horizontal curve γ is

`(γ) :=

∫ τ

0

√
〈γ̇(s), γ̇(s)〉ds.
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The shortest length dcc(A,B) is called a Carnot-Carathéodory distance between

A,B ∈Mn which is given by

dcc(A,B) := inf `(γ)

where the infimum is taken over all absolutely continuous horizontal curves joining A

and B [24].

Here we mention two examples of subRiemannian geometry. Let X1 = ∂
∂x

and

X2 = xm ∂
∂y

be the the Grushin vector fields [23], [25] in R2 which satisfy bracket

generating property, i.e.,

[X1, [X1, . . . , [X1, X2] · · · ]] = m!
∂

∂y
.

These vector fields can be used to described parallel parking and even self-driven

cars [26].

4.2.2 Horizontal Connectivity

In outcome prediction task of drug prescription, one of the main difficulties is to

overcome the distinguishing features under short-term and long-term disease pro-

gression. Moreover, for long term diseases, we need to avoid some low-effective (or

even useless or dangerous) drugs. The answer to this question not only helps us

better characterize the embedding space inferred by Euclidean and subRiemannian

distances, but also leads to different optimization formulations. Mathematically, the

first task is to address the following question: Given any two points on a topolog-

ically connected subRiemannian manifold, under what conditions can we join them

by a horizontal curve? In the outcome prediction task of drug prescription, we must

distinguish features under short-term and long-term disease progression. The answer

to this question not only helps us to better characterize the embedding space inferred
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by Euclidean and cosine distance, but also lead to useful optimization formulation

under their embedding properties.

To answer this question, we need to prove the following two results. Readers can

find more detailed discussions in the book by Calin and Chang [22].

Proposition 3.1. Let U ⊂ Rn be an open set and D = span{X1, . . . , Xm} be a

differentiable distribution on U . Then for any point p ∈ U there is a manifold V m
p

such that

(1). p ∈ V m
p ;

(2). dim p ∈ V m
p = m;

(3). any two points of V m
p can be joined by a piecewise horizontal curve.

Proof. Let Xj =
∑n

k=1 ajk∂xk be the vector fields in local coordinates. Consider the

ODE system
dx`(t)

dt
= −F`

(
x(t), u

)
, ` = 1, . . . , n, (4.1)

where F`
(
x(t), u

)
=
∑m

j=1 aj`
(
x(t)

)
uj with (u1, . . . , um) ∈ Rm, is a system with m

parameters.

The solutions of (4.1) are horizontal curves with controls uj. Let x`(0) = x`0 be

the initial conditions of system (4.1). Standard theorems of ODE system provide the

existence and local uniqueness of the solutions, which can be expressed by

x`(t) = φ(t;x0;u) = φ`
(
t;x10, . . . , xn0;u1, . . . , um

)
,

for |t| < ε, with φ`(0;x0;u) = x0. Since the vector components aj` are differentiable,

a general theorem states that the functions φ` are twice differentiable with respect to

t and locally continuous differentiable with respect to x0.
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Since system (4.1) is autonomous, a simple application of he chain rule shows that

the functions φ` verify the relations

φ`
(
tt0;x0;u

)
= φ`

(
t0;x0; tu

)
= ψ`

(
x0; tu

)
,

where |t0| < ε and |tu| < ε.

Applying the theorem on differentiability with respect to a parameter to

system (4.1) yields that φ` are continuous differentiable with respect to u` if |u`| < δ

with sufficiently small δ > 0.

If we let tu` = λ`, for ` = 1, . . . ,m, then the formulas

x` = ψ`
(
x0;λ1, . . . , λm

)
, ` = 1, . . . , n,

for |λj| < εδ define a m-dimensional manifold V m
p passing through the point

(x10, . . . , xn0). To finish the proof we will need to show that the rank of Jaco-

bian ∂ψ`
∂λj

is maximum, i.e., equal to m. This is equivalent with the fact that the

vector fields
∂ψ1

∂λ1
,
∂ψ1

∂λ2
, · · · , ∂ψn

∂λm

are linearly independent. Since λ` = tu`, it suffices to show that

∂φ1

∂u1
,
∂φ1

∂u2
, · · · , ∂φn

∂um

are linearly independent. Since

φ
(
t;x0;u

)
= exp

(
t

m∑
k=1

ukXk

)
,

it follows that
∂φ

∂u`
= tX`, ` = 1, . . . ,m,

which are linearly independent vector fields for t 6= 0. It follows that

rank
(∂ψ`
∂λk

)
= m.

The proof of this proposition is therefore complete.
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Proposition 3.2. Let D be a nonintegrable distribution. Assume that through each

point of the domains R ⊂ U passes a D-connected m-dimensional manifold V m

defined by the equations

xj = fj
(
ξ1, . . . , ξm; c1, . . . , cn−m

)
, j = 1, . . . , n, (4.2)

where fj are continuous differentiable functions on a domain R∗ ⊂ Rn, such that

∂(f1, . . . , fn)

∂(ξ1, . . . , ξm; c1, . . . , cn−m)
6= 0 on R∗.

Then there is a domain R1 ⊂ R∗ such that

(1). for all R1, there is a D-connected (m + 1)-dimensional manifold V m+1
p passing

through p;

(2). the functions that define the manifolds V m+1
p on R1 have the same properties as

the functions fj’s in (4.2).

Proof. Let D = span
{
X1, . . . , Xm

}
be the horizontal distribution and

I = {θ1, . . . , θn−m}

be the extrinsic ideal associated with D. Since the distribution D is not integrable, the

Pfaff system I is not integrable; i.e., it cannot have integral manifolds of dimension

m.

Proof of statement (1). For any p ∈ R, there is a horizontal vector Xp ∈ Dp such that

Xp 6∈ TpV m
p , i.e., not tangent to the manifold V m

p .

The proof of (1) is by contradiction. Let p ∈ R be a fixed point. Assume that any

horizontal vector field X about p is tangent to the manifold V m
p . Then

Xq ∈ TqV
m
p , ∀ q ∈ V m

p .
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Therefore Dq ⊂ TqV
m
p , and since dim(Dq) = dim(TqV

m
p ) = m, it follows that the

inclusion is in fact identity; i.e., Dq = TqV
m
p for all q ∈ V m

p . Since the one-forms

θj vanish on Dq, it follows that TqV m
p is an integral m-plane for the Pfaff system I

and hence V m
p is an integral manifold for V m

p is an integral manifold I, which is a

contradiction, because I is not integrable. Hence we prove the assertion (1),

Let p0 ∈ R be a point with coordinates (x10, x20, . . . , x+n0) and u = Xp0 be the

vector given by (1); i.e., u ∈ Dp0 and u 6∈ Tp0V m
p0
. Let (u1, . . . , um) ∈ Rm be such that

u =
m∑
k=1

ukXk(p0).

The numbers uk will be kept constant for the rest of the proof.

Proof of statement (2). The matrix

M =



∂f1
∂λ1

· · · ∂fn
∂λ1

... · · · ...
∂f1
∂λm

· · · ∂fn
∂λm

u1Xi(p0) · · · umXm(p0)


has rank m+ 1 at the point p0.

The first m rows of the matrix M are the components of the coordinate vector

fields ∂f
∂λj

on the manifold V m
p0
, which are tangent to V m

p0
, linearly independent, and

span the tangent space Tp0V m
p0
. The last row of M has the component of the vector

u, which is transversal to Tp0V m
p0
, so all m + 1 vectors are linearly independent at p0

and hence rank(M) = m+ 1.

Since all the elements of the matrixM are continuous functions of the coordinates

of the point p0, while uj are still kept constant, there is a subdomain R′ ⊂ R such

that p0 ∈ R′ and rank(M) = m+ 1 on R′.
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From the non-vanishing Jacobian condition ∂f
∂(λ,c)

6= 0 on R′ it follows that the

following n vector fields

∂f

∂λ1
, . . . ,

∂f

∂λm
,
∂f

∂c1
, . . . ,

∂f

∂cn−m
(4.3)

are linearly independent on R′.

From the preceding discussion, the following m+ 1 vector fields

∂f

∂λ1
, . . . ,

∂f

∂λm
, X (4.4)

are linearly independent on R′. We can complete system (4.4) with n − (m + 1)

elements of set (4.3), say

∂f

∂λ1
, . . . ,

∂f

∂λm
, X,

∂f

∂c1
, . . . ,

∂f

∂cn−m−1
(4.5)

are linearly independent on R′.

In the following we shall deal with the construction of a (m+1)-dimensional man-

ifold passing through p0, which depends on n− (m+ 1) parameters. In equation (4.2)

consider the parameters cn−m frozen. Let xj0 be the coordinates on this new manifold

V m. Then

xj0 = gj
(
λ1, λ2, . . . , λm; c1, . . . , cn−m−1

)
, (4.6)

where gj is continuous differentiable with respect to λ` and cj and

∂g`
∂λσ

=
∂f`
∂λσ

,
∂g`
∂ck

=
∂f`
∂ck

, σ = 1, . . . ,m, k = 1, . . . , n−m− 1.

The equation of the integral curves of the vector field X on R′ are given by

xj = φj
(
t;x10, x20, . . . , xn,0;u1, . . . , um

)
, j = 1, . . . , n. (4.7)

We shall construct a (m + 1)-dimensional manifold by pushing the manifold V m

in the direction of the integral curves of X. This can be done by substituting the
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variables xj0 given by (4.6) into the expressions provided by (4.7). Let λm+1 = t be

the m+ 1 variable. We obtain

x` =φ`
(
t;x0;u1, u2, . . . , um

)
=φ`

(
λm+1; g`(λ1, . . . , λm; c1, . . . , cn−m−1);u1, u2, . . . , um

)
=F`

(
λ1, . . . , λm+1; c1, . . . , cn−m−1)

)
` = 1, . . . , n,

where uj are kept constant. F` are continuous differentiable functions of λ1, . . . , λm+1, c1, . . . , cn−m−1.

To show that the equations

x` = F`
(
λ1, . . . , λm+1; c1, . . . , cn−m−1)

)
(4.8)

defines a manifold of dimension m+ 1, we need to show that

rank
( ∂(F1, . . . , Fn)

∂(λ1, . . . , λm+1)

)
= m+ 1 (4.9)

on some neighborhood of p0 included in R′.

Applying the chain rule yields

∂F`
∂λα

=
∂φ`
∂xj0

∂xj0
∂λα

=
∂φ`
∂xj0

∂fj
∂λα

α = 1, . . . ,m

∂F`
∂λm+1

=
∂φ`
∂t

= ujXj

∂F`
∂cβ

=
∂φ`
∂xj0

∂xj0
∂cβ

=
∂φ`
∂xj0

∂fj0
∂cβ

β = 1, . . . , n− (m+ 1).

Since det
[
∂φ`
∂xj0

]
6= 0 on a neighborhood of p0, using that vector fields (4.4) are linearly

independent yields
∂F`
∂λ1

,
∂F`
∂λ2

, . . . ,
∂F`
∂λm

,
∂F`
∂λm+1

are linearly independent, which means that (4.9) holds.

Using that (4.5) are linearly independent on R′, it follows that the vector fields

∂F`
∂λα

,
∂F`
∂λm+1

,
∂F`
∂cβ

, α = 1, . . . ,m, β = 1, . . . , n− (m+ 1),
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are linearly independent on a subdomain R1 ⊂ R′, which contains p0. Therefore

∂(F1, . . . , Fn)

∂(λ1, . . . , λm+1, c1, . . . , cn−m−1)
6= 0 on R1,

and hence the functions F` have the same properties as the functions fj in (4.2).

In conclusion, through each point of R1 passes a D-connected m + 1 manifold

defined by equations (4.8), and each manifold depends on n − (m + 1) parameters.

We finish the proof of this proposition.

Now we are in a position to prove the local connectivity property. This result

was proved by Teleman [21] for the Pfaff systems that do not contain integrable

combinations in 1957. Here we shall prove it from the point of view of distributions.

Theorem 3.3. Let D be a nonintegrable differentiable distribution of rank m on the

open set U ⊂ Rn. Then any domain U1 ⊂ U contains a subdomain U2 ⊂ U1 such that

for any p, q ∈ U2, there is a piecewise horizontal curve that joins the points p and q.

Proof. From Proposition 3.1, for any p ∈ U1, there is a m-dimensional D-connected

manifold V m
p passing through p. Applying Proposition 3.2 n−m times yields a subdo-

main U2 ⊂ U1 such that for all p ∈ U2, thee is an n-dimensional D-connected manifold

W n
p passing through p.

Let p, q ∈ U2 be two arbitrary points. Let γ be a path joining p and q contained in

U2 (γ not necessarily supposed to be a horizontal curve.) Since supx∈γW
n
x covers the

compact set Image(γ), there is a finite subcovering; i.e., we can choose ` + 1 points

on γ

x0 = p, x1, x2, . . . , x`−1, x` = q

such that

Image(γ) ⊂
⋃̀
k=0

W n
xk
.
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We can choose the points xi such that any two consecutive points xi and xi+1 belong

to the same manifold W n
xi
. Since the manifolds W n

xi
are D-connected , the points xi

and xi+1 can be joined by a horizontal curve. This way, the points p and q can be

joined by a piecewise horizontal curve.

4.2.3 Subelliptic Heat Kernel

Now we need to use Hamilton or Lagrange formalisms to construct the fundamental

solution of the subelliptic heat operator. In other words, we are interested in finding

the solving kernels for the operators ∂
∂t
−∆X Inspired by the Gaussian, it is reasonable

to expect the kernel has the form:

Pt(x, x0) =
c

tα
e−h(x,x0) for some suitable α.

See e.g., [23], [25] and [27].

The modified complex action function h(x, x0) can be written as f(x,x0)
2t

which plays

the role of 1
2
d2(x,x0)

2t
and satisfies the Hamilton-Jacobi equation

∂h

∂t
+H

(
x1, . . . , xn,

∂h

∂x1
, . . . ,

∂h

∂xn

)
= 0.

In general, when we deal with a subelliptic heat operator, the heat kernel will depends

on n−m parameters (or Lagrange multipliers) τ = (τ1, . . . , τn−m). Furthermore, after

calculation, one may see that the action function h(x, x0, τ, t) can be written as

h(x, x0, τ, t) =
1

t
g(x, x0, τ t, 1).

We look for a heat kernel in the form c
tα
e−h = C

tα
e−

g
t . The heat kernel should not

depend on τ . So we use an age old technique to get rid of τ by summing over it. Since

τ are continuous parameters. Thus we shall look for a heat kernel in the following

form:

Pt(x, x0) =
1

(2πt)α

∫
Rn−m

e−
g(x,x0,λ)

2t V (x, x0, λ)dλ.
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Here τt = λ and V (x, x0, λ) is so-called volume element which is an appropriate

measure that makes the integral is convergent. Now we may apply properties of the

heat kernel and reduce the problem to solving the transport equation to find V . Once

we obtain V , then the index α can be determined which depends on the Hausdroff

dimension of the subRiemannian manifold Mn. When m = n, the Mn is an n-

dimensional Riemannian manifold and α = n
2
where n is the topological dimension

of the manifold. In the case, the volume element is just the zero section that will

recover results in elliptic cases. For more details, readers the books [21], [23] and a

forthcoming research article.

4.3 Unified Framework

In this section, I will introduce the unified framework. All disease and distance metric

configurations for both data balance and imbalance ratios are considered. Motivated

by MGKF and Cross-Global, a hybrid model is formulated to leverage advantages

from these two models. Following the same MGKF three-kernel architecture, namely

a Weisfeiler-Lehman subtree kernelKwl [114], Temporal topological kernelKtp ( Equa-

tion 3.12), and Vertex histogram kernel Kvh [120], we generate a fused kernel embed-

ding with distance metric loss from Equation 3.29 as regularization .

Specifically, three pairwise kernel matrices via the aforementioned graph kernels

are constructed. A single representation for a fused kernel embedding is generated

through a deep neural network for successive classification. The distance regulariza-

tion, achieved by contrastive loss (Equation 3.29), is integrated to combine the power

of deep metric learning, and we force a kernel embedding to preserve an optimal

distance property. Semantically similar embeddings are encouraged to be closer to

each other, and dissimilar further apart in the kernel space. With this setting, kernel
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embedding is optimized jointly with classification loss and contrastive loss, deriving

a single representation with multi-views and selected distance property. We discuss

how embedding and prediction performance differs under different distance metrics

in the next section.

Given a set T of N patients with their patient graphs Pi ∈ T where i ∈ {1, ..., N}

and associated class labels y ∈ RN×1 where yi ∈ {1, 0}, we compute their pairwise

kernel gram matrices Kwl ∈ RN×N , Ktp ∈ RN×N , and Kvh ∈ RN×N by Kwl, Ktp, and

Kvh respectively. Let Femb be a deep neural network parameterized by weight θ and

Fsigmoid as a single layer sigmoid function parameterized by w, we defined an unified

framework as the following optimization problem:

min
θ,w

Lcontrastive
θ

+ Lcrossentropy
w

(4.10)

Lcontrastive =
1

|N |

N∑
i=1

N∑
j=1

(1−Yij)max(0, λ−Dij)
2 + YijDij (4.11)

Lcrossentropy =
1

|N |

N∑
i=1

yilog(Fsigmoidw(Fembθ(Kwli,Ktpi,Kvhi))) (4.12)

where λ > 0 is a constant margin threshold, Yij = 1 if yi = yj else Yij = 0, and

Dij is a pairwise distance metric between kernel embedding Fembθ(Kwli,Ktpi,Kvhi)

calculated by 4.13 or 4.14.

Let Fembθ(Kwli,Ktpi,Kvhi) = kembi and Fembθ(Kwlj,Ktpj,Kvhj) = kembj, we also

have:

dcosine(kembi, kembj) = 1−
〈kembi, kembj〉
‖kembi‖ · ‖kembj‖

(4.13)

dEuclidean(kembi, kembj) = ‖kembi − kembj‖2 (4.14)
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where dcosine is a cosine distance and dEuclidean is the Euclidean distance. As usual,

〈·〉 is a standard inner product. d in 4.11 can be either dcosine or deuclidean.

The optimization problem in 4.10 can be solved by mini-batch Stochastic Gradient

Descent (SGD). Once we find the optimal θ and w, we can perform the prediction.

Considering a new incoming patient with patient graph Pî, we compute pairwise

kernel matrices Kwlî ∈ R1×N , Ktpî ∈ R1×N , and Kvhî ∈ R1×N between Pî and all

patient graphs in T . Then, we have the following decision function:

Fsigmoidw(Fembθ(Kwlî,Ktpî,Kvhî)) = ŷ (4.15)

where ŷ is the predicted class label (e.g., success or failure) of Pî.

The problem reduces to find good Riemannian or subRiemannian structures to

handle a huge and complicated data set under certain constraints. In other words,

we need to handle the related optimization problem 4.10 by finding horizontal vector

fields and then construct solving kernel of the heat operator associate to the subelliptic

operator ∆X . In this paper, we consider Reproducing Kernel Hilbert Space (RKHS)

with certain geometric properties derived from Euclidean or cosine distances.

4.4 Dataset and Evaluation Protocol

To investigate how distance metric relates to kernel embedding and prediction, a rig-

orous empirical evaluation is conducted with the proposed unified framework under

different data balance-imbalance ratio on a very large-scale real-world EHRs, a subset

of NHIRD. Refer Table 4.1 for complete disease list, data statistics, and outcome
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Table 4.1: Dataset and disease statistics

Disease Number of
cases

Number of
failure

Number of
success

Failure-
success
ratio

Urinary tract infection 1,501,310 703,646 797,664 47%:53%
Acute otitis media 151,522 72,264 79,258 48%:52%

Pneumonia 95,796 37,724 58,072 39%:61%
Acute cystitis 733,119 301,902 431,217 41%:59%
Hypertension 235,695 104,936 130,759 45%:55%
Hyperlipidemia 123,380 26,043 97,337 21%:79%

Diabetes 131,997 34,414 97,583 26%:74%

observation setup. To validate the claim, cosine distance is superior under data imbal-

ance in chronic disease, in Cross-Global, and examine such a case on short-term dis-

ease in MGKF, we prepare balance and imbalance data. For balanced one, we down-

sample the size of majority cases to minority cases designating rare diseases, while

keeping 70 percent of majority cases and 30 percents of minority cases for imbalanced

one. The pairwise t-test with a p-value set to 0.01 is used to reject the null-hypothesis

to measure the statistical significance for comparisons.

We compare Euclidean (Euclidean) and cosine (Cosine) distance on unified frame-

work. In Femb, we set 5000 dimensions for the first embedding layer of each kernel and

50 dimensions for kernel fusion layer, as a two-layer Multi-layer perceptron (MLP). We

set 50 dimensions for sigmoid classifier Fsigmoid. During training, we use the Adamax

optimizer [68] with a fixed learning rate 0.0001 and setup 64 batch size for 1000

epochs with early stopping criteria on batch loss. Two machine learning models are

included as baselines for comparison purposes, e.g., Support Vector Machine (SVM)

and Logistic Regression (LR) with all regularization constant set up to 1 (e.g., C = 1).

All patients are represented as documents containing all medical codes from all visits,
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Table 4.2: Evaluation results for urinary tract infection.

Urinary tract infection
Balanced

Model ACC F1 AUC
Euclidean ?0.6220 ± 0.0212 ?0.6186 ± 0.0229 ?0.6220 ± 0.0212
Cosine ?0.6243 ± 0.0284 ?0.6216 ± 0.0283 ?0.6243 ± 0.0284
SVM 0.5047 ± 0.0257 0.5046 ± 0.0258 0.5047 ± 0.0257
LR 0.5210 ± 0.0240 0.4874 ± 0.0300 0.4988 ± 0.0296

Imbalanced
Euclidean ?0.6280 ± 0.0469 ?0.5465 ± 0.0290 ?0.5895 ± 0.0249
Cosine ?0.6165 ± 0.0532 ?0.5632 ± 0.0356 ?0.6194 ± 0.0182
SVM 0.5023 ± 0.0266 0.5051 ± 0.0266 0.5053 ± 0.0265
LR 0.5208 ± 0.0240 0.4872 ± 0.0260 0.4896 ± 0.0297

and transfer to low-dimensional embedding via Paragraph to Vector [135] with embed-

ding size 512. Accuracy (ACC), Macro F1-score (F1), and the area under the receiver

operating characteristic curve (AUC) are used as our evaluation metrics. All models

are developed by Tensorflow and scikit-learn packages using Python. The experiments

are executed on an Intel Core i9 CPU with 64GB memory and one Nvidia Titan-RTX

GPU with 24GB memory 2.

We further compare the embedding space induced by Euclidean and cosine dis-

tance measure under their original data-imbalance condition (refer to Table 4.1). We

apply t-SNE [121] algorithm to perform 2D visualization for all diseases under

balance and imbalance conditions on the learned kernel embedding from Femb

in 4.3. We randomly divide each disease into training and testing in an 80:20

ratio and employ the same training procedure described in 4.4. Figure 4.1 and 4.2

show the kernel embedding on the training and testing sets with the Euclidean

and cosine distance measures under short-term and long-term chronic diseases. In
2We do not perform hyper-parameters tuning for all models.

109



Table 4.3: Evaluation results for acute otitis media.

Acute otitis media
Balanced

Model ACC F1 AUC
Euclidean ?0.6245 ± 0.0200 ?0.6224 ± 0.0218 ?0.6245 ± 0.0200
Cosine ?0.6138 ± 0.0183 ?0.6097 ± 0.0185 ?0.6137 ± 0.0185
SVM 0.5023 ± 0.0204 0.5021 ± 0.0203 0.5023 ± 0.0203
LR 0.5011 ± 0.0211 0.5010 ± 0.0211 0.5011 ± 0.0212

Imbalanced
Euclidean ?0.6570 ± 0.0203 ?0.5453 ± 0.0342 ?0.6037 ± 0.0324
Cosine ?0.6238 ± 0.0306 ?0.5554 ± 0.0258 ?0.6042 ± 0.0346
SVM 0.5165 ± 0.0196 0.4803 ± 0.0212 0.4899 ± 0.0246
LR 0.5170 ± 0.0177 0.4804 ± 0.0201 0.4898 ± 0.0237

Table 4.4: Evaluation results for pneumonia.

Pneumonia
Balanced

Model ACC F1 AUC
Euclidean ?0.6013 ± 0.0279 ?0.5922 ± 0.3112 ?0.6013 ± 0.0279
Cosine ?0.6023 ± 0.0211 ?0.5918 ± 0.0263 ?0.6023 ± 0.0211
SVM 0.4976 ± 0.0127 0.4975 ± 0.0127 0.4976 ± 0.0126
LR 0.4979 ± 0.0130 0.4978 ± 0.0130 0.4979 ± 0.0129

Imbalanced
Euclidean ?0.6398 ± 0.0688 ?0.5626 ± 0.0423 ?0.6028 ± 0.0270
Cosine ?0.6255 ± 0.0470 ?0.5712 ± 0.0209 ?0.6220 ± 0.0250
SVM 0.5430 ± 0.0243 0.5070 ± 0.0246 0.5179 ± 0.0268
LR 0.5430 ± 0.0243 0.5074 ± 0.0242 0.5186 ± 0.0261

Table 4.5: Evaluation results for acute cystitis.

Acute cystitis
Balanced

Model ACC F1 AUC
Euclidean ?0.6143 ± 0.0189 ?0.6087 ± 0.0245 ?0.6143 ± 0.0189
Cosine ?0.6095 ± 0.0182 ?0.6068 ± 0.0199 ?0.6095 ± 0.0182
SVM 0.5049 ± 0.0231 0.5048 ± 0.0231 0.5049 ± 0.0231
LR 0.5037 ± 0.0228 0.5037 ± 0.0228 0.5037 ± 0.0228

Imbalanced
Euclidean ?0.6353 ± 0.0346 ?0.5607 ± 0.0231 ?0.5763 ± 0.0325
Cosine ?0.6280 ± 0.0405 ?0.5632 ± 0.0201 ?0.5839 ± 0.0267
SVM 0.5235 ± 0.0227 0.4871 ± 0.0219 0.4965 ± 0.0233
LR 0.5230 ± 0.0248 0.4860 ± 0.0232 0.4957 ± 0.0242
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Table 4.6: Evaluation results for hypertension.

Hypertension
Balanced

Model ACC F1 AUC
Euclidean ?0.7315 ± 0.0126 ?0.7305 ± 0.0131 ?0.7315 ± 0.0126
Cosine ?0.7290 ± 0.0131 ?0.7282 ± 0.0139 ?0.7290 ± 0.0131
SVM 0.4956 ± 0.0165 0.4954 ± 0.0165 0.4956 ± 0.0165
LR 0.4961 ± 0.0168 0.4959 ± 0.0168 0.4961 ± 0.0167

Imbalanced
Euclidean ?0.7036 ± 0.005 0.4255 ± 0.0180 0.5065 ± 0.0086
Cosine ?0.7497 ± 0.0236 ?0.6525 ± 0.0500 ?0.6455 ± 0.0418
SVM 0.5163 ± 0.0223 0.4785 ± 0.0228 0.4871 ± 0.0253
LR 0.5170 ± 0.0227 0.4791 ± 0.0229 0.4876 ± 0.0254

Table 4.7: Evaluation results for hyperlipidemia.

Hyperlipidemia
Balanced

Model ACC F1 AUC
Euclidean ?0.7478 ± 0.0193 ?0.7469 ± 0.0197 ?0.7478 ± 0.0193
Cosine ?0.7470 ± 0.0185 ?0.7461 ± 0.0187 ?0.7470 ± 0.0185
SVM 0.4891 ± 0.0172 0.4890 ± 0.0171 0.4891 ± 0.0172
LR 0.4888 ± 0.0181 0.4887 ± 0.0181 0.4888 ± 0.0181

Imbalanced
Euclidean ?0.7323 ± 0.0408 0.5312 ± 0.1482 ?0.5797 ± 0.1011
Cosine ?0.7565 ± 0.0356 ?0.6402 ± 0.0955 ?0.6415 ± 0.0730
SVM 0.5183 ± 0.0275 0.4821 ± 0.0264 0.4914 ± 0.0281
LR 0.5193 ± 0.0272 0.4830 ± 0.0263 0.4923 ± 0.0281

Table 4.8: Evaluation results for diabetes.

Diabetes
Balanced

Model ACC F1 AUC
Euclidean ?0.7085 ± 0.0151 ?0.7064 ± 0.0156 ?0.7085 ± 0.0151
Cosine ?0.6973 ± 0.0191 ?0.6958 ± 0.0191 ?0.6973 ± 0.0191
SVM 0.4894 ± 0.0151 0.4892 ± 0.0151 0.4894 ± 0.0151
LR 0.4886 ± 0.0148 0.4884 ± 0.0147 0.4886 ± 0.0148

Imbalanced
Euclidean ?0.7025 ± 0.0075 0.4315 ± 0.0591 0.5104 ± 0.0311
Cosine ?0.7353 ± 0.0195 ?0.6096 ± 0.0684 ?0.6114 ± 0.0495
SVM 0.5168 ± 0.0164 0.4827 ± 0.0126 0.4939 ± 0.0133
LR 0.5167 ± 0.0167 0.4828 ± 0.0125 0.4941 ± 0.0130
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each Figure, the ability to handle out-of-sample (unseen) embedding is depicted

with testing set in the sub-title. We can see both Euclidean and cosine distance

perfectly separate two outcome groups on training set in short-term disease from

Figures 4.1(a), 4.1(b), 4.1(e), 4.1(f), 4.1(i), 4.1(j), 4.1(m), and 4.1(n). Their analogous

out-of-sample embedding ability in Figures 4.1(c), 4.1(d), 4.1(g), 4.1(h), 4.1(k), 4.1(l), 4.1(o),

and 4.1(p) demonstrate the similar effect between the two distance measures under

short-term disease, correlating the evaluation results in tables 4.2, 4.3, 4.4, and 4.5.

It also suggests that Euclidean distance is not sufficiently sensitive to highly variant

features under long-term disease progressions in chronic disease. As shown in Fig-

ures 4.2(c), 4.2(g), and 4.2(k), the out-of-sample embedding ability of Euclidean

distance under-performs as compared to its cosine distance counterpart in Fig-

ures 4.2(d), 4.2(h), and 4.2(l), although it can perfectly fit the training set in

Figures 4.2(a), 4.2(e), and 4.2(i). Cosine distance exhibits certain regularization

ability to avoid model overfitting on the training set in chronic disease (refer to

Figures 4.2(b), 4.2(f), and 4.2(j)), resulting in better performance on out-of-sample

embedding, which also coincides the evaluation results in Tables 4.6, 4.7, and 4.8. It

further shows that cosine distance benefits from more complex data representations

and Euclidean distance can only be applied to local problems with low data variation,

which may not be sufficient to express complex feature characteristics.
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(a) Urinary tract
infection training
set with Euclidean
distance.

(b) Urinary tract
infection training set
with cosine distance.

(c) Urinary tract
infection testing
set with Euclidean
distance.

(d) Urinary tract
infection testing set
with cosine distance.

(e) Acute otitis
media training set
with Euclidean
distance.

(f) Acute otitis media
training set with
cosine distance.

(g) Acute otitis
media testing set
with Euclidean
distance.

(h) Acute otitis
media testing set
with cosine distance.

(i) Pneumonia
training set with
Euclidean distance.

(j) Pneumonia
training set with
cosine distance.

(k) Pneumonia
testing set with
Euclidean distance.

(l) Pneumonia testing
set with cosine dis-
tance.

(m) Acute cystitis
training set with
Euclidean distance.

(n) Acute cystitis
training set with
cosine distance.

(o) Acute cystitis
testing set with
Euclidean distance.

(p) Acute cystitis
testing set with
cosine distance.

Figure 4.1: 2D visualization of kernel embedding by tSNE with different distance
metrics under short-term diseases
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(a) Hypertension
training set with
Euclidean distance.

(b) Hypertension
training set with
cosine distance.

(c) Hypertension
testing set with
Euclidean distance.

(d) Hypertension
testing set with
cosine distance.

(e) Hyperlipidemia
training set with
Euclidean distance.

(f) Hyperlipidemia
training set with
cosine distance.

(g) Hyperlipidemia
testing set with
Euclidean distance.

(h) Hyperlipidemia
testing set with cosine
distance.

(i) Diabetes training
set with Euclidean
distance.

(j) Diabetes training
set with cosine dis-
tance.

(k) Diabetes testing
set with Euclidean
distance.

(l) Diabetes testing
set with cosine dis-
tance.

Figure 4.2: 2D visualization of kernel embedding by tSNE with different distance
metrics under long-term chronic diseases
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4.5 Conclusion

We demonstrated how Euclidean and cosine distance measures differ not only theoret-

ically but also empirically. Euclidean distance exhibits favorable properties in the local

geometry problem. To this regard, Euclidean distance can be applied under short-term

disease with low-variation outcome observation. Moreover, when presenting to highly

variant chronic disease, it is preferable to use cosine distance. These different geo-

metric properties lead to different submanifolds in the original embedded space, and

hence, to different optimizing nonlinear kernel embedding frameworks. We have the

following distance selection guideline:

Distance selection

For short-term, balanced diseases, the Euclidean and cosine measures were generally

statistically equivalent. For short-term, imbalanced diseases however, the Euclidean

measure was superior to the cosine measure, at times and not infrequently, statisti-

cally significantly so. For chronic, balanced diseases, Euclidean was slightly superior

to the cosine measure, but they were statistically equivalent. In contrast, for chronic,

imbalanced diseases, the cosine measure was consistently statistically significantly

superior to the Euclidean measure.

We first established the geometric properties that we needed in these frameworks.

From these properties interpreted their differences in certain perspectives. Our eval-

uation on real-world, large-scale electronic health records and embedding space

visualization empirically validated our findings. These findings further indicate the

need for both measures depending on the use case.
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Hypothesis 4 solving

Hypothesis 4 is addressed as follows:

• We establish several geometric properties to accurately explain the difference

between Euclidean and cosine distance. This concludes that different distance

measures lead to different submanifolds in their original embedded space and

different optimized nonlinear kernel embedding.

• The unified framework is empirically evaluated using a million-plus patient

subset of a life-spanning, real-world, electronic health record database. It accu-

rately predicts the efficacy of prescriptions for both balanced and imbalanced

and short-term and chronic diseases, with at least one of the measures used

being statistically significantly superior to conventional prediction methods.

• The empirical findings match our theoretical underpinnings and conclude the

distance selection guideline.
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Chapter 5

Conclusion

In this dissertation, I explain and indicate that electronic phenotyping based

approaches and feature learning based models such as deep neural networks suffer

from information loss and high noisy variance data. For electronic phenotyping based

approaches, this is due to loss of temporal information for data representation. For

deep learning models, this is due to learning data representation on a highly biased

latent feature space. Deep learning approaches are likewise criticized for their lack

of interpretability, which impedes the utilization in real clinical practices. Worse yet

is their performance when presented with long-term chronic diseases and their high

variant medical history.

As demonstrated by my previous publications [43, 44, 84, 117, 131, 132, 133],

accuracy and interpretability can both be achieved by designing an appropriate data

representation and its associated machine learning model, namely the use of graphs to

represent patient EHRs (e.g., patient graph). Graphs are easily understood by med-

ical doctor, which achieves our interpretability goal. The accuracy surpasses the prior

art; thus together with the provided interpretability, Hypothesis 1 is addressed. The

performance can be further boosted by considering multiple views of graph kernels as

proposed in Chapter 3, Section 3.3.5. The derived deep multiple graph kernel fusion

avoids the pitfall of learning data representations from biased latent features through

similarity-based learning formulations. The multiple views of graph kernels and the

prediction process mimic how medical doctors are trained and perform diagnostics in
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their clinical practice, which makes the model’s interpretability naturally applicable

and understandable (Hypothesis 2 ). When moving to chronic diseases (Hypothesis 3 ),

where complex long-term disease progression defeats handcrafted graph kernel, the

adaptive learned graph kernel exhibits the ability capturing relevant feature under

highly biased condition through an end to end deep metric-based learning procedure,

namely Cross-Global Attention Graph Kernel Network in Chapter 3, Section 3.4.

Finally, the investigation (Chapter 4) to the performance difference between Euclidean

and cosine distance matches theoretical perspectives of distance and empirical evalua-

tions of prediction on treatment planning. The desired properties and findings provide

guidelines (Chapter 4, Section 4.5) on distance selection depending on use case, com-

pleting Hypothesis 4.

The hypotheses investigated in my Ph.D. dissertation have direct impact on real

clinical applications in healthcare and medicine. In real medical health care, the need

for an interpretable predictive system is urgent. Take our focus on predicting drug

prescription on short-term disease as an example. An early stage pneumonia patient

can be treated effectively to prevent further progression, however, the guidelines for

choosing right antibiotics is still medical doctor dependent, which is error prone.

Moreover, there are many diseases, especially for chronic diseases, requiring precise

drug prescription to further reduce certain medical condition occurrence (e.g., re-

hospitalization or mortality) in a longer observation period. Hypertension, hyperlipi-

demia, or diabetes are such chronic diseases, which medication greatly affects patient

progressions in a long run. My research would enable accurate prediction on drug

prescription and potential disease diagnosis with clinically aligned interpretation to

increase the utilization for medical doctors and patients.
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5.1 Future Work

The real-world EHRs, such as NHIRD, consist many types of data source, e.g., clinical

visits, hospitalizations, surgeries, and lab tests. The accomplished work in this dis-

sertation only applies limited view of data, namely clinical visits, and has shown how

difficult to integrate feature information under time constraint in this single view. It

is inarguably difficult to combine clinical visits with other type of data. Developing a

heterogeneous representation on all types of data is the key to building more accurate

predictive system in medicine.

As pointed out in Chapter 4, Section 4.3, the problem of distance-based graph

kernel learning reduces to find good Riemannian or subRiemannian structures to

handle a huge and complicated data set under certain constraints. If we look in-depth

of the optimization problem 4.10, finding an effective vector fields has an impact on

finding a Reproducing Kernel Hilbert Space (RKHS) with certain geometric proper-

ties derived from Euclidean or cosine distances. We also notice that distance metric

exhibits interesting properties, specifically, in sub-Riemannian geometry. This is a

very active research direction in partial differential equations with many applications

in control theory, such as self-driving automobiles and the stochastic process of heat

flows [22, 23].

The future work will be an unsupervised patient representation learning approach

to support various downstream task in sub-Riemannian geometry. We expect such

an representation can incorporate heterogeneous data sources from different views

of EHRs. This also encourages us to pursue the ultimate goal, developing an auto-

matic knowledge discovery system on patient, using their EHR to learn their disease

progression and generate knowledge for medical experts.
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5.2 Final Remarks

The approach developed in this dissertation is currently

• Patent pending: [95]

O. Frieder, D.-C. Chang, & H.-R. Yao, "Method and System for Assessing Drug

Efficacy Using Multiple Graph Kernel Fusion,” Pending US Patent Appl. No.

17/088,172, filed on November 3, 2020.

• Commercially licensed:

Explainable AI-driven prescription prediction technologies, Maxeler Technology,

UK., 2020.

• In preliminary clinical use and investigate for a select set of common diseases:

School of Medicine, Fu Jen Catholic university.
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