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ABSTRACT 

 

Traditional photographic digital images are acquired from an array of photodetector elements 

whose physical size and location define the image pixels. Each element measures the amount of 

light incident upon it. The images used in our research are produced from a raster scan of focused 

broadband terahertz (THz) pulses. Each resulting pixel contains the THz waveform (temporal and 

spectral) measured at its scan location. However, the quality of such images is non-optimal because 

of the broadband nature of the measurement pulses. Since the focal spot diameter of a focused 

beam is proportional to the wavelength, a broadband pulse contains a plurality of focal spot sizes. 

This focal spot size range results in pixel ambiguity. A spot of diameter less than the pixel size 

yields unmeasured space within a given pixel. A spot of diameter greater than the pixel size yields 

information outside a given pixel being attributed to that pixel. This research focuses on 

developing an image processing algorithm to improve feature localization and edge definition by 

correcting this ambiguity. The algorithm achieves this goal by using the measured waveform for 

each pixel to determine the signal from each component spot contained within a pulse. We used 

the signal from these component spots within a pixel in combination with its neighboring pixels to 

more precisely localize feature edges. The algorithm has the potential to enhance images from a 

variety of applications, including the initial intended use in THz imaging for nondestructive test 

and evaluation. 
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Introduction 

Nondestructive test and evaluation (NDT&E) refers to a wide range of analysis techniques which 

provide the ability to evaluate an object or system without damaging or altering the item being 

inspected. NDT&E is widely recognized as a method for saving time and money and increasing 

product lifetime by improving maintenance efficiency. Because of the many advantages offered 

by NDT&E, there is continued interest in the domain from a wide variety of industries. New 

methods and technologies are in constant development in the field. 

One such method is the use of terahertz (THz) light as a nondestructive interrogation method. THz 

technology is itself an emerging field. Since the recent introduction of high-quality sources and 

detection technologies new techniques and technologies have been in continuous development. 

Because many common materials are transparent to THz waves, this technology has shown great 

promise in sensing inside and through many materials. The fact that THz radiation is biologically 

safe, while other common inspection methods may not be, further increases its suitability for a 

variety of applications. This technology has proven to be beneficial in allowing for the inspection 

of samples which previously required time-consuming and potentially destructive interrogation 

methods. 

One THz NDT&E technique is the use of THz imaging to view inside or through a sample with 

minimal physical interaction. Many THz imaging systems employ pulsed, broadband THz 

transmitters and receivers. These systems offer many advantages and disadvantages. Because of 

the emergent nature of THz technologies, many of these advantages and disadvantages remain 

open to investigation.  
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One disadvantage of pulsed, broadband imaging systems which remains uninvestigated in 

literature is the effect of the broadband nature of emissions on image quality. Because the focal 

spot diameter of a focused beam is proportional to the wavelength of light, each broadband pulse 

contains a plurality of focal spot sizes. That plurality of focal spot sizes can lead to feature 

ambiguity and degraded image quality. This paper explores the use of the broadband nature of 

common THz imaging systems to improve feature definition and localization in those THz images. 

That improvement offers the ability to increase the NDT&E capabilities of THz imaging.  
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Chapter 1 - Terahertz Background 

The term terahertz (THz) light refers to the band of the electromagnetic (EM) spectrum lying 

between microwave and infrared frequencies. It is widely defined as occupying the frequency 

range from 0.3-3 (or 0.1-10)*1012 Hz. This corresponds to wavelength ranges of 1-0.1mm and 3-

0.03mm respectively. It is also commonly referred to as the submillimeter band. Until recently, 

suitable (bright and controllable) sources of light and precise detection within the THz domain did 

not exist [1]. As a result, this portion of the electromagnetic spectrum was referred to as the THz 

gap. The demonstration of THz wave time-domain spectroscopy in the late 1980s has led to the 

emergence of THz technology as a modern area of research and development [2]. 

One main benefit of THz light is that it can pass through many common materials, such as: 

clothing, paper, wood, and plastic. Additionally, THz radiation is biologically safe because it is 

non-ionizing for biological tissue due to its low photon energies. As a result, it is well suited for 

use in nondestructive test and evaluation methods such as spectroscopy and imaging. THz 

technologies are currently being developed for use in a wide variety of applications including: non-

invasive medical imaging [3], art restoration and conservation [4, 5], industrial quality control [6], 

and security scanning [1]. This technology has also been used by NASA for space shuttle foam 

inspection [7]. 

THz waves present a unique challenge due to their specific location in the electromagnetic 

spectrum. THz waves lay in-between electrical waves (e.g. radio, microwave) and optical waves 

(e.g. infrared, visible, ultraviolet). Traditionally, research into the areas of electrical (or RF) and 

optical waves has been considered to be different disciplines. The methods for dealing with these 
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areas can be vastly different. By existing at the border of these two disciplines, THz waves do not 

fit completely into either category. This is because the approximations and tools used to deal with 

optical and electrical waves can break down in the THz region. One example would be wave 

generation. Typically, RF waves are generated from the drift motion of carriers while optical waves 

are generated from the transition between different energy states. THz waves are not typically 

generated from drift motion because the motion of the carrier cannot follow the necessary speed 

of oscillation. THz waves are also not typically generated from energy state transitions due to the 

fact that the low photon energy of THz waves is on the same order as thermal relaxation. 

1.1 THz Generation 

There have been many methods for THz wave generation pioneered in the past several decades. 

THz systems can generally be broken down into two categories: continuous wave (CW) and 

pulsed. In general CW systems tend to be lower in cost and complexity, making them better suited 

to portable devices and field applications. Pulsed systems tend to be higher in cost and complexity. 

However, they produce a higher bandwidth signal and provide both time domain and spectral 

information, making them better suited to a wide variety of sensing applications. 

CW THz systems typically produce a single frequency at a time. While generating a narrower 

frequency range than pulsed sources, CW sources can offer higher average power and higher 

resolution spectroscopy. CW THz generation techniques are an ongoing area of research. Common 

methods include up-conversion of lower frequency sources, down-conversion of higher frequency 

sources, lasers, and backward-wave oscillators (BWO). [1] 



5 

 

A common technique for CW THz generation is the up-conversion of lower frequency oscillators 

through nonlinear reactive multiplication. The most common source of lower frequencies for 

multiplication are microwave sources (20-40GHz). Some higher frequency sources (up to 

200GHz) such as tubes or Gunn and IMPATT diodes do exist. However, these sources tend to be 

costly and custom-built [8]. These up-conversion techniques produce low-power CW THz, low 

frequency (~0.6 THz) emissions [1]. 

CW emissions can also be produced using the heterodyne mixing of two CW laser sources with 

slightly differing center frequencies. This THz generation is due to the difference frequency 

emission from the illumination of a photoconductor (e.g. GaAs) by the dual laser sources. The 

resulting narrowband beat frequency can be tuned by tuning the frequency of the source lasers. 

The laser sources can be either two independent lasers [9] or a single two-color laser [10]. 

Gas lasers have been demonstrated to produce THz radiation. One example is a CO2 laser pumping 

a low-pressure gas cavity. The gas within the cavity then emits at its emission-line frequencies. 

With the correctly tuned gas composition and pressure, those frequencies lie within the THz range. 

The frequency of the CO2 pump laser as well as the gas composition and pressure can also be 

adjusted to fine-tune the emission frequencies lines. Methanol is a commonly cited gas molecule. 

[11] 

A backward-wave oscillator (BWO) is an example of a travelling-wave tube in which a vacuum 

tube is used to generate electromagnetic emissions. In a BWO a magnetically focused electron 

beam is accelerated through a corrugated tube along with a RF source signal. The interaction 

between the electron beam and source signal results in an amplified output signal. The output 
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frequency can be electronically tuned by changing the accelerating voltage. BWO sources have 

gained considerable interest due to their broad tunability, high output power (~mW), and compact 

and relatively inexpensive design. They are however currently limited to lower frequency THz 

emissions (~1.5THz). [12, 13] 

Long wavelength quantum-cascade lasers (QCL) have also been shown to produce THz emissions. 

QCLs are semiconductor based THz laser sources. Emissions from QCLs are produced from 

electron transitions between subbands in a series of quantum wells. QCLs can produce both CW 

and pulsed emissions. The wavelength of a QCL can be tuned through tuning of the quantum well 

thickness. QCLs offer the advantage of a compact electrically pumped, semiconductor based THz 

source. However, they also currently suffer from the limitation of low operating temperatures 

(~200K). [14] 

Pulsed THz systems employ a variety of emission and detection methods. In general, emissions 

are generated by a femtosecond (fs) laser pump beam being incident on a material which emits a 

broadband pulse in the THz range. There is a variety of materials, and mechanisms through which 

THz pulses can be generated from the pump laser pulse. One of the most common of these is the 

photoconductive (PC) antenna. PC antennas are comprised of two electrodes coating a semi-

insulated semiconductor substrate. When a bias voltage is applied across these electrodes, electric 

energy is stored in the gap area between the electrodes. Ultrafast (i.e. fs) laser pulses release this 

energy, as THz radiation, by acting as transient switches [11]. The generated electromagnetic pulse 

has an electric field that can be described, using the electromagnetic potential theory, as Equation 

1.1 [1, 15] 
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𝑬(𝒓, 𝒕) =
𝑨

𝟒𝝅𝒓𝜺𝟎𝒄𝟐

𝝏𝑱(𝒕)

𝝏𝒕
, 1. 1 

where A is the area illuminated by the laser, r is the distance between the observation point and 

the THz source, 𝜀0 is the vacuum permittivity, c is the speed of light in vacuum, and J(t) is the 

induced surface current. The surface current is generated by free carriers, produced by laser 

excitation, being driven by the bias field. The resulting photocurrent has a current density of 

𝑱(𝒕) = 𝑵(𝒕)𝒆𝝁𝑬𝒅𝒄, 1. 2 

where e is the elementary charge, 𝜇 is the mobility of electron, Edc is the bias electric field, and 

N(t) is the density of photocarriers. N(t) is dependent on the laser pulse shape and the carrier 

lifetime. Equation 1.1 can therefore be expressed as 

𝑬(𝒓, 𝒕) =
𝑨𝒆𝝁𝑬𝒅𝒄

𝟒𝝅𝒓𝜺𝟎𝒄𝟐

𝝏𝑵(𝒕)

𝝏𝒕
. 1. 3 

Another common mechanism for THz pulse generation is optical, or non-linear, rectification. 

Optical rectification refers to the process by which a DC, or quasi-DC, polarization forms when 

light passes through a non-linear crystal. The process relies on the electro-optical effect, which 

describes the change in polarization of a crystal from an applied electric field. For light of constant, 

or slowly varying, optical power the effect of the DC polarization is negligible. However, for 

ultrafast laser pulses (i.e. fs) the strength of the DC polarization rises and falls rapidly, producing 

a high bandwidth electromagnetic emission. The relationship between polarization, P, electric 

susceptibility, 𝜒(𝐸), and electric field, E, can be described using Equation 1.4. 

𝑷 = 𝝌(𝑬)𝑬 1. 4 

The electric susceptibility can be expanded into a power series, yielding Equation 1.5 
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𝑷 = (𝝌𝟏 + 𝝌𝟐𝑬 + 𝝌𝟑𝑬
𝟐 + 𝝌𝟒𝑬

𝟑 + ⋯)𝑬 1. 5 

where 𝜒𝑛is the nth order non-linear susceptibility tensor. Optical rectification is a second order 

non-linear effect. This means that it comes from the second term of Equation 1.5. 

𝑷𝟐 = 𝝌𝟐𝑬
𝟐 1. 6 

Given an optical electric field of the form: 

𝑬 = 𝑬𝟎 𝒄𝒐𝒔𝝎𝒕 1. 7 

Equation 1.6 becomes 

𝑷𝟐 = 𝝌𝟐

𝑬𝟎
𝟐

𝟐
(𝟏 + 𝒄𝒐𝒔𝟐𝝎𝒕) 1. 8 

where 𝜒2
𝐸0

2

2
 represents the dc polarization term. Given two optical fields, 𝐸1 and 𝐸2, oscillating 

at frequencies 𝜔1 and 𝜔2 respectively, Equation 1.6 takes the form: 

𝑷𝟐 = 𝝌𝟐𝑬𝟏𝑬𝟐 1. 9 

𝑷𝟐 = 𝝌𝟐

𝑬𝟎
𝟐

𝟐
[𝒄𝒐𝒔(𝝎𝟏 − 𝝎𝟐)𝒕 + 𝒄𝒐𝒔(𝝎𝟏 + 𝝎𝟐)𝒕] 1. 10 

It can be seen from Equation 1.10 that the second order non-linear polarization is affected by two 

terms: the difference frequency 𝜔1 − 𝜔2 and the sum frequency 𝜔1 + 𝜔2. For optical rectification 

THz emissions derive from the difference frequency term. [16] 

Another common mechanism is the use of semiconductor surface surge currents and the Photo-

Dember Effect for THz wave generation. The Photo-Dember Effect is the formation of a charge 

dipole near the surface of a semiconductor following an ultrafast pulsed laser excitation. A laser 

pulse with photon energy higher than the semiconductor material’s band gap results in the 
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formation of free electron hole pairs. These pairs diffuse towards the inside of the material. In this 

case the evolution of the carrier density, 𝑛, with time can be described using the diffusion equation 

𝝏𝒏

𝝏𝒕
= 𝑫𝜵𝟐𝒏 −

𝒏

𝝉𝒓
, 1. 11 

where D is the diffusion coefficient and 𝜏𝑟 is the lifetime of the carriers. The difference in the 

mobilities of the electrons and holes results in the formation of a dipole perpendicular to the 

surface. Since the mobility of electrons is much higher than holes in most semiconductors, 

Equation 1.11 can be modified to describe the photo-excited carrier density evolution for holes 

and electrons as [17]:  

𝝏𝒏𝒉

𝝏𝒕
= −

𝒏𝒆𝒏𝒉

𝝉𝒓
, 1. 12 

𝝏𝒏𝒆

𝝏𝒕
= 𝝁�⃗⃗� �⃗⃗� 𝒏𝒆 + 𝑫𝜵𝟐𝒏𝒆 −

𝒏𝒆𝒏𝒉

𝝉𝒓
 1. 13 

where 𝑛𝑒 is the electron density, 𝑛ℎ is the hole density, E is the electric field, 𝜇 is the mobility. 

The carrier generation term is determined by the characteristics of the laser pulse. The mobility 

and the diffusion coefficient are related by the Einstein relationship: 

𝑫 = 𝒌𝒃𝑻𝝁, 1. 14 

where 𝑘𝑏  is Boltzmann’s constant and T is the carrier temperature. The above described charge 

separation within the semiconductor material results in the generation of a transient photo-Dember 

field. Emission of this transient field results in THz wave generation. The strength of the THz 

emission depends upon the semiconductor material. Traditionally, narrow-gap semiconductors 

such as InAs have been used for THz wave generation through the photo-Dember effect. [1, 18] 
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1.2 THz Detection 

Pulsed THz wave systems generally employ a pump and probe setup where a femtosecond (fs) 

laser beam is split into a pump and a probe beam. As the names suggest, the pump beam is used 

to generate the THz pulse and the probe beam is used to sample and obtain the pulse profile. The 

pump beam has been discussed above. Detection methods generally involve illuminating a detector 

with the probe beam and the generated THz pulse simultaneously [16]. Two of the most common 

mechanisms for detection are PC antennas and electro-optical (EO) sampling [1]. 

Photoconductive antennas detect THz pulses using the same phenomena as the emission process 

described above. For detection, the electrodes are connected to a current detector instead of a 

voltage source. In this setup the probe pulse generates transient photocarriers in the semiconductor 

substrate (at the time of incidence). An incident THz field will therefore produce a current across 

the electrodes. The THz induced current can be described using Equation 1.15 

�̅� = �̅�𝒆𝝁𝑬(𝝉), 1. 15 

where 𝑁 is the average electron density and 𝜏 is the temporal delay between the probe and THz 

pulses. Through this mechanism, the electric field incident on the PC antenna at a given time can 

be measured by controlling the time delay of the probe beam. The PC antenna measures both 

amplitude and phase of the incident pulse. [1] 

Much as PC antenna emission and detection can be considered as reciprocal processes, electro-

optical (EO) sampling can be viewed the reciprocal process to optical rectification. EO sampling 

measures the THz field by modulating the probe beam inside an EO crystal. The THz field induces 

a change in the birefringence of the crystal, changing the polarization of the probe beam. This 
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polarization change is measured as intensity change by an analyzer, allowing a measurement of 

the THz field incident on the EO crystal. As with PC antenna detection, by controlling the time 

delay of the probe beam, the electric field incident on the detector at a specific time can be 

measured. 

Both of the above detection methods can be used to measure the THz field incident on a detector 

for a specific and ideally short time window. Typically the waveform, or field as a function of 

time, is reconstructed from multiple repeated measurements of independent pulses. In practice this 

is done by measuring at a unique time delay for each pulse in a train of N identical pulses. From 

these N measurements the time domain profile of the THz electric field can be measured. There 

are however several limitations to this time-gating method. The first is that acquisition time can 

be high since N measurements must be taken. If the pulse-to-pulse spacing is dt, then the 

acquisition time is N*dt. Additionally, each pulse in the pulse train must be identical over that 

measurement time. If the shape of the incident pulse changes during the N*dt measurement time, 

then the THz waveform cannot be reconstructed. 

Work has been done to develop real-time, or single shot, pulsed THz detection methods. These 

methods have included spectral encoding [19, 20], optical streak camera [21], electro-optic 

sampling in a non-collinear geometry [22], non-collinear cross correlation [23], in-line spectral 

interferometry [24], two-dimensional electro-optic imaging with dual echelons [25], tilted front 

collinear geometry [26], and pulsed digital holography [27]. These techniques have shown some 

success. However, real-time detection is generally greatly sensitive to noise. Most systems, 

especially those that are commercially available rely on time-gated sampling [1]. 
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The above discussion demonstrates how a pulsed THz system generates a THz pulse and measures 

the waveform of the resulting THz electric field, E(t). This temporal waveform can then be 

transformed to frequency domain in order to get the spectral distribution of the pulse. The next 

logical step is the use of pulsed THz systems for spectroscopy. In the late 1980’s and early 1990’s 

researchers began using the technique of THz time domain spectroscopy (THz-TDS) [28, 29]. In 

addition to its earlier mentioned transparency to common materials and safety benefits, THz-TDS 

typically has high signal-to-noise ratio due to its time-gated sampling [30]. 

1.3 THz Imaging 

The first pulsed THz images are often attributed to Hu and Nuss in 1995 [31]. Since that time much 

work has been done in the development of THz imaging systems. Often, THz imaging is performed 

using a pulsed THz system where the THz wave is focused on the sample. The THz beam raster 

scans the sample. The transmission through or reflection from the sample is measured at each 

scanned location. One advantage of this method over typical imaging techniques (e.g. 

photographic) is that each pixel of the resulting image contains the entire THz waveform. This 

means that each pixel contains intensity, spectral, and temporal information. With this level of 

information per pixel it is possible to not only produce a 2-D image, but to also obtain composite 

information from the spectral data and depth information from the temporal information (time-of-

flight). The depth resolution is dependent on the sampling rate of the detector. The Nyquist 

Theorem dictates that in order to measure a periodic signal, a sampling rate of at least 2X the 

highest frequency must be used. Therefore, in order to reconstruct the spectral information of a 1 
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THz signal, a sampling rate of 2*1012 samples per second or higher must be used. This sampling 

rate would result in a spatial resolution of ~0.1mm. Sampling at this rate is typically achieved 

through the time-gated sampling described in Chapter 1.2. Additionally, it is possible to construct 

the 2-D image from subsets of the spectral data which interact in the desired way with the sample 

of interest. For example, if specific frequencies interact in a desirable manner with a sample (i.e. 

are reflected or absorbed), those frequencies can be selected for image reconstruction [1]. It is also 

possible to utilize the phase changes between THz pulses to construct a 2-D image [1]. 

While image acquisition through point scanning a single sensing element is the industry standard, 

there is work being done in development of full-field image acquisition. These methods include 

the use of pyroelectric cameras [32], compressive sensing techniques [33], free-space electro-optic 

up-conversion system paired with a CCD camera [34], and microbolometer focal-plane array 

camera [35]. Logically, full field imaging efforts are linked with real-time detection methods, 

which were discussed in Chapter 1.2. Full-field methods have the advantages of improved 

acquisition time and not requiring a mechanical scan of the subject. However, the disadvantages 

include image size being constrained by detector array size and high susceptibility to noise. 

CW THz techniques can also be used for imaging. These systems can be lower in complexity and 

cost because they do not require the pump-probe systems on which pulsed systems rely. Since CW 

imaging systems do not require a time delay scan, they have faster image acquisition time as well. 

The advantage of less complex, lower-cost, and faster imaging system does come with a tradeoff 

however. CW imaging systems do not contain time domain or frequency domain information. This 

means that depth and spectral information cannot be determined from these systems. The slower, 
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more complex and expensive pulsed imaging systems do yield both time domain and frequency 

domain information. [36] 

Since its proof of concept in 1995 the field of THz imaging has seen dramatic growth in a wide 

variety of applications. For example, THz imaging systems have been employed for non-

destructive analysis of art paintings. THz waves offer nondestructive interrogation, as well as 

transparency and good penetration depth through common painting materials. THz imaging 

systems have been shown to be capable of measuring information from buried layers. One example 

is the imaging of graphite sketches covered by layers of paint. Additionally, pulsed THz systems 

were used to evaluate the thickness of various layers of paint [37]. Furthermore, work has been 

done to determine paint composition using THz spectroscopy. Building on this, researchers have 

utilized THz-TDS imaging systems to create a material map showing paint composition as a 

function of spatial location [4, 38]. 

Similar to nondestructive art inspection, THz imaging has sparked interest in the protective coating 

testing industry. One example is the area of marine protective coatings. It is of great importance 

to detect coating defects as early as possible to avoid costly parts repairs or replacements. Marine 

protective coatings (as well as other protective coatings) often consist of multiple layers of 

materials with differing refractive indices. When using a pulsed time domain imaging system, 

reflections from material interface boundaries as well as the metal substrate beneath allow for the 

measurement of the various layers and the location(s) of their boundaries. In addition to layer 

thickness, features such as rust, cracks, and places of delamination can be imaged. [39] 
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Like its use in the marine coatings industry, THz imaging has found applications in the aerospace 

industry. As previously mentioned, it has been used by NASA for space shuttle foam inspection 

[7]. In this application, THz imaging was used for inspection by transmitting THz beams through 

the foam and measuring the reflection from the underlying aluminum substrate. Changes in return 

signal amplitude, phase, and frequency were used to determine the presence of defects [41]. 

Additionally, THz technology has been demonstrated as an evaluation technique for aircraft glass 

fiber composites [41]. In this research techniques for measuring the material properties of aircraft 

composites using reflection configurations was devised. The research also imaged various surface 

defects including burn damage and paint/composite removal. 

In the same manner THz technology has been used to measure aerospace coatings, pulsed THz 

imaging has been used within the pharmaceutical industry for tablet inspection. Using time of 

flight measurements and reflections from coating interfaces it is possible to determine the thickness 

of tablet coatings. Because common tablet materials are transparent to THz light and the reflections 

are due to the interface between materials with differing indices of refraction, it is possible to 

determine the thickness of multiple surfaces internal to the tablet. This method offers the advantage 

of a direct thickness measurement over the traditional analysis based on weight. [42] 

In addition to the pharmaceutical industry, THz technology has found applications within the 

medical industry. The fact that THz waves are highly absorbed by water means that THz 

technology has limited applicability to measurements of biological systems. For transmission 

measurements, the sample needs to be thin. More promise has been shown in areas of reflection 

geometry. One such example is the characterization of diseased skin tissue due to its reflection 

properties differing from those of healthy skin. THz imaging system for the in vivo detection and 
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treatment of diseases such as skin cancer would be beneficial because the most common method 

currently used in visual inspection. [43, 44] 

Like the medical industry, applications within the dental industry have been identified for THz 

technologies. An example of these applications is the imaging of dental caries using a raster 

scanning THz system. Work has been done to show that structural changes in carious teeth could 

be measured through changes in absorption and refractive index [45]. While both pulsed and CW 

systems can be used, pulsed systems offer the added benefit of three-dimensional measurements 

[46]. The major advantage of using THz technology in place of X-rays, the current diagnostic 

standard, is that THz waves are considered biologically safe where X-rays are an ionizing radiation 

that can have hazardous effects on human health [47]. 

THz spectroscopy and imaging have gained interest in the defense and security industries. Many 

common materials of interest in the security industry (e.g. explosives, drugs, etc.) have showed 

THz spectral features. This combined with the transparency of common materials to THz waves 

has prompted considerable research into the use of THz technologies for nondestructive inspection. 

Additionally, THz technologies offer advantages such as spectroscopic information and biological 

safety, over X-ray imaging. [8, 48] 

While the above discussion is by no means meant to be a comprehensive list of THz technologies 

and applications, it is meant to give a snapshot of the more common sources, detectors, and uses. 

With the rapid rise of the technology in recent decades, compiling such a comprehensive list would 

be futile. This is due to the fact that not only are there numerous technologies in development, but 

any comprehensive list would quickly become outdated as new methods, devices, and applications 
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are developed. As such, the above paragraphs are meant to give a survey of the landscape within 

which this research is performed. 

THz imaging does have certain disadvantages, which must be considered. THz imaging systems 

can be complicated and expensive. They are not generally mobile. THz image acquisition times 

can be high. THz waves may be transparent to many materials, but they are highly reflected by 

metal surfaces and highly absorbed by water. Therefore, they are not suitable for imaging into 

metal containers or materials containing water (e.g. the human body). THz also suffers from high 

atmospheric attenuation due to water vapor absorption. This attenuation makes its suitability for 

long-range free space transmission difficult. 

1.4 THz Imaging for This Research 

The THz imaging system used in this research utilizes a pulsed broadband setup to interrogate a 

sample. The equipment consists entirely of commercial off the shelf (COTS) components, 

including the THz emitter, receiver, and controller. Early imaging was done using the Picometrix 

(now Terametrix) T-Ray 4000 Time-Domain Terahertz System. Later imaging has been performed 

using the Terametrix (formerly Picometrix) T-Ray 5000 Terahertz Control Unit. Both of these 

systems utilize a bowtie shaped photoconductive antenna for emission and detection of THz 

waves. The emitter and detector are moved relative to the area of interest, performing a raster scan 

where the physical X-Y location(s) of the sensor designate the relative X-Y location(s) of the pixels 

in the resulting digital image. The step size, rate of scan, and number of measurements per pixel 

are all factors that determine the resolution, or pixel size, of the image. Figure 1.1 shows the rack 

mount system used to raster the sensor across the sample. This image shows the rails (metallic 
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frame) and fiber coupled sensor heads (black). This system is approximately 26 x 27.5 x 13 inches, 

with a scan range of 30 cm. 

 

Figure 1.1. Rack mount THz imaging platform utilized for this project. 

Typically, the emitter and detector are configured in a monostatic system (like Figure 1.1) where 

a single focusing lens is used for transmitting and receiving. In this setup, beam splitters are used 

to separate the desired paths. In this configuration the signal is transmitted, reflects off the sample 

and is received through the same lens. 

Another, less frequently used, setup is a bistatic system. In this configuration, the transmitter and 

receiver use independent lenses. This configuration has the advantage of a higher SNR due to the 

absence of signal loss associated with the beam splitters required in the monostatic system. The 

configuration has the disadvantage of being more difficult to align. A bistatic configuration could 

be used to measure either reflection or transmission, depending on orientation. 

The data from these raster scans are generally used to produce X-Y spatial images where X-Y is 

the focal plane of the beams. Subsets of the spectral data for each pixel are used to calculate a 

single amplitude pixel value. This single intensity value per pixel can be displayed using any 

common image standard, including grayscale or heatmap. These images can then be used to 
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determine the X-Y location of features. In addition to these X-Y images, the depth information for 

each pixel can be determined (if reflection) from the time domain data. This is a simple time-of-

flight calculation. A reflected wave being measured later in time indicates a longer time-of-flight, 

or a larger depth. From this information an X-Z, or Y-Z, where Z is the depth dimension, profile 

for a given plane can be displayed as an image. This is referred to as a B-scan. This B-scan 

information can be used to determine the depth location of features. For focused beams the obvious 

limitation of the depth information is that the information degrades as the reflection depth moves 

away from the focal length of the beam. Figure 1.2 shows an example of images obtained with the 

imaging system used in this project. The purpose of these images is to find and quantify damage 

within composite laminate panels. The sample used in this figure was a 4x6 inch panel segment 

with a thickness of 1.5 mm. 

 

Figure 1.2. THz images of damaged composite laminate panel. Left: X-Y focal plane image. 

Right: Three B-scan images across individual rows. Image courtesy of Monica Black, Naval 

Undersea Warfare Center Division Newport. 
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On the left hand side of Figure 1.2 is the standard X-Y focal plane image. From this the boundaries 

of damaged areas can be seen in black. On the right hand side are three B-scan images across 

individual rows (357, 201, and 103). The front surface of the panel is shown as a black line on 

these images. The back of the panel can also be seen as a lighter line lower on the images. A 

discontinuity in the surface lines represents a crack in the composite. The relative difference in Z 

component of the surface line can be used to calculate the difference in depth between portions of 

the panel and therefore quantify the amount of damage. 
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Chapter 2 - Problem Description 

Chapter 1 described the scientific principles behind modern THz systems. The chapter also 

described the use of pulsed THz systems for imaging purposes. The imaging system utilized for 

this project’s research employs pulsed, broadband THz technology. This type of system offers 

many advantages and disadvantages. Chapter 2 will detail one such disadvantage which has 

previously gone unexplored in literature. 

2.1 The Airy Pattern 

As described in the THz background chapter this research utilizes a pulsed THz source and detector 

that are raster scanned over a sample to produce a digital image (i.e., composed of pixels) [49, 50]. 

The position of the pulses defines the location of each pixel. The measured return signals define 

the value of each pixel. The size of each pixel is defined by the focal spot size of the pulse. This 

dependency of the pixel size on the focal spot size of the pulse is the basis of the research described 

here. It is often convenient to represent a beam as being focused to a disk of constant diameter. 

However, this is not an accurate depiction of the physical phenomena. When light passes through 

an aperture, or lens, diffraction occurs. If there are no aberrations, the intensity of light, I, for a 

plane wave incident on a circular aperture can be derived from Fraunhofer diffraction to be: 

𝑰(𝒖) = 𝑰𝟎  [
 𝟐𝑱𝟏(𝒖)

𝒖
]

𝟐

, 2. 1 

where I0 is the initial intensity, J1 is the Bessel function of the first kind of order one, and u is given 

by Equation 2.2 [51, 52]  

𝒖 =  
𝝅

𝝀
𝑫𝒍 𝒔𝒊𝒏𝜽 , 2. 2 
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where θ is the observation angle, λ is the wavelength, and Dl is the aperture (lens) diameter. 

Equation 2.1 can be rewritten to describe I as a function of radial distance, r, between the optical 

axis and the observation point on the focal plane 

𝑰(𝒓) = 𝑰𝟎 [
𝟐𝑱𝟏(𝑪𝒓)

𝑪𝒓
]

𝟐

, 2. 3 

where C is given by Equation 2.4 

𝑪 =  
𝝅𝑫𝒍

𝒇
, 2. 4 

and f is the focal length of the lens. Figure 2.1 illustrates the relationship between the focusing 

lens, focal length, and focal spot diameter. 

 

Figure 2.1. Illustration of light passing through a focusing lens (left), with the lens diameter 

(yellow), focal length (green), and focal spot diameter (red). 

The pattern resulting from this diffraction equation/phenomenon has periodic, waves emanating 

from a central disk with 2-D concentric symmetry. This pattern, which resembles a sinc function 

rotated about the optical axis when viewed from above, is referred to as the Airy pattern. The Airy 
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pattern, named after Sir George Biddell Airy, is best described as a diffuse circular region, the 

Airy disk, surrounded by a series of concentric rings of decreasing intensity. This pattern is shown 

in Figure 2.2. 

 

 

Figure 2.2. Airy pattern intensity (left) and focal plane view (right). 

 

On the left side of Figure 2.2 is a plot of intensity as a function of radial distance, I(r), as described 

by Equation 2.3. On the right is a view from above of the intensity distribution within the focal 

plane. The minima of this function can be found by solving for the zeros of the Bessel function, 

J1(Cr). These minima are labeled in Figure 2.2 and shall be referred to in this paper by an index, 

N, based on their radial distance. The first minimum is considered to be N=1. The second, N=2 

and so on. The Airy disk is the center lobe bounded by the N=1 minimum. Each of the outer rings 

of the Airy pattern are bounded on both sides by an intensity minimum.  
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The Airy disk represents the smallest point to which a beam of light can be focused. The Airy disk 

is defined as the central signal peak, which is bounded by the first intensity minimum. This area 

contains 86% of the total energy of the focused beam. Because of this, the Airy disk is considered 

the main lobe of the diffraction pattern. The diameter of this main lobe is used as an approximation 

of the focal spot diameter, and is what is referred to as the focal spot diameter, or size, in this 

project. Solving Equation 2.3 for the first set of minima yields Equation 2.5, which describes this 

focal spot diameter, Ds [53].  

𝑫𝒔 = 𝟐. 𝟒𝟒(
𝒇 ∗ 

𝑫𝒍
) , 2. 5 

Equation 2.5 shows that the focal spot diameter is dependent on the wavelength. Hence, if the 

emitted pulse contains a range of wavelengths (i.e., it is broadband), it also contains a plurality of 

focal spot sizes. At this point it is important to recall that the frequency bandwidth of a pulse is 

inversely proportional to the temporal width of that pulse. For a bandwidth limited ideal pulse this 

relationship can be represented using Equation 2.6 [54]: 

∆𝒇𝒑 =  
𝑻𝑩𝑷

𝝉𝒑
, 2. 6 

where Δfp is the spectral width (typically at full width half-maximum (FWHM)), τp is the temporal 

pulse width (typically at FWHM), and TBP is the time-bandwidth product. The time-bandwidth 

product is a dimensionless constant that depends on pulse shape and describes the relationship 

between temporal width and bandwidth for a pulse. It can be expressed by rewriting Equation 2.6 

as: 

𝑻𝑩𝑷 =  ∆𝒇𝒑 ∗ 𝝉𝒑. 2. 7 
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This relationship can be explained as a property of the Fourier transform. The real-world effect is 

that as pulse duration decreases, spectral bandwidth increases. In this research, the ultrafast laser 

pulses used in THz generation result in high bandwidth, or broadband, THz emissions. Those 

pulsed emissions therefore have a wide range of contained focal spot sizes.  

Figure 2.3 shows a notional representation of the Airy pattern for three wavelengths (red, green, 

and blue) contained within a broadband pulse (left) and their corresponding focal spots (right). 

 

 

Figure 2.3. Airy pattern for three wavelengths (left) and corresponding spots (right). 

2.2 Pixel Effects 

As previously discussed, the images associated with this research are produced from a raster scan 

of broadband measurement pulses. The traditional geometry resulting from this setup is that the 

pixel centers are located at the center of the measurement focal spots. The width of the resulting 

pixels is equal to the distance between measurement pulses. 
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This pixel geometry along with the above described plurality of spot sizes leads to an ambiguity 

in pixel size determination. The pixel size can be selected to match the largest focal spot size. With 

such a large pixel size, the smaller spot sizes contained in the pulse fail to measure much of the 

pixel area and, thus, poorly represent the features localized to that pixel. A large pixel size also 

results in lower image resolution. 

If the pixel size is selected to match the smallest focal spot size, the converse is true. A benefit of 

this selection is finer image resolution. However, with the pixel fitted to the smallest focal spot 

size, the larger spot sizes contained in the pulse measure area that is outside of the pixel. 

It is also possible to define the pixel size to be between the largest and smallest spot sizes. The 

result is a combination of spot sizes that are smaller and larger than the defined pixels. Any of 

these spatial mitigation options lead to pixel ambiguity due to signal information shared between 

neighboring pixels and/or unsampled area. 

The pulses described above are used to measure surface features within the region of interest. In 

the ideal case, these features are much larger than the pixel size, and the focal spot is the same size 

as the pixel. This scenario is illustrated in Figure 2.4 where the star feature is much larger than the 

pixels used to reconstruct it. 
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Figure 2.4. Ideal case with a feature (star) on a pixel grid (left) and its corresponding pixel 

representation (right). 

In practice, features can be on the same scale or smaller than some or all of the focal spot sizes 

contained in a broadband pulse. The current approach to define pixel size for feature imaging is a 

compromise between the spot sizes and the desired resolution. In the case of a grayscale image, 

the pixel intensity would correspond to the measured intensity. An intensity corresponding to the 

focal spot interrogating a feature would result in a dark pixel, while an intensity corresponding to 

the uniform background signal intensity would result in a light pixel (or vice-versa depending on 

the chosen image visualization schema). An intensity corresponding to a spot partially 

interrogating a feature (due to partial spot-feature overlap) would result in a pixel with medium 

intensity. 

The returned intensity for a broadband pulse is calculated from the aggregate intensity of all of the 

contained wavelengths. Each returned broadband pulse signal contains a continuum of 

wavelengths, which should only differ from one pixel to the next due to surface feature signal 

fluctuations. In the imaging process, the intensity attributed to a pixel is calculated from the return 

signal of those pulses interrogating the surface in the predefined space corresponding to the pixel. 
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Given the plurality of focal spot diameters in a broadband pulse and the static pixel size, this 

approach can produce different representations of pixel intensity for the same pixel, pulse, and 

feature depending on the selected focal spot diameters. The examples in Figure 2.5 demonstrate 

the variation in pixel intensity inherent in this approach. This intensity variation leads to reduced 

detection and localization of the feature.  

 

Figure 2.5. Examples of three relationships of the spot size to the defined pixel size—

smaller, equal, and larger spots (left to right)—with the corresponding pixel intensities—

dark, medium, light. 

Figure 2.6 displays the pixel representation (upper- and lower-right) of a star-shaped feature 

contained within the center pixel in a predefined three-by-three pixel grid. The upper portion 

illustrates the feature, interrogated by a single focal spot with diameter equal to the pixel width 

(upper-left), and the corresponding pixel representation. The lower portion of the figure illustrates 

the same feature and pixel grid, interrogated by multiple spots of diameter equal to (left) and larger 

than (center) the pixel width, and the aggregate pixel representation (right). This scenario 

demonstrates the ambiguity that arises in feature localization when information from neighboring 

pixels overlaps due to the inherent spot size variation within broadband pulses. 
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Figure 2.6. Feature contained within a single pixel interrogated by a single pulse (upper-

left) and neighboring pulses (lower-left, lower-center) shown with the corresponding pixel 

representations (right). 

The scenario displayed in Figure 2.7 is similar to Figure 2.6, except the feature is not aligned with 

a single pixel or pulse. Even with the focal spot diameter equal to the pixel width, the feature’s 

information is split among multiple pixels, with all four spots failing to measure the center of the 

feature. In addition to the localization ambiguity due to overlapping pulses, the feature’s sensitivity 

to detection is decreased due to this information division. 
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Figure 2.7. Feature spanning four pixels interrogated by four pulses (upper-left) and 

neighboring pulses (lower-left lower-center) shown with the corresponding pixel 

representations (right). 

The intensity distribution described by Equations 2.1 and 2.3 can lead to ambiguities beyond just 

those introduced by the continuum of focal spot sizes. Within a given focal spot, the intensity of 

light is not constant. The focal spot diameter, Ds, is found in equation 2.5 by solving for the zeros 

of the intensity function. This means the intensity of light at Ds is zero. In other words, the intensity 

varies from I0 to zero between r = 0 and r = Ds/2. As a result, the return from and resulting pixel 

value of a feature which is smaller than the focal spot will depend on its relative location within 

the focal spot. A feature close to the spot center will have a larger effect on the return than one at 

the edge. This situation is illustrated in Figure 2.8 where the same feature is shown with two 

different relative measurement spot orientations and the resulting pixel intensities. 
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Figure 2.8. Example of differing spot to feature orientation affecting pixel intensity. In the 

upper portion the same feature is illuminated at spot center (left) and spot edge (right). In the 

lower portion are the pixel intensity representations.  

In addition to the pixel ambiguities described above, more ambiguity can arise from the outer rings 

of the Airy pattern. Recall from Equation 2.1 and Figure 2.2 that the diffraction pattern of focused 

light is a bright central lobe, surrounded by a series of concentric rings of decreasing intensity. 

Because the central Airy disk contains 86% of the total energy, it is often convenient to 

approximate the focal spot with the Airy disk. However, for completeness the case must be 

considered where the remaining 14% of the energy contained in the outer rings makes a non-trivial 

contribution to the measured return signal. This could also result in pixel ambiguity due the fact 

that a portion of the measured return is from not only a neighboring pixel, but also from an area 

outside of the defined spot size. 

The problem described in the above paragraphs arises from a specific experimental set-up. That 

set-up is a raster scan using a series of independent focused broadband pulses. While this set-up is 

not unique to the research being performed, a novel approach to improve pixel measurement 

ambiguity was developed and will be outlined in the following chapters. The resulting algorithm 
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improves feature detection and definition using the broadband spectral information obtained from 

a raster scan pulsed THz imaging system. 
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Chapter 3 - Proposed Solution 

Chapter 2 detailed the imaging issues which this research aims to alleviate. As previously 

described, the problem stems from the broadband nature of pulsed THz imaging systems. The 

following chapter will outline the algorithmic approach developed in this research to solve the 

problem. The first part of the chapter will describe the basic concept of the approach. The next 

sections will cover the details of the mathematical algorithm. 

3.1 Notional Algorithm Description 

The basic approach of this project is to perform a spectral analysis across broadband pulses 

grouped near to each other to localize and define features. The basis of this algorithmic solution is 

the ability to calculate the frequency domain response of each measured return pulse, via the fast 

Fourier transform (FFT). Frequency domain analysis allows the signal from a single pulse to be 

divided into the portions associated with each focal spot size using Equation 2.5. 

The granularity of calculated focal spot diameters is proportional to the spectral width of the 

calculated FFT bins. With each pulse separated into its component spot diameters, a spatial 

analysis can localize image features. Once localization occurs, an appropriate image pixel size and 

location can be determined. 

A basic assumption of this method is that there will be a difference in the SNR between a feature 

and the background. By comparing a measured return pulse to a known reference, the probability 

of a feature existing within the area of the pulse’s focal spot can be calculated. Based on this 

assumption, an intra-pulse, cross-spectral analysis can be performed on the return signal associated 

with each component spot to determine the probability of a feature existing at specific distances 
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from the pulse’s center. Then, an inter-pulse analysis can be performed to compare the distance 

and probability values of overlapping spots to localize the feature to intersecting areas of high 

probability. A graphical example of the intra-pulse analysis is shown in Figure 3.1, in which a 

single broadband pulse (pulse A) interrogates a star-shaped feature.  

 

 

Figure 3.1. Spots A1 and A2 are contained in a single broadband pulse. 

In this case, the probability P that the feature is present in spot A1 (PA1) is zero, and the probability 

that the feature is present in spot A2 (PA2) is one. Therefore, the feature can be localized to the area 

of A2 outside of A1. Applying this same technique to overlapping spots from neighboring pulses 

A and B, the probability (PAB) that a feature is localized to their area of overlap, as defined in 

Figure 3.2, can be calculated. Because  

PA1 = PB1 = PC1 = PD1 = PE1 = PC2 = PD2 = PE2 = 0, 

PA2 = PB2 = 1, 

PA2C2 = PA2D2 = PA2E2 = 0, 

PA2B2 = 1, 

the feature can be localized to the overlap of spots A2 and B2 from pulses A and B. 
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Figure 3.2. Pulses A, B, C, D, E each illuminate a defined area: inter-pulse analysis localizes 

the feature to the overlap of A2 and B2. 

When this inter-pulse analysis is performed for all of the pulses in the region of interest, the 

location of overlaps with high probability can be used to localize a feature. Traditionally, the focal 

spot centers define the pixel grid used for image reconstruction. Because the overlap areas used in 

this analysis are independent of the traditional predefined pixels, their physical size and location 

can be used to compute a new pixel grid that better corresponds to the feature size and location. 

Figure 3.3 shows a star-shaped feature and multiple focal spots in the region of interest overlaid 

on a pixel grid. From this information, the feature’s return signal can be localized. 
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Figure 3.3. Multiple pulses overlaid on a predefined pixel grid: PA1 = PB1 = PC1 = PD1 = 

0, PA2 = PB2 = PC2 = PD2 = 1, PA2B2 = PB2C2 = … = 1, and PA2F = PA2G = PB2K = … 

= 0. 

With the feature’s return signal localized, those calculated probability values must be translated to 

intensity values on the pixel grid. Figure 3.4 illustrates the best possible localization of Figure 3.3 

using the original predefined pixel grid. 

 

Figure 3.4. Feature shown on a predefined pixel grid (left) with corresponding pixel 

representation (right). 
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Since the calculated areas of probabilities are independent of the pixel grid, those values could be 

assigned to pixels in any configuration or sizes. Therefore, it is possible to define a pixel grid 

where the most likely location of a feature is contained within the fewest pixels. Figure 3.5 

illustrates the scenario where the intensity corresponding to the star-shaped feature is contained 

within a single pixel. 

 

Figure 3.5. Feature shown on an a posteriori defined pixel map (left) with corresponding 

pixel representation (right). 

3.2 Algorithm Development 

The previous section outlines the notional formulation of the image processing algorithm. The 

specifics of this project’s implementation are described in the following section. In an envisioned 

application of this algorithm, a commercially available pulsed THz emitter and detector are raster 

scanned over the sample. In this set-up, each pixel measurement contains the THz time-series 

waveform, or field as a function of time. From this time-domain waveform the frequency domain 



38 

 

representation can be calculated. These frequency bin magnitude values represent the return 

intensity for each component spot. 

From these measured spot intensity values, we were able to refine the probable intensity values for 

areas of overlap to a range confined to a minimum and maximum using constraint satisfaction. 

This idea can be visualized in Figure 3.6, which shows two overlapping spots (S1 and S2) and their 

subareas (α, β, and γ). 

 

 

Figure 3.6. Overlapping spots, S1 and S2, and subareas, α, β, and γ. 

Conceptually, the challenge of this algorithm is to split the return signal of S1 and S2 and assign it 

to the appropriate subareas (α and γ for S1 and β and γ for S2). The first step in this process is to 

determine what proportion of the maximum incident intensity for a spot, ISmax, can possibly be 

attributed to a given subregion. This value shall be referred to as the maximum intensity 

proportion, P, of a subregion. P is essentially a description of how much of the incident intensity 
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profile, as pictured in Figure 2.2, a subarea occupies. For subarea α, Pα can be expressed using 

Equation 3.1: 

𝑷𝜶 = 𝑰𝑺𝟏𝒎𝒂𝒙  
∫ ∫ 𝑰(𝒓)

𝝓𝟐

𝝓𝟏
𝒅𝝓𝒅𝒓

𝒓𝟐

𝒓𝟏

∫ ∫ 𝑰(𝒓)𝒅𝝓𝒅𝒓
𝟐𝝅

𝟎

𝑹𝟏

𝟎

, 3. 1 

where IS1max is the maximum incident intensity, I(r) is the intensity given by equation 2.3, 𝜙 is the 

angle about the optical axis, R1 is the radius of spot S1, 𝜙1 is the angle to the first point of 

intersection for subarea α, 𝜙2 is the angle to the final point of intersection for subarea α, r1 is the 

shortest radius from the center of S1 to α at a given 𝜙, and r2 is the longest radius from the center 

of S1 to α at a given 𝜙. Figure 3.7 illustrates r and 𝜙 with respect to a spot, S. The relationship 

between r and 𝜙 will be explored in the coming pages. 

 

Figure 3.7. Illustration of r and 𝜙 with respect to a spot, S. 
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There is an important codependency of r and 𝜙 which must be discussed at this point. The values 

r1 and r2 are defined as the shortest and longest radii from the spot center to the subarea at a given 

𝜙. However, the values of 𝜙 are defined by the angle at which a radial line intersects the subarea. 

In other words r is a function of 𝜙 and 𝜙 is a function of r, or r = f(𝜙) and 𝜙 = g(r). The key is that 

for the numerator of Equation 3.1, Equation 2.3 must be integrated over all of the space designated 

as subarea α. This subarea is shaded in Figure 3.8. 

 

Figure 3.8. An example of a subarea (α) to be integrated in the numerator of Equation 3.1, 

shaded in gray. 

It may be conceptually easiest to proceed with integrating this particular subarea geometry by 

treating r as the independent variable. Because the center of the spot, S1, lies inside the subarea of 

interest r1 equals 0. Since at least a portion of the subarea extends to the outer radius of S1, r2 equals 

R1. If the radial distance between the center of S1 and the closest point of spot S2 has a value of x, 

then the first portion of the integral can be defined as from r1 = 0 to x. For this portion, the 𝜙 can 
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integrated from 𝜙1 = 0 to 𝜙2 = 2π. This scenario is illustrated in Figure 3.9 where the area obtained 

from integrating r from 0 to x and 𝜙 from 0 to 2π is shaded in red. 

 

Figure 3.9. An example of a subarea (α) for which the numerator of the intensity 

proportion integral can be taken for r = 0 to x and 𝜙 = 0 to 2π. The area represented by this 

integral is shaded in red. 

For the portion of the integral from r = x to R1, the values of 𝜙1 and 𝜙2 differ with r. This scenario 

is illustrated in Figure 3.10. 
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Figure 3.10. An example of a subarea (α) for which the numerator of the intensity 

proportion integral can be taken for r = x to R1 and 𝜙 = 𝜙1 to 𝜙2, where the values of 𝜙1 

and 𝜙2 depend on r. 

For this image an arbitrary value of r is chosen between x and R1. The left hand image shows the 

value of 𝜙1 for this r value. The right hand image shows the value of 𝜙2 for this r value. It can be 

seen that a different r value will yield different values for 𝜙1 and 𝜙2. 

Equation 3.1 can be used for calculating the intensity proportion, Pn, for a subarea, n, within any 

spot. For the intensity proportion of spot S1 associated with subarea γ, Pγ1, the area of integration 

for the numerator is highlighted in gray in Figure 3.11. 
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Figure 3.11. An example of subarea (γ) which does not contain the center of the spot (S1). 

In this case it may be conceptually easier to integrate by treating 𝜙 as the independent variable. 

Since the spot center does not lay within the subarea γ, the values of r1 and r2 depend upon the 

value of 𝜙. The values of 𝜙1 and 𝜙2 can be determined by calculating the tangent lines between 

the center of S1 and the perimeter of S2. If 𝜙 is defined as the angle from the line connecting spot 

centers then 𝜙1 will equal the opposite of 𝜙2 (𝜙1 = - 𝜙2). This geometry is illustrated in Figure 

3.12. 
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Figure 3.12. An example of subarea (γ) and the values of 𝜙1 and 𝜙2 over which the 

numerator of the intensity proportion must be integrated. 

For a given value of 𝜙, r1 and r2 can be found by calculating the points of intersection between the 

radial line at that angle and the perimeter of subarea γ. Figure 3.13 illustrates this for two angles 

of 𝜙. 

 

Figure 3.13. An example of subarea (γ) and the values of r1 and r2 for two arbitrary values 

of 𝜙. 
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On the left is an angle of zero. For this case r1 equals the shortest distance between the center of 

spot S1 and the perimeter of S2, and r2 equals the radius of S1, R1. On the right is an arbitrary value 

of 𝜙 between 𝜙1 and 𝜙2. In this case the values of the intersections of the radial line and the 

perimeter of γ must be calculated to determine r1 and r2. 

The above discussion covers two possible methods for computing the integral in the numerator of 

Equation 3.1 for subareas alpha and gamma. These by no means the only methods for computing 

the integral, but are meant to demonstrate the codependence of r and 𝜙. The important fact is that 

in order to calculate the intensity proportion for a subarea, the integral must be calculated. The 

methods outlined above can be used to calculate the any of the subareas encountered in this project, 

including alpha, beta, and gamma. 

For this research, the intensity values are normalized for each spot such that I is between Imin = 0 

and Imax = 1. Since the measured intensity values are normalized, ISmax equals one and Equation 

3.1 can be expressed for any subarea n as: 

𝑷𝒏 = 
∫ ∫ 𝑰(𝒓)

𝝓𝟐

𝝓𝟏
𝒅𝝓𝒅𝒓

𝒓𝟐

𝒓𝟏

∫ ∫ 𝑰(𝒓)𝒅𝝓𝒅𝒓
𝟐𝝅

𝟎

𝑹𝒏

𝟎

3. 2 

 

Since calculating the intensity integral can be a complicated and resource intensive task, some 

stages of this project utilize an approximation to simplify calculations. As a first-order 

approximation, the intensity can be assumed to be uniformly distributed over the area of the spot, 

As. In this case, the intensity proportion of subarea n, Pn, can then be expressed as: 
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𝑷𝒏 =  
𝑨𝒏

𝑨𝑺
, 3. 3 

where An is the area of the subarea n. 

Once the proportion of the maximum intensity, P, has been calculated for the given subareas of a 

spot, S, the next step is to determine the amount of the measured return signal which is attributable 

to each subarea of S. This is a somewhat probabilistic calculation, as this value for each subarea 

must be defined to within a range between its minimum and maximum intensity. In order to 

calculate the minimum and maximum intensities for an arbitrary subarea n within S, Equations 3.4 

and 3.5 can be used: 

𝑰𝒏𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑷𝒏, 𝑰𝑺) , 3. 4 

𝑰𝒏𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝑰𝑺 − 𝑰𝒎𝒎𝒂𝒙) , 3. 5 

where the function min(a,b) yields the minimum of a or b, max(a,b) yields the maximum of a or 

b, and m is defined area the area within S which is outside of n. Equation 3.4 essentially defines 

that for the maximum value, if the measured return signal for S is smaller than Pn, all of the return 

signal can be attributed to n. For the minimum value, n must at least contain the remainder of the 

measured return signal after the maximum value of the rest of S is accounted for. If that remainder 

is less than zero, then the minimum value is zero. 

Returning to the example outlined in Figure 3.6, the intensities for the subareas α and β of spots S1 

and S2 can be described using Equations 3.6 through 3.9. 

𝑰𝜶𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑷𝜶, 𝑰𝑺𝟏) 3. 6 

𝑰𝜶𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝑰𝑺𝟏 − 𝑰𝜸𝒎𝒂𝒙) 3. 7 

𝑰𝜷𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑷𝜷, 𝑰𝑺𝟐) 3. 8 
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𝑰𝜷𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝑰𝑺𝟐 − 𝑰𝜸𝒎𝒂𝒙) , 3. 9 

Since area γ is a sub-area of both spot S1 and S2, there exist two sets of minimum and maximum 

intensity equations for γ derived from S1 and S2. 

𝑰𝜸𝒎𝒂𝒙𝟏 = 𝒎𝒊𝒏(𝑷𝜸𝟏, 𝑰𝑺𝟏) 3. 10 

𝑰𝜸𝒎𝒂𝒙𝟐 = 𝒎𝒊𝒏(𝑷𝜸𝟐, 𝑰𝑺𝟐) 3. 11 

𝑰𝜸𝒎𝒊𝒏𝟏 = 𝒎𝒂𝒙(𝟎, 𝑰𝑺𝟏 − 𝑰𝜶𝒎𝒂𝒙) 3. 12 

𝑰𝜸𝒎𝒊𝒏𝟐 = 𝒎𝒂𝒙(𝟎, 𝑰𝑺𝟐 − 𝑰𝜷𝒎𝒂𝒙) 3. 13 

𝑰𝜸𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑰𝜸𝒎𝒂𝒙𝟏, 𝑰𝜸𝒎𝒂𝒙𝟐) 3. 14 

𝑰𝜸𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝑰𝜸𝒎𝒊𝒏𝟏, 𝑰𝜸𝒎𝒊𝒏𝟐) 3. 15 

Because sub-area γ has multiple constraints, its minimum and maximum intensity values can be 

further refined to a smaller range. This refinement then cascades into further refinement of sub-

areas α and β. If this process of constraint satisfaction is repeated for other overlaps containing S1 

and S2, and their neighboring spots, and so on, the codependence of sub-areas will result in 

increased refinement. In the best-case scenario, the range of possible intensity values for a sub-

area can be refined to a single exact value. 

Equations 3.14 and 3.15 hold true so long as γ inhabits the same proportion of both spots S1 and 

S2. This requirement is met in the example outlined in Figure 3.6. However, to illustrate this 

condition Figure 3.14 shows an example where the two spots are not of equal diameter. In this case 

the proportion γ inhabits is not equal.  
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Figure 3.14. Overlapping spots, S1 and S2, and sub-areas, α, β, and γ for spots of unequal 

size. 

Assuming area values of AS1 = 5, AS2 = 2, and Aγ = 0.5, the area proportions of γ are Pγ1 = 0.1 and 

Pγ2 0.25 (Figure 3.14 not to scale). If the limit case of IS1 = IS2 = 1 is used, one would expect that 

the minimum and maximum values for Iα, Iβ, and Iγ would converge to a single value respectively. 

However, Equations 3.6 through 3.15 yield the following results. 

𝑰𝜶𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝟎. 𝟗, 𝟏) = 𝟎. 𝟗 3. 16 

𝑰𝜷𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝟎. 𝟕𝟓, 𝟏) = 𝟎. 𝟕𝟓 3. 17 

𝑰𝜸𝒎𝒂𝒙𝟏 = 𝒎𝒊𝒏(𝟎. 𝟏, 𝟏) = 𝟎. 𝟏 3. 18 

𝑰𝜸𝒎𝒂𝒙𝟐 = 𝒎𝒊𝒏(𝟎. 𝟐𝟓, 𝟏) = 𝟎. 𝟐𝟓 3. 19 

𝑰𝜸𝒎𝒊𝒏𝟏 = 𝒎𝒂𝒙(𝟎, 𝟏 − 𝟎.𝟗) = 𝟎.𝟏 3. 20 

𝑰𝜸𝒎𝒊𝒏𝟐 = 𝒎𝒂𝒙(𝟎, 𝟏 − 𝟎. 𝟕𝟓) = 𝟎.𝟐𝟓 3. 21 

𝑰𝜸𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝟎. 𝟏, 𝟎. 𝟐𝟓) = 𝟎.𝟏 3. 22 

𝑰𝜸𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎. 𝟏, 𝟎. 𝟐𝟓) = 𝟎.𝟐𝟓 3. 23 

𝑰𝜶𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝟏 − 𝟎.𝟏) = 𝟎.𝟗 3. 24 
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𝑰𝜷𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝟏 − 𝟎. 𝟏) = 𝟎.𝟗 3. 25 

It can be seen that the minimum and maximum values for Iα converge, while Iβ and Iγ do not. In 

fact, Iβmin is greater than Iβmax and Iγmin is greater than Iγmax. The reason for this breakdown is that 

Equations 3.10 through 3.15 do not account for the size differences of the spots. The method to 

correct for this issue used in the project is to normalize for area by multiplying the intensity 

proportions, P, and normalized intensities, I, by the area of the spot. The resulting values can be 

expressed using Equations 3.26 and 3.27. 

𝑰′𝒙 = 𝑰𝒙𝑨𝒙 3. 26 

𝑷′𝒚 = 𝑷𝒚𝑨𝒙, 3. 27 

where x designates any spot and y designates any sub-area of that spot. Equations 3.6 through 3.15 

can now be re-written as the following. 

𝑰′𝜶𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑷′𝜶, 𝑰′𝑺𝟏) 3. 28 

𝑰′𝜶𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝑰′𝑺𝟏 − 𝑰′𝜸𝒎𝒂𝒙) 3. 29 

𝑰′𝜷𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑷′𝜷, 𝑰′𝑺𝟐) 3. 30 

𝑰′𝜷𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝑰′𝑺𝟐 − 𝑰′𝜸𝒎𝒂𝒙) , 3. 31 

𝑰′𝜸𝒎𝒂𝒙𝟏 = 𝒎𝒊𝒏(𝑷′𝜸𝟏, 𝑰′𝑺𝟏) 3. 32 

𝑰′𝜸𝒎𝒂𝒙𝟐 = 𝒎𝒊𝒏(𝑷′𝜸𝟐, 𝑰′𝑺𝟐) 3. 33 

𝑰′𝜸𝒎𝒊𝒏𝟏 = 𝒎𝒂𝒙(𝟎, 𝑰′𝑺𝟏 − 𝑰′𝜶𝒎𝒂𝒙) 3. 34 

𝑰′𝜸𝒎𝒊𝒏𝟐 = 𝒎𝒂𝒙(𝟎, 𝑰′𝑺𝟐 − 𝑰′𝜷𝒎𝒂𝒙) 3. 35 

𝑰′𝜸𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑰′𝜸𝒎𝒂𝒙𝟏, 𝑰′𝜸𝒎𝒂𝒙𝟐) 3. 36 

𝑰′𝜸𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝑰′𝜸𝒎𝒊𝒏𝟏, 𝑰′𝜸𝒎𝒊𝒏𝟐) 3. 37 
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Returning to the example illustrated in Figure 3.14 and Equations 3.16 through 3.25, these values 

can now be calculated to be the following. 

𝑰′𝜶𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝟒. 𝟓, 𝟓) = 𝟒.𝟓 3. 38 

𝑰′𝜷𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝟏. 𝟓, 𝟐) = 𝟏.𝟓 3. 39 

𝑰′𝜸𝒎𝒂𝒙𝟏 = 𝒎𝒊𝒏(𝟎. 𝟓, 𝟓) = 𝟎.𝟓 3. 40 

𝑰′𝜸𝒎𝒂𝒙𝟐 = 𝒎𝒊𝒏(𝟎. 𝟓, 𝟐) = 𝟎.𝟓 3. 41 

𝑰′𝜸𝒎𝒊𝒏𝟏 = 𝒎𝒂𝒙(𝟎, 𝟓 − 𝟒. 𝟓) = 𝟎.𝟓 3. 42 

𝑰′𝜸𝒎𝒊𝒏𝟐 = 𝒎𝒂𝒙(𝟎, 𝟐 − 𝟏. 𝟓) = 𝟎.𝟓 3. 43 

𝑰′𝜸𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝟎. 𝟓, 𝟎. 𝟓) = 𝟎.𝟓 3. 44 

𝑰′𝜸𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎. 𝟓, 𝟎. 𝟓) = 𝟎. 𝟓 3. 45 

𝑰′𝜶𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝟓 − 𝟎. 𝟓) = 𝟒.𝟓 3. 46 

𝑰′𝜷𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝟎, 𝟐 − 𝟎. 𝟓) = 𝟏.𝟓 3. 47 

It can be seen that using this formulation, the minimum and maximum values for I’α, I’β, and I’γ 

all converge as expected. 

Conceptually, this analysis becomes slightly muddled. Unit analysis shows that multiplying the P 

and I values, which are unitless, by area yields units of area. I find it helpful to think of I’ as 

“Effective Area of Reflection”. Using this conceptualization, one can view a measured IS = 1 (I’S 

= AS) as indicating that the entire area illuminated by the spot S is ideally reflective. A measured 

IS = 0.5 (I’S = AS/2) would indicate that half of the area illuminated by the spot S is ideally reflective. 

A measured IS = 0.0 (I’S = 0.0) would indicate that none of the area illuminated by the spot S is 

ideally reflective. In keeping with this conceptualization, a calculated I’γ = Aγ would indicate that 

the entire area illuminated by γ is ideally reflective. 
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With the I’ values of overlaps refined, the next step is to assign those overlap values to pixel 

intensity values. It should be noted that these overlap areas are independent of the pre-defined 

pixels. As a result, some overlaps may intersect multiple pixels. In this case, one must decide how 

to allocate the overlap value to those multiple pixels. Similar to the distribution of intensity in the 

overlap areas described above, I chose to apportion the contribution based on the proportion of the 

overlap area contained within the pixel. The resulting intensity value of a pixel is the sum of its 

constituent overlap contributions. Those contribution values are normalized across all pixels to 

ensure that the number of overlaps contributing to a pixel does not affect its relative intensity. 

Because the overlap areas are independent of the pre-defined pixels used for data capture, their 

physical size and location can be used to define a new pixel array. The size and location of the new 

pixels can be independent of the original measured pixels. The new pixel array would ideally be 

chosen to maximize feature definition and localization. One implementation would be to subdivide 

the original pixels (e.g. splitting one pixel into four equally sized sub-pixels). This method would 

result in increased resolution. A more advanced approach would be to dynamically define pixel 

size and location to match overlap values most indicative of features. The colocation of pixels and 

overlaps of interest would result in the more accurate overlap to pixel value allocation and the 

minimization of feature returns being spread among multiple pixels. This method would yield both 

increased resolution and feature definition and localization. 

3.3 Incorporating the Airy Pattern 

The analysis discussed thus far has been based on two simplified assumptions. The first assumption 

is that the focal spot can be represented by the Airy disk and that all of the measured signal can be 
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attributed to this portion of the Airy pattern. In reality, the measured signal could correspond to 

one of the outer rings on the Airy pattern. The second assumption is that the intensity of the signal 

is evenly distributed throughout the spot. In reality, the intensity of the signal is described by 

Equation 2.3. This second assumption is the one used to simplify the intensity proportion 

calculation described in Equation 3.3. These two assumptions are used as first order 

approximations because they greatly simplify the required calculations while yielding reasonable 

results in most cases. However, to get a more complete analysis, these secondary factors must be 

included. 

One method was used to account for both of these factors. That method is the integration of 

Equation 2.3, describing the intensity of light in the focal plane, over the area of overlap of focal 

spots to determine the probability of the return signal being attributable to that area. Using this 

approach, the amount of signal that can be attributed to a subsection of a spot is determined using 

the proportion of intensity within that subsection (as determined by Equation 2.3) instead of the 

earlier approximation using the proportion of the area. In other words, Equation 3.2 is used to 

calculate the intensity proportion for analysis (Equations 3.28 through 3.37) instead of Equation 

3.3. 

The application of this method is pictured in Figure 3.15, which shows overlapping focal spots S1 

and S2 with the plot of the intensity of the signal incident on the sample at spot S1 with respect to 

the radial distance (red curve) overlaid on spot S1. As discussed in Chapter 3.2, to determine the 

proportion of the signal intensity attributable to the area of overlap with spot S2, the integral of 

intensity, as described by Equation 2.3, is calculated from r1 to r2 along the appropriate angles, 𝜙1 
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to 𝜙2. Pictured in Figure 3.15 is the value calculated by using the integral of Equation 2.3 along the 

angle connecting the centers of S1 and S2, as represented by the shaded area (blue) under the red curve. 

 

Figure 3.15. Overlapping focal spots overlaid with the plot of the intensity, demonstrating 

the portion of the function over which the integral is taken: focal spot size = Airy disk. 

This method can also be used to account for the lesser rings of the Airy pattern. Recall that the 

Airy disk traditionally used as the approximation of the focal spot. Recall also that it is defined as 

the central lobe of the diffraction pattern created when light passes through a circular lens. The 

Airy disk is bounded by the first intensity minimum of the intensity function described by Equation 

2.3. It is possible to define the focal spot diameter by any of the intensity minima. If a different 

minimum were used (N>1), the defined focal spot would include the outer rings of the Airy pattern 

bounded by that minimum. Then, the same method of subarea intensity proportion calculation can 
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be used to determine the amount of signal attributable to that overlap. Figure 3.16 demonstrates 

this concept with N = 3. 

 

Figure 3.16. Overlapping focal spots overlaid with the plot of the intensity, demonstrating 

the portion of the function over which the integral is taken: focal spot size = Airy disk plus 

two outer rings. 

The only difference in the analysis performed in Figure 3.15 and Figure 3.16 is the size of the area 

which is considered to be part of the spot. In Figure 3.15, the spot size is bounded by the first 

minimum of the intensity function described in Equation 2.3 (N=1). In Figure 3.16, the spot size 

is bounded by the third minimum of the intensity function (N=3). 

A comparison of Figure 3.15 and Figure 3.16 shows that the total area of overlap is similar. 

However, the integral from r0 to r1 in Figure 3.16 will yield a significantly smaller value than the 

corresponding integral in Figure 3.15. This means that a smaller proportion of the return signal is 
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attributable to the overlap in Figure 3.16 than to the overlap in Figure 3.15. In other words, while 

it is possible that some of the return signal is from an area illuminated by the outer rings of the 

Airy pattern, it is less probable. Using this method to account for both of the above assumptions, 

it is possible to more accurately perform the image processing analysis outlined in the previous 

chapters. 

This method of analysis does introduce another complication that is not immediately obvious. This 

complication arises from the fact that the non-uniform nature of the focal pattern intensity resulting 

in overlapping focal spots illuminating the same feature with differing intensity. An example of 

this situation is illustrated in Figure 3.17. 

 

Figure 3.17. Star-shaped feature illuminated by two spots, S1 and S2. 

It can be seen in Figure 3.17 that the star-shaped feature is at the outer radius of spot S1, but closer 

to the center of spot S2. If these spots are viewed individually with the feature and intensity function 
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overlaid (Figure 3.18 and Figure 3.19), it can be seen that the intensity of light illuminating feature 

differs between S1 and S2. 

 

Figure 3.18. Star-shaped feature illuminated by two spots, S1 and S2, with intensity function 

of S1 overlaid. The portion of the intensity function interacting with the feature is enclosed by 

the black bars. 
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Figure 3.19. Star-shaped feature illuminated by two spots, S1 and S2, with intensity function 

of S2 overlaid. The portion of the intensity function interacting with the feature is enclosed by 

the black bars. 

The result of this difference is that the values for I’γ1 and I’γ2 calculated from Equations 3.32 

through 3.35 are not directly comparable as done in Equations 3.36 and 3.37. In order to refine 

I’γmin and I’γmax, a method to account for illumination intensity must be developed. 

In the simple case illustrated in Figure 3.18 and Figure 3.19, the only reflective part of the surface 

illuminated by S1 and S2 is the ideally reflective star-shaped feature. Even though they are 

illuminating the same feature, the measured intensity will not be equal, i.e. IS1 ≠ IS2. These values 

are assumed to be equal when using the first order approximation of uniform intensity distribution. 

With the more complete analysis incorporating the focal pattern intensity profile, this difference 

must be accounted for. This is where the concept of Effective Area of Reflection is once again 

useful. Though Equations 3.25 and 3.26 are valid for the first order approximation, a new method 

for determining the Effective Area of Reflection, I’, is necessary. Conceptually, there exists an area 
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of ideally reflective space, which results in a measured IS1 when illuminated by S1, and IS2 when 

illuminated by S2. This space need not be contiguous, but in this example it is the star-shaped 

feature. The trick is to find this Effective Area of Reflection. With I’ calculated, the analysis can 

proceed in the same manner as previously described. 

In order to calculate the Effective Area of Reflection for a focal spot, S, with non-uniform intensity 

distribution, it is necessary to take step back and realize that the measured intensity value for S 

corresponds to a range of I’ values. A small amount of reflective area at the center of the focal spot, 

the area of higher intensity, would produce the same measured return signal as a larger amount of 

reflective area at the outer edge of the focal spot. Following this logic, it is possible to determine 

a minimum and maximum radius of ideally reflective space which satisfy the measured return 

signal for a given focal spot, S. The minimum radius, rmin, describes the smallest area of ideally 

reflective space required to produce the measured return signal. This space would exist at the center 

of the focal spot and occupy the space from r = 0 to r = rmin. The maximum radius, rmax, described 

the largest area of ideally reflective space required to produce the measured return signal. This 

space would exist at the outer part of the focal spot and occupy the space from r = rmax to r = Rs. 

The actual value of the Effective Area of Reflection for the given focal spot must lie between these 

two area values. 

The minimum radius, rmin, can be determined by integrating Equation 2.3 from 0 to 2π and from 

the center out to rmin, and setting the value equal to the measured intensity of the focal spot, IS. 

𝑰𝑺 = ∫ ∫ 𝑰(𝒓)
𝟐𝝅

𝟎

𝒅𝝓𝒅𝒓
𝒓𝒎𝒊𝒏

𝟎

3. 48 

Equation 3.48 can be simplified as: 



59 

 

𝑰𝑺 =  𝟐𝝅∫ 𝑰(𝒓)𝒅𝒓.
𝒓𝒎𝒊𝒏

𝟎

3. 49 

By solving for rmin, the minimum Effective Area of Reflection for S, I’Smin, can be calculated using 

Equation 3.50.  

𝑰′
𝑺𝒎𝒊𝒏 = ∫ ∫ 𝒓

𝟐𝝅

𝟎

𝒅𝝓𝒅𝒓
𝒓𝒎𝒊𝒏

𝟎

= 𝝅𝒓𝒎𝒊𝒏
𝟐 3. 50 

This minimum area within S1 is illustrated as red in a notional example in Figure 3.20. 

 

Figure 3.20. Focal spot with minimum reflective area, shaded red, corresponding to a 

notional measured intensity IS. 

Likewise, the maximum radius, rmax, can be determined by integrating the same equation from 0 

to 2π and from rmax to the radius of the focal spot, R. 

𝑰𝑺 =  𝟐𝝅∫ 𝑰(𝒓)𝒅𝒓.
𝑹

𝒓𝒎𝒂𝒙

3. 51 

By solving for rmax, the maximum Effective Area of Reflection for S1, I’S1max, can be expressed as: 
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𝑰′
𝑺𝒎𝒂𝒙 = ∫ ∫ 𝒓

𝟐𝝅

𝟎

𝒅𝝓𝒅𝒓
𝑹

𝒓𝒎𝒂𝒙

= 𝝅(𝑹𝟐 − 𝒓𝒎𝒂𝒙
𝟐
) 3. 52 

This maximum area within S is illustrated as red in the same example in Figure 3.21. 

 

Figure 3.21. Focal spot with maximum reflective area, shaded red, corresponding to a 

notional measured intensity IS. 

Using the same techniques, the Effective Area of Reflection for an overlap between focal spots S1 

and S2 can be determined. For the area of overlap between S1 and S2, γ, the minimum radius, rmin, 

for the Effective Area of Reflection can be calculated using Equation 3.53: 

𝑰𝜸𝒎𝒊𝒏𝟏 = ∫ ∫ 𝑰(𝒓)
𝝓𝟐

𝝓𝟏

𝒅𝝓𝒅𝒓
𝒓𝒎𝒊𝒏

𝒓𝟏

3. 53 

where r1 is the shortest radius from the center of S1 to γ at a given 𝜙 and Iγmin1 is given by Equation 

3.12. It is important to remember from the previous discussion in Chapter 3.2 that r and 𝜙 are 

codependent. The same methods employed in that discussion must be utilized in this case. 
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Solving for rmin yields the ability to calculate the minimum Effective Area of Reflection using 

Equation 3.54. 

𝑰′𝜸𝒎𝒊𝒏𝟏 = ∫ ∫ 𝒓
𝝓𝟐

𝝓𝟏

𝒅𝝓𝒅𝒓
𝒓𝒎𝒊𝒏

𝒓𝟏

3. 54 

Figure 3.22 illustrates a nominal example of minimum Effective Area of Reflection, shaded in red, 

of the overlap between focal spots S1 and S2. 

 

Figure 3.22. Focal spots S1 and S2 with minimum reflective area within their overlap, 

shaded red, corresponding to a notional measured intensity IS1. 

The same method can be employed to calculate the maximum Effective Area of Reflection for 

subarea γ. In this case, the equation used to find rmax is: 

𝑰𝜸𝒎𝒂𝒙𝟏 = ∫ ∫ 𝑰(𝒓)
𝝓𝟐

𝝓𝟏

𝒅𝝓𝒅𝒓
𝒓𝟐

𝒓𝒎𝒂𝒙

3. 55 
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where r2 is the longest radius from the center of S1 to γ at a given 𝜙, r = f(𝜙), 𝜙 = g(r), and Iγmax1 

is given by Equation 3.10. Solving Equation 3.55 for rmax allows for the calculation of the 

maximum Effective Area of Reflection using Equation 3.56. 

𝑰′𝜸𝒎𝒂𝒙𝟏 = ∫ ∫ 𝒓
𝝓𝟐

𝝓𝟏

𝒅𝝓𝒅𝒓
𝒓𝟐

𝒓𝒎𝒂𝒙

3. 56 

Figure 3.23 illustrates the maximum Effective Area of Reflection, shaded in red, of the same 

nominal example of the overlap between focal spots S1 and S2. 

 

Figure 3.23. Focal spots S1 and S2 with maximum reflective area within their overlap, 

shaded red, corresponding to a notional measured intensity IS1. 

The previous paragraphs described the derivation of I’γmin1 and I’γmax1 with respect to focal spot 

S1. Equations 3.52 through 3.56 can also be used to calculate the minimum and maximum Effective 

Area of Reflection for the subarea γ with respect to focal spot S2. Given I’γmin1, I’γmin2, I’γmax1, and 

I’γmax2, Equations 3.36 and 3.37 can be used to refine the minimum and maximum Effective Area 
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of Reflection for the area of overlap. From there, the analysis can proceed as described in previous 

chapters. 

3.4 Approximation of the Airy Pattern 

In order to calculate the minimum Effective Area of Reflection, I’Smin, from Equation 3.50, it is 

necessary to solve Equation 3.49 for rmin using the measured intensity value for the spot, Is. 

Equation 3.49 involves taking the integral of the intensity function described by Equation 2.3. The 

presence of the Bessel function, J1, in the equation necessitates utilizing numerical methods to 

solve for rmin because an analytical solution to the integral cannot be found. The same holds true 

when solving for rmax in Equation 3.51, rmin and 𝜙 in Equation 3.53, and rmax and 𝜙 in Equation 

3.55. Additionally, computing Bessel functions can be resource intensive. As such, using an 

approximation for the intensity of the focused light which allows for an analytical solution would 

be beneficial. 

The most common method is to approximate the Airy disk with a Gaussian profile. In general 

terms, a Gaussian function takes the form: [55] 

𝒇(𝒙) =  𝑨𝒆
−
(𝒙−𝒄)𝟐

𝟐𝝈𝟐 , 3. 57 

where A is the amplitude of the peak, c is the center of the peak, and σ is the Gaussian root mean 

square, RMS, which corresponds to the width of the curve. This method approximates the intensity 

profile by fitting the Gaussian function to the main lobe of the diffraction pattern described by 

Equation 2.3. In this approximation, the intensity in the focal plane can be expressed as a function 

of the radial distance, r, from the spot center. [56] 
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𝑰(𝒓) ≈  𝑰𝟎𝒆
−

𝒓𝟐

𝟐𝝈𝟐 , 3. 58 

In this case the accuracy of this function is dependent on the value of σ. Since the value of σ 

dictates the width of the curve, a value yielding an accurate representation of the Airy disk should 

be selected. A common value for σ associated with the optimal approximation is: [56] 

𝝈 = 𝟎.𝟒𝟐𝝀
𝒇

𝑫𝒍
. 3. 59 

The integral of Equation 3.58 can be expressed as: 

∫𝑰(𝒓)𝒅𝒓 ≈  𝑰𝟎√
𝝅

𝟐
𝝈𝑬𝑹𝑭(𝒓), 3. 60 

where ERF(r) is the error function. The error function can be expressed using Equation 3.60. [57] 

𝑬𝑹𝑭(𝒙) =  
𝟐

√𝝅
∫ 𝒆−𝒕𝟐𝒅𝒕

𝒙

𝟎

3. 61 

This approximation does prove to be less computationally intensive. However, since the integral 

of the Gaussian function yields the error function, this approximation does not allow for an 

analytical solution either. Additionally, the Gaussian function does not accurately represent the 

outer rings of the Airy pattern. As a result, it will not be implemented in this project’s algorithm. 

It is included in this paper for completeness. 

3.5 Effective Area of Reflection Value Refinement 

The previous discussion has covered the definition and calculation of the Effective Area of 

Reflection for both focal spots and overlaps between focal spots. In addition to this, there are 

methods which can be employed to refine the minimum and maximum values. In the best-case 

scenario, the values would be refined to a single value. However, bringing the minimum and 
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maximum values closer together is useful as well. Below is a description of the refinement methods 

explored and utilized in this research. 

Equations 3.48 through 3.52 describe the process through which the minimum and maximum 

values of Effective Area of Reflection for a measured spot, I’Smin and I’Smax, can be calculated. If 

those values do not converge to a single value, they can be refined from other focal spots from 

within the same measurement pulse. This scenario is illustrated in Figure 3.24, where the two spots 

S1 and S2 are constituent spots of the same pulse with differing sizes. 

 

Figure 3.24. Example of a two focal spots, S1 and S2, of differing spot size, which are 

members of the same measurement pulse. 

In this scenario, S1 is smaller in diameter than S2. Because they are contained within the same pulse 

and both measuring the space within S1, it can be concluded that I’S2min must be greater than or 

equal to I’S1min. Likewise, I’S1max must be less than or equal to I’S2max. A value of I’S2min greater 

than AS1 indicates that I’S1min  = I’S1max = AS1. If I’S1max equals zero (or is below the noise floor), 

then the value of I’S2min can be refined to reflect the fact that all of the measured signal for S2 is 
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from the area outside of the boundaries of S1. In addition to this, there must be at least I’S1min 

reflective area within the boundaries of S1. This can aid in refining the value of I’S2max, because it 

limits the amount of reflective area that exists outside the boundaries of S1. Conversely, a 

calculated value of I’S2max which extends into the boundaries of S1 can aid in the refinement of 

I’S1min. This scenario indicates that some of the ideally reflective area within S1 exists in the lower 

intensity area away from the spot center. This additional spot value refinement applies only in the 

case where the full formation of intensity is being used. In this case the Effective Area of Reflection 

of each focal spot is calculated to within a range. When using the first order approximation of 

uniform intensity distribution, the I’ values are calculated to an exact value. Therefore, no further 

refinement is necessary. 

The specific algorithm used for overlap refinement in this project is described below. The initial 

overlap refinement step is based on the normalized intensities of the “parent” spots (S1 and S2 in 

Figure 3.6) as described in Equations 3.28 through 3.37. This calculation can be performed at the 

definition of each overlap and requires no information of other overlaps. The next step in the 

refinement process is to use groups of overlaps which are “children” of a single spot and do not 

intersect one another to refine each other. Four examples of this scenario are illustrated in Figure 

3.25, where S1 is the “parent” focal spot of interest and each example shows a grouping of non-

intersecting “children”. The first grouping is γ1, γ2, γ3, and γ4. The second grouping is γ1, γ6, and γ7. 

The third grouping is γ1 and γ8. The fourth grouping is γ1, γ4, and γ6. 
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Figure 3.25. Four examples of groups of non-intersecting overlaps located within focal spot 

S1. 

Figure 3.25 is simply four examples of groups of non-intersecting constituent overlaps. Each focal 

spot will have multiple such groups. Additionally, each overlap sub-area can be part of multiple 

groups within each of its “parent” spots. For example, all of the groupings shown in Figure 3.25 

are groupings of constituent overlaps of S1. However, overlap γ1 is in each of the groupings. 

Overlap γ1 will also be a member of similar groupings for the constituent overlaps of spot S5. The 

number of groups will depend upon focal spot geometry and the number of frequencies used for 

analysis. The important thing to remember for this algorithm is that the sum of the intensities of 

the constituent overlap sub-areas must be less than or equal to the intensity of the “parent” spot. 

∑ 𝑰𝜸𝒏

𝑵

𝒏=𝟏

≤ 𝑰𝑺𝟏 3. 62 
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Equation 3.62 can be rewritten as Equation 3.63 to find the intensity of γ1. 

𝑰𝜸𝟏 ≤ 𝑰𝑺𝟏 − ∑ 𝑰𝜸𝒏

𝑵

𝒏=𝟐

3. 63 

In general the goal of refinement is to bring the minimum and maximum values closer together. 

This can be done by calculating a higher minimum value and/or a lower maximum value. With 

this in mind, the intensity range of γ1 can be refined further using Equations 3.64 and 3.65. 

𝑰𝜸𝟏𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑰𝜸𝟏𝒎𝒂𝒙𝟏, 𝑰𝑺𝟏 − ∑ 𝑰𝜸𝒏𝒎𝒊𝒏

𝑵

𝒏=𝟐

) 3. 64 

𝑰𝜸𝟏𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝑰𝜸𝟏𝒎𝒊𝒏, 𝑰𝑺𝟏 − ∑ 𝑰𝜸𝒏𝒎𝒂𝒙

𝑵

𝒏=𝟐

) 3. 65 

Alternatively, it can be said that the sum of the Effective Areas of Reflection, I’, of the constituent 

overlap sub-areas must be less than or equal to the I’ of the “parent” spot. Therefore, Equations 

3.62 through 3.65 can be expressed in terms of I’ as: 

∑ 𝑰′𝜸𝒏

𝑵

𝒏=𝟏

≤ 𝑰′
𝑺𝟏 3. 66 

𝑰′𝜸𝟏 ≤ 𝑰′
𝑺𝟏 − ∑ 𝑰′

𝜸𝒏

𝑵

𝒏=𝟐

3. 67 

𝑰′𝜸𝟏𝒎𝒂𝒙 = 𝒎𝒊𝒏(𝑰′𝜸𝟏𝒎𝒂𝒙𝟏, 𝑰′𝑺𝟏𝒎𝒂𝒙 − ∑ 𝑰′𝜸𝒏𝒎𝒊𝒏

𝑵

𝒏=𝟐

) 3. 68 

𝑰′𝜸𝟏𝒎𝒊𝒏 = 𝒎𝒂𝒙(𝑰′𝜸𝟏𝒎𝒊𝒏, 𝑰′𝑺𝟏𝒎𝒊𝒏 − ∑ 𝑰′𝜸𝒏𝒎𝒂𝒙

𝑵

𝒏=𝟐

) . 3. 69 
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In Equations 3.68 and 3.69 the values of I’S1min and I’S1max are used because the Effective Area of 

Reflection for each focal spot must be calculated to within a range of potential values. If the first 

order approximation of uniform intensity distribution is being used, or the range has been refined 

to a single value, it can be said that I’S1min = I’S1max = I’S1. 

Equations 3.68 and 3.69 can be used to express and refine the I’ value of any γn by taking the sum 

over all the group’s constituent overlap sub-areas that are not γn. This process is iterative in that it 

is performed over all non-overlaping groupings for all spots. It is also recursive because a change 

in the range of one γn can result in the refinement of the range of any or all of the other overlap 

sub-areas (e.g. γ2, γ3, γ4) in any of the other groupings for which it is a constituent. A change in the 

range of any of those overlap sub-areas could likewise result in the refinement of any or all of its 

co-constituents and so-on. 

3.6 Pixel Value Calculation 

As previously discussed, once the I’ value for each overlap has been refined, those values must be 

translated to pixel values. Prior to the development of this algorithm, the images were represented 

by a single intensity value per pixel. This is traditionally considered to be a grayscale image format. 

However, for use in NDT&E imaging, these are often displayed as heatmap images, where 

intensity values are represented by differing colors. The purpose for this is to draw greater 

distinction between differing pixel values. Color display choices aside, the requirement for this 

algorithm is to produce a single intensity value for each pixel. 

Later sections will cover the derivation of pixel grids. However, for now it will be assumed that 

the desired pixel grid is known. Given a pixel grid, this project must assign values to each pixel in 
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the grid. This is done for each pixel through a summation of contributions from each collocated 

overlap: 

𝑽𝒑 = ∑𝑪𝒊

𝑵

𝒊=𝟏

3. 70 

where Vp is the value of a single pixel, Ci is the overlap contribution of overlap i, and N is the 

number of collocated overlaps. 

The term collocated indicates that a given pixel and overlap share some physical space. The two 

will of course not occupy the same exact space. The overlap may be larger than the pixel, or vice 

versa. The overlap may be completely contained within the pixel, or vice versa. There may only 

be a portion of both that occupy the same space. Figure 3.26 illustrates an example of multiple 

overlaps, highlighted in red, all of which are collocated with the pixel at the center. 

 

Figure 3.26. Example of a pixel (center) with multiple collocated overlaps (red). 
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It can be seen from Figure 3.26 that the overlap size and amount of collocation varies between the 

overlaps. This example illustrates only a subset of potential collocated overlaps for the given pixel. 

The exact number and geometry of collocated overlaps for a pixel will depend upon the focal spot 

and pixel grid geometries. 

At this point, the contribution for each overlap must be defined. The approach used in this project 

is to continue with the concept of Effective Area of Reflection. The goal is therefore to derive the 

Effective Area of Reflection for a pixel based on the calculated I’ of each of its collocated overlaps. 

In this case, Vp can be renamed I’p. This approach means that a pixel corresponding to an area 

which is completely ideally reflective will have a value equal to its area. Likewise, a pixel 

corresponding to an area of zero reflection would have a value equal to zero. The value would 

therefore be bound between 0 and pixel area Ap. 

𝟎 ≤  𝑰′
𝒑  ≤  𝑨𝒑 3. 71 

It should be noted that the pixel values could easily be scaled to match whichever grayscale or 

heatmap range (e.g. 0-255, 0-1, etc.) is desired for display. If scaled, they would no longer have 

units of area. 

Since a pixel is the smallest unit of an image, the intensity value of a single pixel can be treated as 

uniformly distributed. For this reason, the method employed in this project is to treat an overlap 

collocated with a pixel as representative of that pixel. For a single collocated overlap, it could be 

said that the I’ value of the overlap can be extrapolated to describe I’ for the pixel. For a pixel with 

a single collocated overlap, I’p would be equal to I’ of the overlap scaled for the pixel size. This 

relationship can be described using Equation 3.72 
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𝑰′
𝒑 = 𝑰′

𝒊

𝑨𝒑

𝑨𝒊
3. 72 

where I’i is the Effective Area of Reflection of the overlap, Ap is the area of the pixel, and Ai is the 

area of the overlap. For N collocated overlaps I’p can be calculated using the average of the scaled 

I’ values for all collocated overlaps. In this case, Equation 3.70 can be rewritten as: 

𝑰′
𝒑 = 

𝟏

𝑵
∑𝑪𝒊,

𝑵

𝒊=𝟏

3. 73 

where 

𝑪𝒊 =  𝑰′
𝒊

𝑨𝒑

𝑨𝒊
. 3. 74 

The approach laid out in Equations 3.73 and 3.74 does ignore a potentially significant factor. That 

factor is the relative sizes of the pixel, the overlap, and the area of collocation. Depending on spot 

and pixel geometry, there will exist situations where an overlap is much larger than its collocated 

spot, or vice versa. There will also exist situations where regardless of relative size, there will be 

very little area of collocation. Examples of these situations are illustrated in Figure 3.27 through 

Figure 3.29. 
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Figure 3.27. Example of a collocated overlap (red) and pixel (square), where the pixel is 

much larger than the overlap. 

 

 

Figure 3.28. Example of a collocated overlap (red) and pixel (square), where the overlap is 

much larger than the pixel. 
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Figure 3.29. An example of a collocated overlap (red) and pixel (square), where the area of 

collocation (black) is small. 

The overlaps in these scenarios should not necessarily be given the same weight in calculating I’p 

as overlaps with more representative areas of collocation. For this reason, it may be beneficial to 

use a weighted average in calculating I’p. This is done by rewriting Equation 3.73 as: 

𝑰′
𝒑 = 

𝟏

𝑾
∑𝑪𝒊𝒘𝒊,

𝑵

𝒊=𝟏

3. 75 

where wi is the weighting factor for overlap i and 

𝑾 = ∑𝒘𝒊.

𝑵

𝒊=𝟏

3. 76 

The weighting factor, wi, should weight most highly those overlaps whose areas of collocation are 

closest to both the area of the pixel and the area of the overlap. An example of this scenario is 

illustrated in Figure 3.30. 
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Figure 3.30. An example of collocated overlap (red) and pixel (square), where the area of 

collocation is close to that of both the pixel and the overlap. 

This logic leads to two key ratios: 

𝑹𝟏 = 
𝑨𝒄

𝑨𝒑
, 3. 77 

𝑹𝟐 =  
𝑨𝒄

𝑨𝒊
, 3. 78 

where Ac is the area of collocation, Ap is the area of the pixel, and Ai is the area of overlap i. In a 

highly representative case, like that illustrated in Figure 3.30, both of these ratios would be close 

to 1. The weighting factor in this case should be high. In a less representative case, like those 

illustrated in Figure 3.27 through Figure 3.29, one or both of those ratios would be close to zero. 

In those cases, the weighting factor should be low. With this in mind, two weighting factors appear 

to be obvious choices: 

𝒘𝒊 =  
𝑨𝒄

𝟐

𝑨𝒑𝑨𝒊
, 3. 79 
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and 

𝒘𝒊 = 
𝟐𝑨𝒄

𝑨𝒑+𝑨𝒊
. 3. 80 

The method for pixel value assignment described in Equations 3.70 through 3.80 assume that a 

finite value of I’i has been calculated for each overlap. However, the previously described methods 

for Effective Area of Overlap definition and refinement narrow I’i to a range bounded by I’imin and 

I’imax. In some cases that range collapses to a single value. However, this will not likely be true for 

all overlaps. A technique must be employed to calculate a single I’ value for overlaps which do not 

converge. The method chosen in this project is calculating the mean value of I’imin and I’imax. One 

approach to achieve this is to simply calculate the mean for each non-converging overlap. Another 

approach is to calculate the mean for the overlap with the smallest range and then perform the 

above described refinement process iteratively. These steps would be repeated until all overlap 

ranges have converged. 

The range of possible I’ values of a given overlap should also factor into the pixel value assignment. 

As a basic level, with all else held equal, those overlaps with a larger range should have less 

weighting on the resulting pixel value than those which are more refined. Mathematically, the 

uncertainty in a given overlap’s Effective Area of Reflection, , can be defined as: 

𝝈𝒊 = 𝑰′
𝒊𝒎𝒂𝒙 − 𝑰′

𝒊𝒎𝒊𝒏. 3. 81 

This means that this uncertainty can be used to adjust the weighting factor. In this project, the 

weighting factor adjusted for uncertainty, w’i, is determined using Equation 3.81. 
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𝒘′𝒊 = 
𝒘𝒊

𝟏 + (
𝝈𝒊
𝑨𝒑

)
𝟐 3. 82

 

 Equation 3.74 can be rewritten as: 

𝑰′
𝒑 = 

𝟏

𝑾′
∑𝑪𝒊𝒘′𝒊,

𝑵

𝒊=𝟏

3. 83 

where 

𝑾′ = ∑𝒘′
𝒊.

𝑵

𝒊=𝟏

3. 84 
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Chapter 4 - Experimental Design 

As described in previous chapters this research uses the broadband nature of focused THz pulses 

to improve feature definition and localization in several ways. The first method for improvement 

is the intra-pulse and inter-pulse analyses described in Chapter 3. The second method is the 

redefinition of pixels in order to both increase resolution and align pixel locations with feature 

locations. The third method is the inclusion of the outer rings of the Airy pattern. 

The following chapter describes the exact implementation of the previously described algorithm 

as a MATLAB program. The chapter will detail the specific methods used to refine the overlap 

values and calculate pixel values. The methods used to redefine pixels will also be detailed. The 

chapter will also establish the methods used to test the algorithm using both simulated image data 

and real-world image data using terahertz imaging systems. 

4.1 Overlap Definition and Refinement 

The first step in implementing the solutions outlined in this project was the development of the 

intra-pulse and inter-pulse analyses. This was achieved by performing the analyses described in 

Chapter 3 using multiple focal spots of various focal diameters. The goal of this stage of the project 

is to use the measured imaging data to define the focal spots and their areas of overlap, refine the 

overlap values, and then use those overlap values to recalculate the pixel intensity values using the 

original predefined pixel grid. 

The input for this stage is the image data in the form of an L x M x N data array where M and N 

are the pixel dimensions of the image and L is number of frequency measurements. It should be 

noted that the THz detector measures the time domain waveform of the interrogation pulse (or 
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reconstructs the waveform from multiple identical pulses, as described in Chapter 1.2) using 2L 

measurements for M x N physical locations. These time domain measurements can then be used 

to calculate the frequency spectrum. Although multiple methods could be used for this frequency 

domain calculation, the Fast Fourier Transform, FFT, is used for this research. The FFT calculates 

the frequency spectrum from 0 to the sampling rate, or frequency (fs), over 2L bins. However, the 

Shannon Sampling Theorem dictates that sampling rate must be at least twice the maximum 

measured frequency, or Nyquist frequency, fc, [58, 59]. The Nyquist frequency represents the 

maximum frequency which can be detected for a given sampling frequency, and is equal to half of 

the sampling frequency. 

𝒇𝒄 =
𝒇𝒔

𝟐
4. 1 

Assuming real-valued input (which is true for THz imaging), the Shannon Sampling Theorem 

results in only the frequencies 0 to fc, or bins 1 to L, being valid. The frequencies between fc and 

fs are the symmetric complex conjugates of the valid range. Therefore, L represents the number of 

valid calculated FFT bins. In reality, the frequency spectrum, and therefore focal spot sizes, exist 

in a continuum. The discreet sampling process and FFT, being an implementation of a Discreet 

Fourier Transform (DFT), discretize the spectrum into frequency bins whose width are determined 

from fs and the total sampling period. The magnitude of each bin represents the average intensity 

over the frequency range corresponding to the bin width. This bin magnitude corresponds to the 

average measured intensity of a range of spot sizes calculated from the bin’s frequency range and 

Equation 2.5. In practice, each of the L bins is treated as a discreet finite frequency. This project 

calculates (using Equation 2.5) a single focal spot radius corresponding to each frequency bin. The 

magnitude of each bin corresponds to the measured intensity of these focal spots. 
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The algorithm used for project uses the data formatted in this M x N manner. Given the physical 

spacing of the M x N measurements, the physical (X, Y) location of each measured spot can be 

determined. The algorithm computes the (X, Y) location of the focal spots’ center. All focal spots 

contained within a pulse will have the same center, and differing radii. Given the position and size 

of the M x N x L focal spots, the geometry (size, location, and shape) of the resulting overlaps can 

be calculated. As described in Chapter 3.2, given the overlap geometry and the normalized focal 

spot intensity values, the possible intensity ranges for can be defined and refined. The focal spot 

intensities are normalized by dividing each M x N value for a given L by the maximum value in 

that range, i.e. normalizing all measurements for a given frequency by dividing by the maximum 

response for that frequency. This method ensures that Imax = 1. 

The focal spot and overlap values are refined using the methods described in Chapter 3. The 

effectiveness of those refinement methods will be explored for a variety of geometries. 

Additionally, this project will compare the results of both of the weighting factors described in 

Equations 3.79 and 3.80 along with the unweighted summation (wi = 1) for a variety of spot and 

pixel geometries. 

4.2 Pixel Re-Definition 

The processes outlined in Chapter 3.6 for pixel value calculation do not require a specific, pre-

defined pixel geometry. The standard method for pixel definition is to select a pixel geometry that 

matches the measurement pulse geometry. In this case, the pixels are co-centered with the 

measurement pulses and have a size defined by the distance between pulses. However, any pixel 

grid geometry could be utilized in the above-described algorithm. The next step in implementing 
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the solutions outlined in this project is the development of a functional algorithm to re-define 

image pixels for improved feature definition and localization. 

The method of pixel re-definition pursued in this project is the subdivision of the existing original 

pixel geometry. This approach has the advantages of achieving increased resolution, while 

conceptually maintaining a link to the original measured geometry. There are obviously infinite 

ways to subdivide any given pixel. This project investigated and implemented several intuitive 

subdivision schemas.  

The first subdivision schema investigated is halving the dimension of the original pixels. This 

would create four pixels from each original pixel. This schema is illustrated in Figure 4.1. 

 

Figure 4.1. An illustration of an original pixel (thick black border) of dimension x divided 

into four equal parts (thin black lines) each with a dimension of x/2. 

This approach is arguably the most intuitive as it increases the resolution by halving the dimension 

of the pixels and quadruples pixel count. For this reason, this project investigated the use of this 

subdivision schema. An examination of Figure 3.26 and Figure 4.2 reveals a potential downside 

to this approach.  
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Figure 4.2. Example of an original pixel (center) with a group of collocated overlaps (red). 

That downside comes from the symmetry illustrated in these figures. Many of an original pixel’s 

collocated overlaps are symmetric about the center of the pixel. By bisecting the pixel, many of 

those overlaps are bisected as well. This will decrease the weighting factor described in Chapter 

3.6. More importantly, the overlap bisection will result in equal weighting going to both of the 

new bisecting pixels. This yields equal contributions from many overlaps and potentially similar 

sub-pixels. The net result will be increased resolution, but not a guaranteed improvement in 

localization. 

Another subdivision schema which was investigated is dividing the original dimension by a factor 

of three. This scenario is illustrated in Figure 4.3. 
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Figure 4.3. An illustration of an original pixel (thick black border) of dimension x divided 

into nine equal parts (thin black lines) each with a dimension of x/3. 

This trisecting method further increases the resolution of the image to a factor of nine while 

avoiding the equal division of those overlaps which are symmetric about the center of the original 

pixel. The result will be that each overlap will have fewer occasions of equal contributions to 

multiple sub-pixels. This however does not guarantee an accurate depiction of the measured 

structure. Remember that each overlap is assumed to have uniform I’ distribution for pixel value 

calculation. An overlap’s contribution to multiple pixels does not designate which of those pixels 

contains a feature. That distinction is achieved through the aggregate of multiple overlap 

contributions into each pixel. What this means is that further subdivision of pixels results in 

overlaps contributing to more and more pixels. At some point the distinction between pixels does 

not provide useful information. This project investigated the effectiveness of this schema in 

differing geometries. 

Another subdivision schema investigated by this project is dividing the original pixel dimension 

by a factor of 1.5. This subdivision is slightly less intuitive and harder to mentally visualize. The 

net effect is that 4 pixels of the original size become 9 sub-pixels. The schema is illustrated in 

Figure 4.4. 
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Figure 4.4. An illustration of four original pixels (thick black border) of dimension x 

divided into nine equal parts (thin black lines) each with a dimension of x/1.5. 

This method achieves both goals of increasing resolution and reducing identical overlap 

contributions to neighboring subpixels. However, it does not increase resolution as much as the 

previously described schemas. Additionally, while the overlap symmetry about original pixel 

center contributes to identical overlap contributions, it does yield similar profiles of collocated 

overlaps for each pixel. This can be explained from the fact that in the bisected schema the sub-

pixels are equidistance from the focal spot centers. In the x/1.5 schema, neighboring pixels will 

have contributions from differing numbers of overlaps in differing orientations. This concept is 

illustrated in Figure 4.5 and Figure 4.6. 
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Figure 4.5. An illustration of four original pixels showing equal orientations to an overlap 

pattern. 

 

Figure 4.6. An illustration of nine subdivided pixels showing unequal orientations to an 

overlap pattern. 

This could introduce artifacts and irregularities into the calculated sub-pixel values. This project 

investigated the effectiveness of this schema in differing geometries. 
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The last subdivision schema investigated for this project is the least intuitive and most complex of 

the strategies. This schema was developed by studying groupings of non-intersecting overlaps 

which are collocated with the original pixels. Examples of these are illustrated in Figure 3.26 and 

Figure 4.2. It can be seen from these images that there exist symmetries about the horizontal 

(Figure 4.2) and vertical (Figure 3.26) axes of the pixels. Though only these two examples are 

illustrated, similar symmetries exist in many other overlap groupings. If the goal is to maximize 

the weighting factor of a given overlap for a given pixel, then a subdivision schema should aim to 

reduce overlap division while reducing pixel size. With the vertical symmetry illustrated in Figure 

3.26, this can be achieved by bisecting the pixel vertically. This results in two rectangle-shaped 

pixels, each containing undivided overlaps. This bisection is illustrated in Figure 4.7. 

 

Figure 4.7. Vertical bisection of the pixel. 

In the same manner, a horizontal bisection of the same pixel also yields two rectangle-shaped 

pixels, each containing undivided pixels. The horizontal bisection is illustrated in Figure 4.8. 
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Figure 4.8. Horizontal bisection of the pixel. 

These images show only a small subset of all the overlaps collocated with the pixel. However, the 

vertical and horizontal symmetries exist in a large number of overlap groupings. Bisecting 

vertically and horizontally separately yields four rectangle-shaped pixels, each containing multiple 

undivided overlaps. The value for each of these four pixels can be calculated using the method 

described in Chapter 3.6. The key advantage is that those undivided overlaps will have a higher 

weighting factor for the new pixels, as calculated by Equations 3.79 or 3.80, than the original pixel 

or any of the subdivision schemas outlined previously. From those four rectangle-shaped pixels, 

four square-shaped pixels, identical to those illustrated in Figure 4.1, can be derived. The value of 

each of those square-shaped pixels is the product of an and function between the two rectangle-

shaped pixels which overlap in the same location. In this manner, a feature can be localized to a 

quadrant of the original pixel if it is detected in both the horizontal and vertical sub-pixel which 

overlap in the quadrant. This project investigated the effectiveness of this schema in differing 

geometries. 
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4.3 Airy Pattern Incorporation 

The third step in implementing the solutions outlined in this project is the incorporation of the 

outer rings of the Airy pattern into the previous methods. The basics for the incorporation of the 

Airy pattern are outlined in Chapter 3.3. To summarize, the Airy pattern can be included by 

increasing the defined focal spot size to include some number of the outer rings. The methods 

described in earlier chapters can continue to be used without change. Conceptually, the key to this 

is the intensity proportion, P, as described in Equation 3.2. For calculations involving subareas 

containing the outer rings of the Airy pattern, the proportion will be low. This is because the 

intensity described by Equation 2.3 at the outer radii of the diffraction pattern is low. As described 

in Chapter 3, this method requires the discarding of the first order approximation of uniform 

intensity distribution. Instead the complete expression described in Equation 3.2 is used. 

Each ring of the Airy pattern is, in reality, a local maximum of intensity, as described by Equation 

2.3. Each maximum, or ring, is bordered on both sides by a zero of the same function. The standard 

convention is to define the rings as bound by those zeros. In this project, the zeros were found by 

solving for the zeros of the Bessel function, J1(r). The zeros were numbered 1 through N. In this 

convention, the main lobe, or Airy disk, is bounded by the N=1. The first ring is bounded by N=2. 

For the second ring N=3, and so on. 

Up until this point in the analysis, all focal spot diameters have been determined by using the N=1. 

In order to investigate the effect of the outer rings, the focal spot diameter is determined using 

N>1. There is no theoretical limit on the value of N used. Practically, the intensity of rings 

decreases radially. Therefore, incorporating additional rings yields diminishing returns. It should 
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also be noted that increasing the focal spot diameter will result in an increase in the number of 

overlaps as well as the size of the overlaps. If pixel size remains the same, this will result in more 

contributions for each pixel, but decreased weighting factors for those contributions. For these 

reasons, this project attempts to focus on incorporating only the number of outer rings which offer 

a non-negligible effect on the analysis. 

This project investigated the focal spot diameters of N=1 through N=4. The N=1 diameter 

corresponds to the main lobe and is investigated in the earlier chapters. The rings associated with 

N=2 through N=4 have relative intensities of 0.0175, 0.0042, and 0.0078 respectively. Diameters 

associated with higher N values were deemed to have a negligible addition to the measured 

intensity. These higher N values were compared to the N=1 findings from earlier chapters to 

evaluate their impact on the image. 

4.4 Simulated Image Data 

The most efficient way to develop and test the algorithms is to use simulated image data. This 

allows for the exact sizing and placement of features in relation to pixels and measurement pulses. 

It also allows for the development and testing of methods and algorithms without the presence of 

noise. This means that specific geometries of interest can be studied. Additionally, the results of 

the algorithms in development can be compared directly with truth data. 

This project produces the simulated image data by simulating the return from an ideal surface 

produced by measurement pulses in a specified geometry. For the purposes of this project an ideal 

surface means a surface which is either perfectly reflective, or perfectly non-reflective (via 

scattering or absorption). The simulated return from this surface is the normalized intensity. So a 
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focal spot illuminating a reflective surface would have a measured value of 1. A focal spot 

illuminating a non-reflective surface would have a measured value of 0. A focal spot partially 

illuminating a reflective surface would have a measured value determined by the proportion of 

intensity illuminating the reflective area. This value is calculated using Equation 3.6 where the 

sub-area is the area of reflection. 

The simulated surface is divided into a grid of reflective or non-reflective squares smaller than the 

measurement spot spacing. For reference, the size of the original measured pixels is equal to 

measurement spot spacing. This surface grid sizing allows for the simulation of features which are 

smaller than the original pixels. An example of a simulated surface grid is illustrated in Figure 4.9 

where a reflective square is red and a non-reflective square is white. 

 

Figure 4.9. Example of a simulated surface grid, with a reflective square in red. 

The measurement pulses are then simulated as containing 4 constituent frequencies corresponding 

to N=1 radii larger than the pulse spacing through smaller than pulse spacing. The number 4 was 



91 

 

selected to allow for the desired range of focal spot sizes, while not exhausting the computing 

resources available. This geometry is illustrated in Figure 4.10 where several measurement pulses, 

containing several of their constituent focal spots, are shown on the simulated surface grid. 

 

Figure 4.10. Example of a simulated surface grid, with measurement pulses and constituent 

focal spots overlaid. 

Figure 4.11 illustrates the combination of Figure 4.9 and Figure 4.10 where the measurement 

pulses, simulated surface grid, and reflective squares are drawn. 
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Figure 4.11. Example of a simulated surface grid, with reflective square (red) and 

measurement pulses and constituent focal spots overlaid. 

The simulated surface is large enough to ensure that any spot does not measure space outside of 

the surface. This is to ensure that no issues arise due to boundary conditions. 

Simulated surfaces were generated for a variety of geometries including feature sizes larger than, 

equal to, and smaller than the original pixel size. Additionally, surfaces were generated where 

features were represented as reflective and where features where represented as non-reflective. 

Analysis was done to evaluate the algorithm using these conditions. 

4.5 Real-World Image Data 

After work is done to evaluate the methods and geometries described in the previous chapters, the 

project utilizes the most effective of these on real world terahertz images. These images were 

gathered using the table-top laboratory imaging system described in Chapter 1.4. This is done 

because the ultimate goal of this project is to aid and improve the use of THz imaging systems for 

use in nondestructive test and evaluation. 
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This system is capable of many different configurations. However, the typical lens configuration 

used for this project is the monostatic transmit and receive setup. The lens most often used is a 3 

inch diameter lens with a 3 inch focal length. The output pulse has a width of 80 picoseconds (10-

12 seconds). Both the T-Ray 4000 and 5000 are capable of measuring 1000 waveforms per second. 

For the T-Ray 4000 system, the waveform is reconstructed from 400 independent measurements 

from a pulse train of 400 identical pulses (described in Chapter 1.2). With 400 measurements in 

an effective sampling period of 80 picoseconds, the sampling rate of the system is 0.2 THz. These 

sampling characteristics yield a 400 bin FFT with 200 real-valued bins. The frequency range of 

these 200 bins is 2.5 THz. For the T-Ray 5000 system, the waveform is reconstructed from 1600 

measurements from a pulse train of 1600 identical pulses. This results in an effective sampling rate 

of 0.8 THz and 800 real-valued FFT bins with a bandwidth of 10 THz. The bin width for both 

systems is 12.5 GHz 

The bandwidth of the bare photoconductive antenna used for this research is approximately 0.02 

THz to 1.5 THz. This bandwidth approximately corresponds to frequency bins 2 through 120 for 

both the T-Ray 4000 and the T-Ray 5000. The actual useful bandwidth of the measurement pulses 

depends upon the specifics of the sample being imaged. In the case of transmission imaging, the 

transmission properties and thickness of the material limit the useable bandwidth. In the case of 

reflective imaging, the reflective properties of the sample limit the useable bandwidth. As 

described in Chapter 1, many common materials are transparent to THz waves. For this reason, it 

is common to reflectively image one material (e.g. metal) which lies beneath a layer of another 

THz transparent material. In this case, the properties of both materials dictate the useable 

bandwidth range. 
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From Equation 2.5, and the above described lens configuration, focal spot diameters corresponding 

to the above described frequency bins can be calculated. The focal spots within the useable 

bandwidth range in diameter from 29.3 mm to 0.488 mm. For this research, a subset of 4 focal spot 

sizes is selected from within the useable frequency range. This number was selected to match the 

number used in the simulated data analysis. The 4 selected focal spots chosen range in diameter 

from larger than the original pixel width to smaller than it. This subset of focal spot measurements 

is then used in the algorithms described in previous chapters to evaluate their effectiveness. 

The pixel size is user defined and is set via the control software. The size value used is variable, 

depending on sample and application. There are many factors which influence desired pixel size 

including: required feature size, useable bandwidth, motion controller precision and accuracy, and 

required scan time. Typically a pixel size of ~0.25 mm2 (width ~0.5 mm) is used as the minimum 

pixel size. This size corresponds to the diffraction limit (from Equation 2.5) for the minimum 

useable wavelength for most materials of interest. This pixel size is typically sufficient resolution 

for the imaging applications of concern to this research. Oversampling with pixel sizes smaller 

than 0.25 mm2 has been tested in-house, but showed minimal difference. A smaller pixel size 

results in longer scan times and larger image datasets, which are more cumbersome to process. 

In order to improve signal quality and reduce noise, both the T-Ray 4000 and T-Ray 5000 allow 

for waveform averaging. With waveform averaging, the waveform for a measurement pixel is 

calculated from an average of R waveforms. R is a user-defined number of waveforms. Recall that 

a single waveform is reconstructed from N independent pulses (400 for the T-Ray 4000 and 1600 

for the T-Ray 5000). So, for an average of R waveforms, R*N pulses must be sampled. It is also 

important to note that for the motion control system used in this research, the measurement unit is 
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continuously moving. The rate of motion is low enough compared to the pulse repetition rate of 

the system that the waveform reconstruction is not affected. However, the R averaged waveforms 

are taken from slightly different locations within the resulting pixel. For the purposes of this 

research, the measured waveforms associated with each pixel are assumed to be associated with a 

single location at the center of the pixel. 

A significant point of interest with the THz imaging system as described is the total scan time, or 

time taken to acquire an image. There are multiple factors which contribute to the scan time, 

including: the measurement rate (waveforms per second), the number of waveforms averaged, the 

raster motion rate of the motion control system, measurement pixel size, and the size of the sample. 

These factors can also be interdependent. While there is an absolute limit on raster speed, the 

useable rate of motion is a factor of the pixel size, measurement rate, and number of averages. The 

system must move at a rate which allows for the required number of measurements to be made 

within the user-specified pixel size. When choosing values for the user-defined parameters, the 

user must weigh the tradeoffs between resolution, signal quality, and scan time. 
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Chapter 5 - Experimental Results 

As described in Chapter 4, the image processing algorithm developed in the project was 

implemented as a MATLAB program. The following chapter will outline the results obtained from 

this program for a variety of geometries and analysis techniques. Those analysis techniques are 

outlined in Chapter 4. 

As previously discussed, there are multiple options for the format with which to display image 

data. In the case of this research, each pixel is recorded as a single intensity value. For this type of 

image data, the most common display choices are grayscale and heatmap. This project did not find 

a significant difference in the rendering of the images created using this research’s algorithm 

between the two options. For the sake of brevity, this Chapter will display the following simulated 

data analysis using a heatmap. Both the grayscale and heatmap images for each geometry analyzed 

are available in Appendix A. 

For the analysis of simulated return signals, there are two versions of simulated surfaces. With the 

first version, the features are reflective and the background is non-reflective. With the second 

version, the features are non-reflective and the background is reflective. Both of these simulations 

were used in the analysis of this project’s algorithm. There was not a significant difference in the 

resulting contrast between feature and background between the two simulation versions. For that 

reason, this Chapter will detail the results utilizing the first version of simulation, where features 

are reflective and the background is non-reflective. All of the simulated results, including those 

simulated surfaces with non-reflective features are available in Appendix A. 
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For simulated or real-world return data the analysis method used for the following results is the 

same. The measured return data for each measurement location, in the frequency domain, is used 

to calculate and refine the Effective Area of Reflection for each selected focal spot and overlap. 

The Effective Area of Reflection of each image pixel is calculated as a weighted average of the 

overlaps which are collocated with a given pixel. The pixel intensity value is then calculated as 

the proportion of Effective Area of Reflection to the total pixel area. Using these pixel intensity 

values, the image reconstruction can be stored and displayed in whichever image format is desired. 

5.1 Simulated Single Dot 

The first geometry to be investigated is the most basic. This test case consists of a single simulated 

feature at the center of a 7 x 7 measurement grid. In this scenario the simulated surface grid and 

the measurement grid are identical. The feature occupies a single square in the simulated surface 

grid. The feature is equal in size to the original measurement pixels. This was considered to be the 

most basic of feature geometries used in this research. This geometry is illustrated in Figure 5.1, 

where the feature is located in row 4, column 4 and colored red. 
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Figure 5.1. Simulated surface with pixel grid and feature (single dot equal to pixel) shaded 

red. 

Figure 5.2 illustrates the same feature and measurement grid, with the focal spot sizes used for 

analysis. 

 

Figure 5.2. Simulated surface with pixel grid, feature (single dot equal to pixel) shaded red, 

and measurement focal spots. 
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For this particular case three of the four focal spots selected are larger than the pixels. The reason 

for this selection is that in this scenario, simply utilizing the ideal return signal from those focal 

spots equal to or smaller than the measured pixels (without any further analysis) would yield an 

image which is representative of truth. Therefore, it should be assumed that this algorithm is 

employed because the majority of the useable bandwidth yields focal spot sizes larger than the 

measurement pixels. The distance between simulated pixel width was selected to be 0.498 mm. 

Recall that this is equal to the distance between measurement focal spot centers. The focal spot 

diameters were selected to be 1.464 mm, 1.1712 mm, 0.9760 mm, and 0.3660 mm. These 

diameters have a ratio to the pixel width of 2.9395, 2.3516, 1.9597, and 0.7349 respectively. With 

the imaging equipment most frequently used for this project, these focal spot diameters correspond 

to the real-world frequency bins of 0.5 THz, 0.625 THz, 0.75 THz, and 2.0 THz respectively, with 

wavelengths of 0.6 mm, 0.48 mm, 0.4 mm, and 0.15 mm.  

Figure 5.3 represent the ideal image reconstruction from this scenario. Figures 5.3a and 5.3b 

represent the simulation of the feature as reflective and the background as non-reflective. Figures 

5.3c and 5.3d represent the inverse, where the background is reflective and the feature is non-

reflective. Figures 5.3a and 5.3c are the grayscale representation. Figures 5.3b and 5.3d are the 

heatmap representation. The grayscale and heatmap images are simply different ways of 

representing the same data. This image data is stored as a vector of pixel values. Each pixel value 

is a double precision number between 0 and 1. A value of 0 is represented as black in grayscale 

and blue in the heatmap. A value of 1 is represented as white in grayscale and yellow in the 

heatmap. The color mapping in the heatmap could be set to any use defined schema. 
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Figure 5.3. Ideal reconstruction of the single dot feature. (a) Grayscale representation with 

reflective feature. (b) Heatmap representation with reflective feature. (c) Grayscale 

representation with non-reflective feature. (d) Heatmap representation with non-reflective 

feature. 

 

Figure 5.3 represent the best possible reconstruction of the truth data presented in Figure 5.1 and 

Figure 5.2. In this representation, the feature is confined to the pixel in row 4 column 4. The feature 

pixel has a value of 1 (white/yellow) in Figures 5.3a and 5.3b, and 0 (black/blue) in Figures 5.3c 

and 5.3d. The background in these images has a value of 0 in Figures 5.3a and 5.3b, and 1 in 
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Figures 5.3c and 5.3d. These images have a sharp contrast in color between feature and 

background. 

Figure 5.4 plots the pixel intensity as a plot along one dimension for the ideal reconstructions 

shown in Figure 5.3. In this case the chosen dimension is rows 1 through 7 in column 4. On the 

left is the plot where the feature is reflective and the background is non-reflective. On the right is 

the plot where the feature is non-reflective and the background is reflective. For this project, the 

format used is that pixel intensity values are bounded between zero and one. The feature can clearly 

be seen occupying row 4 (column 4). 

 

Figure 5.4. Plot of pixel intensity for the rows in column 4 for the ideal reconstruction of 

the single dot feature. Left reflective feature. Right non-reflective feature. 

5.1.1 First Order Approximation of Intensity 

In the scenario illustrated in Figure 5.1 and Figure 5.2, the image generated from averaging the 

return signals of all the selected focal spot sizes yields Figure 5.5. This image reconstruction was 

done using simulated surface data generated utilizing the first order approximation. Recall from 
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Chapter 3 that the first order approximation is the assumption that the intensity of light within a 

focal spot is uniform across the spot. In reality the intensity as a function of radial distance from 

focal spot center is described by Equation 2.3. As previously discussed, this analysis will focus on 

the heatmap images created from reflective feature simulated surfaces. The image reconstructions 

of non-reflective features and grayscale images can be found in Appendix A. Figure 5.5 shows the 

heatmap reconstruction on the left and the plot of pixel intensity for the rows in column 4 on the 

right. 

 

Figure 5.5. Image reconstruction of single dot using averaging method for first order 

approximation of intensity. Left: heatmap representation with reflective feature. Right: Plot of 

pixel intensity for the rows in column 4. 

It can be seen in Figure 5.5 that the feature is not localized to the center pixel. The return signal 

associated with the feature is distributed to the center pixel and its neighbors. The pixels in rows 

3-5 columns 3-5 clearly show non-zero values. Additionally, the center pixel does not have a value 

of 1. The intensity value of the pixel located in row 4, column 4 is ~0.5. This reconstruction does 

not offer a sharp contrast in color between feature and background, resulting in a degraded ability 

to detect and localize the feature to its correct location 
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Figure 5.6 shows the same simulated return signals processed using the algorithm developed in 

this project. This figure shows the results using three different weighting factors. Recall from 

Chapter 3 that the pixel intensity values are calculated as a weighted average of the Effective Area 

of Reflection, I’, for the overlaps which intersect each pixel (Equation 3.74). The top row in Figure 

5.6 illustrates equal weighting between all overlaps. The middle row shows weighting based on 

equation 3.80. The bottom row illustrates weighting based on Equation 3.80.  
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Figure 5.6. Image reconstruction of single dot using project algorithm for first order 

approximation of intensity. Top: equal weighting. Middle: Equation 3.79 weighting factors. 

Bottom: Equation 3.80 weighting factors. Left: Heatmap representation. Right: Plot of pixel 

intensity in column 4. 
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It can be seen from Figure 5.6 that the algorithm does produce a more accurate reconstruction of 

truth data than the averaging method. All three weighting schemas show improved localization 

over the averaging method. They show decreased intensity in the pixels surrounding the feature. 

The equal weighting scheme shows decreased feature intensity compared to both the averaging 

method and the other weighting methods. Both weighting schemas using weighting factors derived 

from Equations 3.79 and 3.80 show increased intensity in the feature pixels (row 4, column 4). 

Equation 3.79 results in a higher, and more accurate, intensity value. 

5.1.2 Full Formation of Intensity 

The next step is to analyze the same simulated surface using the full formulation of intensity. 

Recall that the full formation of intensity utilizes equation 2.3 to calculate the intensity of light at 

the radial distance, r, from the focal spot center in the focal plane. Instead of using the assumption 

that the intensity of light is uniform throughout a focal spot, the full formation incorporates the 

fact that intensity decreases as a function of r within the focal spot. While more resource intensive, 

this simulation is closer to real-world phenomena. Figure 5.7 represent the image produced from 

return averaging where features are reflective. 
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Figure 5.7. Image reconstruction of single dot using averaging method for first full 

formation of intensity. Left: heatmap representation with reflective feature. Right: Plot of pixel 

intensity for the rows in column 4. 

Similar to the first order approximation, Figure 5.7 shows return signal from the feature (pixel at 

row 4, column 4) distributed among the surrounding pixels (rows 3-5, columns 3-5). 

Figure 5.8 represent the images produced from the same return data utilizing this project’s 

algorithms. Similar to Figure 5.6, Figure 5.8 shows the reconstruction utilizing the three same 

weighting schemas for the full formation simulated data. 
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Figure 5.8. Image reconstruction of single dot using project algorithm for full formation of 

intensity. Top: equal weighting. Middle: Equation 3.79 weighting factors. Bottom: Equation 

3.80 weighting factors. Left: Heatmap representation. Right: Plot of pixel intensity in column 4. 
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Figure 5.8 shows a stark difference between the equal weighting method and the bottom two 

weighting schemas. The equal weighting method does not decrease the intensity of the pixels 

surrounding the feature compared to the averaging method. This weighting method also decreases 

the feature intensity compared to the averaging method. The weighting schemas described by 

Equations 3.79 and 3.80 show improved reduction in intensity in the pixels surrounding the feature. 

The weighting factors derived from Equation 3.79 result in an increase in feature pixel intensity 

over the averaging method, while those from Equation 3.80 show a decrease. The intensity of the 

neighboring pixels calculated from Equation 3.80 are lower than the averaging method, but slightly 

higher than those calculated from Equation 3.79. 

From the above analysis it is clear that the equal weighting schema does not provide an 

improvement in image reconstruction. Because of this, the equal weighting schema will not be 

evaluated going forward in this paper. Only the weighting methods described by Equations 3.79 

and 3.80 will be shown in the following sections. 

Section 5.1 has shown that for a single dot feature of equal size to the measurement pixels, the 

algorithm developed in this research is capable of producing improvements in feature definition. 

The two weighting methods outlined in Chapter 3 show improvements in both the first order 

approximation of uniform intensity distribution and the full formation of intensity. The weighting 

factors derived from Equation 3.79 showed the most improvement, with increased feature pixel 

intensity and decreased background pixel intensity. 
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5.2 Simulated Line Segment 

The next step in the analysis is to analyze a more complex feature geometry. For this section, that 

means features whose size exceeds a single pixel. For this scenario, the project investigated a 

simulated line segment which spans multiple pixels. As with the previous section, in this scenario 

the simulated surface grid and measurement pixel grid are of equal size. The line segment consists 

of 7 adjacent simulated surface squares. The line segment is located at the center of the 11 x 11 

grid. This line segment is illustrated in Figure 5.9, along with the underlying measurement pixel 

grid and the measurement focal spots for one of the pixels. The feature line is located in pixels in 

row 6, columns 3-9. The same pixel and spot parameters as Section 5.1 were selected for this 

analysis. 

 

Figure 5.9. Simulated surface with pixel grid, feature (line segment with height equal to 

pixel) shaded red, and measurement focal spots. 

Figure 5.10 represents the ideal reconstruction from this scenario. The pixels associated with the 

feature (row 6, columns 3-9) have a value of 1, while the background pixels have a value of 0. 
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Figure 5.10. Ideal reconstruction of the line segment feature. Left: Heatmap representation 

with reflective feature. Right: Plot of pixel intensity for the rows in column 6. 

5.2.1 First Order Approximation of Intensity 

Figure 5.11 shows the image generated through averaging for reflective features. The simulated 

return data was generating using the first order approximation of uniform intensity distribution. 

 

Figure 5.11. Image reconstruction of line segment using averaging method for first order 

approximation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of 

pixel intensity for the rows in column 6. 
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These images do not show good feature definition or localization. The pixels associated with the 

feature have intensity values of ~0.7, instead of the ideal 1. The pixels surrounding the feature 

(rows 5-7, columns 2-10) show a visible amount of return. 

Figure 5.12 represents the images reconstruction using this project’s algorithm for reflective and 

features using the weighting factors described by Equations 3.79 and 3.80. 

 

Figure 5.12. Image reconstruction of line segment using project for first order 

approximation of intensity. Top: Equation 3.79 weighting factors. Bottom: Equation 3.80 

weighting factors. Left: Heatmap representation. Right: Plot of pixel intensity in column 4. 

The reconstructions shown in Figure 5.12 localize the feature to the correct pixels (row 7, columns 

3-9). They show very little visible feature return assigned to the neighboring pixels. Both 
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weighting schemas demonstrate improved definition and localization over the averaging method. 

Both show feature intensity value close to 1 (~1 for Equation 3.79 and ~0.9 for Equation 3.80). 

The lower plot shows a slightly higher intensity value in rows 5 and 7 for the 3.80 weighting 

factors, but these are not visible in the heatmap representation. The pixels at the end of the feature 

(row 6, columns 3 and 9) show a slightly lower intensity than the other feature pixels. Figure 5.13 

shows the plots of the columns in row 6 for both weighting factors. 

 

Figure 5.13. Plot of pixel intensity for the columns in row 6 for line segment using project 

for first order approximation of intensity. Left: 3.79 weighting factors. Right: 3.80 weighting 

factors. 

Figure 5.13 shows the intensity values on the outside pixels (columns 3 and 9) is slightly lower. 

This edge effect is due to the fact those pixels on the outside of the line segment contain 

contributions from more overlaps who lie primarily in the background. For the pixel located in 

row 6, column 3, these overlaps lie primarily in the space associated with the pixel located in row 

6, column 2. In other words, the pixel located in row 6, column 3 receives low intensity 

contributions from its neighbor to the left. The pixel located in row 6, column 4 has a neighbor to 
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the left with high intensity measurement. This results in the edge pixels having a slightly lower 

intensity. This edge effect is higher when using the weighting factors derived from Equation 3.80. 

5.2.2 Full Formation of Intensity 

Once again, the next step in the analysis is to analyze the feature line using the full formation of 

intensity distribution. Figure 5.14 represents the image generated from averaging using the full 

formation simulation. 

 

Figure 5.14. Image reconstruction of line segment using averaging method for full 

formation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel 

intensity for the rows in column 6. 

Like the uniform intensity distribution approximation, these images show decreased feature 

detection for the line and return signal associated with the neighboring pixels (rows 5-7, columns 

2-10). The decrease in reconstruction accuracy is not as dramatic as in Figure 5.11. This can be 

explained by the nature of the intensity distributions used in the simulations. Because Equation 2.3 

describes an intensity distribution which decreases with radial distance, the focal spots neighboring 

the feature do not illuminate the feature with as much intensity as calculated using the uniform 
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distribution approximation. As a result, those neighboring pixels do not show as high of intensity 

values. 

Figure 5.15 represents the image generated using this project’s algorithm for both weighting 

factors for the full formulation analysis. 

 

Figure 5.15. Image reconstruction of line segment using project for full formation of 

intensity. Top: Equation 3.79 weighting factors. Bottom: Equation 3.80 weighting factors. Left: 

Heatmap representation. Right: Plot of pixel intensity in column 4. 

The reconstructions shown in Figure 5.15 are nearly identical to those in Figure 5.12. Both 

weighting methods show an improvement over the averaging method. Both schemas show the 

same edge effect. The weighting factors derived from Equation 3.79 yield higher feature pixel 
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intensity and lower edge effects. This result has been consistent throughout the analysis thus far. 

The weighting factors calculated with Equation 3.79 have consistently produced better feature 

detection and localization than those calculated with Equation 3.80. By this I mean the resulting 

images have a higher contrast between background and feature as well as less feature signal 

associated with neighboring pixels. For this reason, the analysis presented after this point will 

focus solely on the weighting factors calculated from Equation 3.79. 

Section 5.2 has demonstrated this project’s algorithm is capable of producing improvements over 

the averaging method for feature definition and localization in the case of a feature which exceeds 

pixel size. For both the first order approximation and full formation of intensity, this project’s 

analysis increased feature pixel intensity and/or lowered the intensity in neighboring pixels. Some 

edge effects in the form of lower pixel intensity were seen at the ends of the simulated line segment. 

5.3 Simulated Dot of Size Less Than Pixel Dimension - Center 

The next step in the analysis is to analyze features whose size is smaller than the measurement 

pixel size. This geometry adds additional complexity over the investigation in previous sections. 

The first such geometry to be investigated is a single dot. In this scenario the simulated surface 

grid has square sizes one ninth the area of the measurement pixel grid. The feature occupies a 

single square. The measurement pixels form an 8 x 8 grid. The feature lies at the center of the pixel 

located in row 4, column 4. This geometry, with the simulated measurement focal spots, is 

illustrated in Figure 5.16. 
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Figure 5.16. Simulated surface with pixel grid, feature (small dot at pixel center) shaded 

red, and measurement focal spots. 

Figure 5.16 also illustrates the focal spot sizes used for analysis. It can be seen that several focal 

spot sizes smaller than the measured pixels were selected in this particular case. The reason for 

this selection is that in this scenario, simply utilizing the ideal return signal from those focal spots 

equal to or smaller than the measured pixels (without any further analysis) would not yield an 

image which is completely representative of truth. The goal of the analysis is to glean more 

information out of the measurements and potentially increase the resolution of the reconstructed 

image. For this reason, it can be assumed that return signals for focal spot sizes smaller than the 

measurement pixels exist and have values above the noise floor. The simulated pixel width selected 

remained the same as the previous sections. The simulated focal spot diameters selected for this 

portion of the research are 0.8366 mm, 0.6971 mm, 0.4963 mm, and 0.2943 mm. This yields a 

ratio to the pixel width of 1.6797, 1.3998, 0.9965, and 0.5909 respectively. For the imaging 

equipment most frequently used in this project, these diameters correspond to frequencies of 0.875 
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THz, 1.05 THz, 1.475 THz, and 2.4875 THz and wavelengths of 0.3429 mm, 0.2857 mm, 0.2034 

mm, and 0.1206 mm. 

Figure 5.17 represents the ideal reconstruction of this geometry utilizing the original measurement 

pixels. It should be noted that since the feature occupies only a fraction of the measured pixel area, 

the ideal reconstruction will not have a value of one for the feature. Because the feature occupies 

on ninth of the area of the measurement pixel, the ideal reconstruction would have an intensity 

value of 1/9 (0. 1̅). In this representation the feature is located in the pixel in row 4, column 4. 

 

Figure 5.17. Ideal reconstruction of the small center dot feature. Left: Heatmap 

representation with reflective feature. Right: Plot of pixel intensity for the rows in column 4. 

5.3.1 First Order Approximation of Intensity 

Figure 5.18 shows the image generated through averaging for reflective features. The simulated 

return data was generating using the first order approximation of uniform intensity distribution. 
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Figure 5.18. Image reconstruction of small center dot using averaging method for first 

order approximation of intensity. Left: Heatmap representation with reflective feature. Right: 

Plot of pixel intensity for the rows in column 4. 

Figure 5.18 shows an accurate reconstruction of the truth data. The feature is localized to the pixel 

located at row 4, column 4. There is no visible feature return associated with the neighboring 

pixels. The intensity of the feature pixel is consistent with a feature occupying a fraction of the 

associated space. The accuracy of this reconstruction can be attributed to the size of the 

measurement pulses being on the same scale as the measurement pixels. 

Figure 5.19 represents the images generated using this project’s algorithm for both the reflective 

and non-reflective features using weighting factors derived from Equation 3.79 for the first order 

approximation of uniform intensity distribution. 
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Figure 5.19. Image reconstruction of small center dot using project algorithm with 3.79 

weighting factors for first order approximation of intensity. Left: Heatmap representation 

with reflective feature. Right: Plot of pixel intensity for the rows in column 4. 

These images are also an accurate reconstruction of truth data. They do not show any significant 

improvement in feature definition or localization. This is to be expected since the choice of 

measurement focal spot sizes yielded an accurate reconstruction from averaging. 

5.3.1.1 Subdivision by a Factor of 2 

The next step in investigating features of smaller size than the measurement pixels is to subdivide 

the pixel grid in order to achieve increased resolution. The subdivision methods outlined in Chapter 

4.3 are explored in the following images. The first subdivision method is dividing the pixel width 

and height by a factor of 2. This increases the pixel grid used for image reconstruction from 8 x 8 

to 16 x 16. In this case the simulated space represented by the pixel occupying row 4, column 4 in 

the original pixel grid (where the feature is located) is represented by the pixels occupying rows 

7-8, columns 7-8 in the new pixel grid. The feature straddles these four subpixels. In this scenario 
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the ideal intensity value for those four subpixels is 1/9. The new pixel grid is illustrated with truth 

data in Figure 5.20. 

 

Figure 5.20. Simulated surface with feature (small center dot) shaded red, and new pixel 

grid produced from subdividing by a factor of 2. 

The image reconstruction using this new pixel grid is illustrated in Figure 5.21. 

 

Figure 5.21. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for first order 
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approximation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of 

pixel intensity for the rows in column 8. 

Figure 5.21 show a reconstruction similar to that of Figure 5.19. This can be explained because of 

the specific geometry of the scenario. Since the feature lies at the center of the pixel at row 4, 

column 4 in the original pixel grid, dividing the pixel into four equal sub-pixels results in each 

sub-pixel containing an equal part of the feature. Therefore, the result of this subdivision will be 

four pixels with equal intensity. This is what is seen in Figure 5.21. The feature return is located 

within the 4 pixels in rows 7-8, columns 7-8. These 4 pixels have equal intensity. The intensity 

value for the feature subpixels is slightly below the ideal value. 

5.3.1.2 Subdivision by a Factor of 3 

The next subdivision method investigated is dividing the original pixel size by a factor of 3. This 

increases the pixel grid used for image reconstruction from 8 x 8 to 24 x 24. In this case simulated 

space represented by the pixel occupying row 4, column 4 in the original pixel grid is represented 

by the pixels occupying rows 10-12, columns 10-12. The feature is located entirely within the 

subpixel located in row 11, column 11. In this scenario the ideal intensity value for the feature 

subpixel is 1. The new pixel grid is illustrated with truth data in Figure 5.22. 
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Figure 5.22. Simulated surface with feature (small center dot) shaded red, and new pixel 

grid produced from subdividing by a factor of 3. 

The image reconstruction using this new pixel grid is illustrated in Figure 5.23. 

 

Figure 5.23. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for first order 

approximation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of 

pixel intensity for the rows in column 11. 
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This figure shows an improvement in both localization and detection of the feature. The feature 

return is localized to the pixels located in rows 10-12, columns 10-12. The pixel with the highest 

intensity is the center of this group, row 11, column 11. This is in agreement with truth, as the 

feature is located at the center of the original measurement pixel. Additionally, the intensity value 

of the pixel located at row 11, column 11 is visibly higher than its neighbors and the feature pixel(s) 

of the other reconstruction methods so far, including the ideal reconstruction without subdivision. 

This increase in intensity is expected because the feature occupies a higher proportion of the new 

feature subpixel (at row 11, column 11) than any of the previous pixels or subpixels. The intensity 

value is below the ideal value predicted by the subdivision geometry. 

5.3.1.3 Subdivision by a Factor of 1.5 

The next subdivision method investigated is dividing the original pixel size by a factor of 1.5. This 

increases the pixel grid used for image reconstruction from 8 x 8 to 12 x 12. In this case the 

simulated space represented by the pixel occupying row 4, column 4 in the original pixel grid is 

represented by the pixels occupying rows 5-6, columns 5-6. The feature is located within the 

subpixel located in row 6, column 6. In this scenario the ideal intensity value of the feature subpixel 

is 1/4. The new pixel grid is illustrated with truth data in Figure 5.24. 
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Figure 5.24. Simulated surface with feature (small center dot) shaded red, and new pixel 

grid produced from subdividing by a factor of 1.5. 

The image reconstruction using this new pixel grid is illustrated in Figure 5.25. 

 

Figure 5.25. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for first order 

approximation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of 

pixel intensity for the rows in column 6. 
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Figure 5.25 demonstrates increased feature localization and detection. The feature return is mostly 

confined to a single subpixel (row 6, column 6), with only a slightly visible amount in the 

neighboring pixels (row 5, column 6 and row 6, column 5). The subpixel containing the feature 

also show a higher contrast with the background than the averaging and undivided reconstructions. 

The feature subpixel intensity value is slightly below the ideal value of 1/4. 

5.3.1.4 Subdivision by Parts 

The last subdivision method investigated in this project is the process of independently subdividing 

the original pixels horizontally and vertically and combining the resulting analyses. This 

subdivision method is outlined in Chapter 4. In summary, the original pixels are subdivided 

horizontally, creating a 16 x 8 grid of rectangular subpixels. The pixel value algorithm is then run 

independently for the overlaps and those subpixels. Then the original pixels are subdivided 

vertically, creating an 8 x 16 grid of rectangular subpixels. The same pixel value algorithm is run 

independently for the overlaps and these subpixels. The two independent results are then combined 

together to form a 16 x 16 square subpixel grid. Each of the four subpixels resulting from an 

original pixel is an intersection of one horizontal subpixel and one vertical subpixel. The value of 

the square subpixels is calculated to be the average of the intersecting rectangle subpixels if both 

contributing rectangle subpixels have an intensity value above a defined threshold. In the case of 

the simulated data, where noise is not present, this threshold can be set to zero. The result is pixels 

of the same size as subdividing by a factor of 2. The results of this analysis is illustrated in Figure 

5.26. 
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Figure 5.26. Image reconstruction of small center dot using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for first order 

approximation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of 

pixel intensity for the rows in column 8. 

The results of this reconstruction method are similar to the reconstruction by subdividing the pixels 

by a factor of two (Figure 5.21). The feature is localized to the four subpixels located in rows 7-8, 

columns 7-8. Those four subpixels show a similar contrast to the background as Figure 5.21 as 

well as the non-subdivided reconstructions. This can be explained by the fact that because the 

feature is located at the center of the four subpixels, it has an equal effect on the intensity of all 

four subpixels. 

5.3.2 Full Formation of Intensity 

The next step in analysis of features smaller than the measurement pixel size is the processing of 

the simulated return using the full formulation of intensity as opposed to the first order 

approximation. Figure 5.27 represents the images generated from averaging using the full 

formation simulation for reflective features. 
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Figure 5.27. Image reconstruction of small center dot using averaging method for full 

formation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel 

intensity for the rows in column 4. 

These images actually show a higher intensity for the feature than the ideal reconstruction (1/9). 

This is due to the feature being located at the center of the measurement focal spot. The feature 

therefore corresponds to a higher proportion of the intensity than the proportion of the pixel it 

occupies. The averaging method indicates that a larger portion of the pixel is occupied by feature 

than exists in the truth data. 

Figure 5.28 represent the images generated for this geometry using this project’s algorithm for 

reflective features. 
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Figure 5.28. Image reconstruction of small center dot using project algorithm with 3.79 

weighting factors for full formation of intensity. Left: Heatmap representation with reflective 

feature. Right: Plot of pixel intensity for the rows in column 4. 

Figure 5.28 shows good localization, with the feature visibly confined to the pixel at row 4, column 

4. The intensity value of the feature pixel is higher than the ideal value, but closer than the 

averaging method.  

5.3.2.1 Subdivision by a Factor of 2 

Figure 5.29 illustrates the image reconstruction using pixels produced from subdividing by a factor 

of 2. This increases the pixel grid used for image reconstruction from 8 x 8 to 16 x 16. In this case 

the simulated space represented by the pixel occupying row 4, column 4 in the original pixel grid 

(where the feature is located) is represented by the pixels occupying rows 7-8, columns 7-8 in the 

new pixel grid. The ideal intensity value for the feature subpixels is 1/9. The new pixel grid is 

illustrated with truth data in Figure 5.20. 
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Figure 5.29. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 8. 

Figure 5.29 is similar to the reconstruction using the uniform intensity approximation (Figure 

5.21). The feature return is localized to the four pixels which contain the feature. These four pixels 

show a contrast with the background similar to the ideal reconstruction. 

5.3.2.2 Subdivision by a Factor of 3 

Figure 5.30 illustrates the image reconstruction using pixels produced from subdividing by a factor 

of 3. This increases the pixel grid used for image reconstruction from 8 x 8 to 24 x 24. In this case 

simulated space represented by the pixel occupying row 4, column 4 in the original pixel grid is 

represented by the pixels occupying rows 10-12, columns 10-12. The ideal intensity value for the 

feature subpixel (row 11, column 11) is 1. The new pixel grid is illustrated with truth data in Figure 

5.23. 
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Figure 5.30. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 11. 

Similar to Figure 5.23 (uniform intensity distribution approximation), Figure 5.30 shows an 

improvement in feature definition and localization. The feature return has been localized to the 

correct subpixel, with a higher contrast between the feature and the background. There is slightly 

visible subpixel intensity change in the surrounding pixels (rows 10-12, columns 10-12). All of 

these subpixels are derived from the original pixel collocated with the feature (row 4, column 4). 

The feature subpixel intensity value is closer to ideal than the first order approximation. 

5.3.2.3 Subdivision by a Factor of 1.5 

Figure 5.31 illustrates the image reconstruction using pixels produced from subdividing by a factor 

of 1.5. This increases the pixel grid used for image reconstruction from 8 x 8 to 12 x 12. In this 

case the simulated space represented by the pixel occupying row 4, column 4 in the original pixel 

grid is represented by the pixels occupying rows 5-6, columns 5-6. The ideal intensity value for 
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the feature subpixel (row 6, column 6) is 1/4. The new pixel grid is illustrated with truth data in 

Figure 5.25. 

 

Figure 5.31. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 6. 

Figure 5.31 shows a similar reconstruction as Figure 5.25. The feature return is mostly confined 

to the subpixel located at row 6, column 6, with a slightly visible feature return in the subpixels 

located at row 5, column 6 and row 6, column 5. The contrast between feature and background is 

improved over the averaging and non-subdivided reconstructions. The feature subpixel intensity 

value is closer to ideal than the first order approximation (Figure 5.25). 

5.3.2.3 Subdivision by Parts 

The last subdivision method investigated in this project is the process of independently subdividing 

the original pixels horizontally and vertically and combining the resulting analyses. The result is 
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pixels of the same size as subdividing by a factor of 2. The results of this analysis are illustrated 

in Figure 5.32. 

 

Figure 5.32. Image reconstruction of small center dot using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for full formation of 

intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity for 

the rows in column 8. 

This reconstruction is very similar to Figure 5.19, Figure 5.21, and Figure 5.29. The feature return 

has been localized to the four subpixels which the feature occupies. The contrast between feature 

and background is not as high as Figure 5.31 and Figure 5.32 because the feature, and its return, 

is split equally among four subpixels. The intensity values of the feature subpixels are slightly 

higher than ideal. 

The analysis thus far has shown similar results for the first order approximation of uniform 

intensity distribution and the full formation of intensity distribution. For the sake of brevity, the 

analysis going forward will show only the full formation reconstructions. 
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Section 5.3 demonstrates the ability of this project’s algorithm to improve feature definition and 

localization for features smaller than the measurement pixels. For this geometry, the algorithm 

produced feature pixel intensity values closer to the ideal value than the averaging method. The 

section also demonstrates the accuracy of the subdivision methods. Subdividing by a factor of 2 

showed accurate location of the feature to the four subpixels which equally share the feature. 

Subdividing by 3 and 1.5 both accurately located the majority of feature return within the 

appropriate subpixel.  

5.4 Simulated Dot of Size Less Than Pixel Dimension - Corner 

The next step is again to add more complexity to the investigated geometry. In this case, that means 

a feature which is smaller than the measurement pixel size and off-center from the measurement 

focal spots. The next sub-pixel size feature geometry to be investigated is a single dot in the corner 

of a pixel. In this scenario the simulated surface grid has square sizes one ninth the area of the 

measurement pixel grid. The feature occupies a single square. The measurement pixels form an 8 

x 8 grid. The feature occupies the lower right corner of the pixel located in row 4, column 4. This 

geometry is illustrated in Figure 5.33. The same simulation parameters as Section 5.3 were used 

for this analysis. 
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Figure 5.33. Simulated surface with pixel grid, feature (small dot at pixel corner) shaded 

red, and measurement focal spots. 

The ideal undivided reconstruction of this scenario is identical to section 5.3 and is pictured in 

Figure 5.17. In this representation the feature is located in the pixel in row 4, column 4. The ideal 

intensity value of the feature pixel is 1/9. 

Figure 5.34 shows the image reconstructed through averaging for reflective features. The 

simulated return data was generating using the full formation of intensity distribution. 
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Figure 5.34. Image reconstruction of small corner dot using averaging method for full 

formation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel 

intensity for the rows in column 4. 

Figure 5.34 shows poor feature detection. The contrast between feature and background is low. 

The intensity value of the feature pixel is well below ideal. The reason for this is the placement of 

the feature in the corner of the measurement pixel. With the feature away from the center of the 

measurement focal spots, there is a decrease in overlap between the spot and the feature. This is 

especially true for the smaller focal spot sizes. This geometry can be seen in Figure 5.33. 

Additionally, since the feature is not located at the center of the measurement focal spots, Equation 

2.3 dictates that the return intensity will be lower than an equally sized feature at the center of the 

focal spot. This specific issue is described in Chapter 2 and illustrated in Figure 2.8. 

Figure 5.35 represents the images generated using this project’s algorithm for reflective features 

for the full formation of intensity distribution. 
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Figure 5.35. Image reconstruction of small corner dot using project algorithm with 3.79 

weighting factors for full formation of intensity. Left: Heatmap representation with reflective 

feature. Right: Plot of pixel intensity for the rows in column 4. 

Figure 5.35 demonstrates an increase in contrast between feature and background over the 

averaging method. The intensity value for the feature pixel is close to ideal. These images also 

show a slightly visible intensity change for pixels located at row 5, columns 4-5 and row 4, column 

5. These are the neighboring pixels closest to the feature. Given the focal spot geometry (Figure 

5.33), some of the focal spots associated with these pixels illuminate this feature as well. 

5.4.1 Subdivision by a Factor of 2 

Figure 5.36 illustrates the geometry produced by subdivided the pixels by a factor of 2. This 

increases the pixel grid used for image reconstruction from 8 x 8 to 16 x 16. In this case the 

simulated space represented by the pixel occupying row 4, column 4 in the original pixel grid 

(where the feature is located) is represented by the pixels occupying rows 7-8, columns 7-8 in the 

new pixel grid. The feature is located within the subpixel located in row 8, column 8. In this 

scenario the ideal intensity value for the feature subpixel is 4/9 (0. 4̅). 
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Figure 5.36. Simulated surface with feature (small corner dot) shaded red, and new pixel 

grid produced from subdividing by a factor of 2. 

Figure 5.37 illustrates the reconstruction using pixels produced from subdividing by a factor of 2. 

 

Figure 5.37. Image reconstruction of small corner dot using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 8. 
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Figure 5.37 localizes the feature return around the subpixel located at row 8, column 8. Visible 

return intensity can be seen in the subpixels occupying rows 7-9 and columns 7-9. However, the 

subpixel located at row 8, column 8 has the highest contrast with the background. This subpixel 

corresponds to the lower right hand corner of the pixel located at row 4, column 4 in the original 

measurement pixel grid, which is the location of the feature. The intensity value of the feature 

subpixel is below the ideal value, but is closer than the averaging and undivided methods. 

5.4.2 Subdivision by a Factor of 3 

Figure 5.38 illustrates the geometry produced using pixels produced from subdividing by a factor 

of 3. This increases the pixel grid used for image reconstruction from 8 x 8 to 24 x 24. In this case 

the simulated space represented by the pixel occupying row 4, column 4 in the original pixel grid 

is represented by the pixels occupying rows 10-12, columns 10-12. The feature occupies the entire 

subpixel located in row 12, column 12. The ideal intensity value for the feature subpixel is 1. 

 

Figure 5.38. Simulated surface with feature (small corner dot) shaded red, and new pixel 

grid produced from subdividing by a factor of 3. 
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Figure 5.39 illustrates the reconstruction using pixels produced from subdividing by a factor of 3. 

 

Figure 5.39. Image reconstruction of small corner dot using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 12. 

Similar to Figure 5.30, Figure 5.39 shows contrast between feature and background higher than 

the non-subdivided reconstructions, including the ideal reconstruction. Feature return is visible in 

the surrounding subpixels as widely as rows 10-13, columns 10-13. The highest intensity value 

lies in the feature subpixel (row 12, column 12). This value is well below the ideal value, but is 

higher than the other reconstruction methods. 

5.4.3 Subdivision by a Factor of 1.5 

Figure 5.40 illustrates the geometry produced using pixels produced from subdividing by a factor 

of 1.5. This increases the pixel grid used for image reconstruction from 8 x 8 to 12 x 12. In this 

case the simulated space represented by the pixel occupying row 4, column 4 in the original pixel 
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grid is represented by the pixels occupying rows 5-6, columns 5-6. The feature is located within 

the subpixel in row 6, column 6. The ideal intensity value for the feature subpixel is 1/4. 

 

Figure 5.40. Simulated surface with feature (small corner dot) shaded red, and new pixel 

grid produced from subdividing by a factor of 1.5. 

Figure 5.41 illustrates the reconstruction using subpixels produced from subdividing by a factor 

of 1.5. 
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Figure 5.41. Image reconstruction of small corner dot using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 6. 

Figure 5.41 shows improved localization and contrast over the averaging and undivided 

reconstructions. The feature is appropriately confined to the subpixel located at row 6, column 6. 

There is a slightly visible feature return in the surrounding subpixels (row 5-7, columns 5-7). The 

intensity value of the feature subpixel is slightly lower than the ideal value. 

5.4.4 Subdivision by Parts 

The last subdivision method investigated for this geometry is the process of independently 

subdividing the original pixels horizontally and vertically and combining the resulting analyses. 

The result is pixels of the same size as subdividing by a factor of 2. The results of this analysis are 

illustrated in Figure 5.42. 
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Figure 5.42. Image reconstruction of small corner dot using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for full formation of 

intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity for 

the rows in column 8. 

Figure 5.42 shows similar results to Figure 5.39. This method yields improved contrast and 

localization over the averaging and non-subdivided reconstruction methods. The subpixel with the 

highest contrast is appropriately identified as being located at row 8, column 8. Like Figure 5.39, 

feature return can be visibly identified at the subpixels occupying rows 7-9, rows 7-9. The intensity 

value of the feature subpixel is slightly lower than both the ideal value and the value obtained 

through direct subdivision by 2. 

Section 5.4 really begins to demonstrate the complexities of this imaging setup. A small feature 

located off-center from the measurement focal spots produces a much lower return signal than the 

previously investigated geometries. This is clear in the averaging reconstruction, where the feature 

pixel value is barely above zero. This project’s algorithm is able to increase the feature pixel 

intensity value. Additionally, the subdivision methods are able to accurately locate the feature 

within the original pixel space. However, the pixel and subpixel intensity values are lower than 
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ideal, and there is more feature signal spread into the neighboring pixels and subpixels than in the 

previous geometries.   

5.5 Simulated Line Segment Thinner Than Pixel Dimension - Center 

In keeping with the theme of this chapter, the next step is this analysis is to introduce more 

complexity to the investigated geometry. This section investigates a line segment whose height is 

smaller than the measurement pixels, but whose width spans multiple pixels. In this scenario the 

simulated surface grid has square sizes one ninth the area of the measurement pixel grid. The 

feature occupies 24 adjacent squares. The measurement pixels form a 12 x 12 grid. The line 

occupies the center of the pixels located in row 6, columns 3-10. This geometry is illustrated in 

Figure 5.43. The same simulation parameters as Section 5.3 were used for this analysis. 

 

Figure 5.43. Simulated surface with pixel grid, feature (small line segment at pixel center) 

shaded red, and measurement focal spots. 

The ideal reconstruction, without subdivision, is illustrated in Figure 5.44. The ideal reconstruction 

conveys the information that portions of the pixels located in row 6, columns 3-10 are occupied 
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by feature. This means that those pixels are not fully reflective. The ideal intensity value of the 

feature pixels is 1/3. 

 

Figure 5.44. Ideal reconstruction of the small center line feature. Left: Heatmap 

representation with reflective feature. Right: Plot of pixel intensity for the rows in column 6. 

Figure 5.45 shows the image reconstructed through averaging for reflective. The simulated return 

data was generating using the full formation of intensity distribution. 
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Figure 5.45. Image reconstruction of small center line using averaging method for full 

formation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel 

intensity for the rows in column 6. 

Figure 5.45 shows similar results to the averaging method for the smaller single dot feature at the 

center of a measurement pixel (Figure 5.18). The feature is localized to the appropriate pixels. 

However, the contrast between feature and background is higher than the ideal reconstruction. 

Like Figure 5.18, this is due to the feature occupying the space at the center of the measurement 

focal spots. The feature pixels therefore have a higher intensity value than the ideal value. 

Figure 5.46 represents the images generated using this project’s algorithm for reflective features 

for the full formation of intensity distribution. 
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Figure 5.46. Image reconstruction of small center line using project algorithm with 3.79 

weighting factors for full formation of intensity. Left: Heatmap representation with reflective 

feature. Right: Plot of pixel intensity for the rows in column 6. 

Figure 5.46 demonstrates accurate localization of the feature to the pixels occupying row 6, 

columns 3-10. The intensity value of the feature pixels is close to the ideal value. A slight feature 

return can be seen in the pixels located at row 6, columns 2 and 11. This edge effect has as similar 

explanation as the edge effects seen in section 5.2. In this case, the overlaps collocated with the 

pixels in row 6, columns 2 and 3 as well as 10 and 11 contribute enough to the pixel value 

calculation to give them a slightly visible intensity. 

5.5.1 Subdivision by a Factor of 2 

Figure 5.47 illustrates the geometry produced by subdivided the pixels by a factor of 2. This 

increases the pixel grid used for image reconstruction from 12 x 12 to 24 x 24. In this case the 

simulated space represented by the pixels occupying row 6, columns 3-10 in the original pixel grid 

(where the feature is located) is represented by the subpixels occupying rows 11-12, columns 5-
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20 in the new pixel grid. The feature straddles all of these subpixels. In this scenario the ideal 

intensity value for the feature subpixels is 1/3. 

 

Figure 5.47. Simulated surface with feature (small center line) shaded red, and new pixel 

grid produced from subdividing by a factor of 2. 

Figure 5.48 illustrates the reconstruction using pixels produced from subdividing by a factor of 2. 

 

Figure 5.48. Image reconstruction of small center line using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for full formation 
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of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 11. 

Figure 5.48 resembles Figure 5.46. The feature is accurately localized to the subpixels in rows 11-

12, columns 5-20. The intensity values of the feature subpixels are lower than both the undivided 

and ideal reconstructions. Edge effects similar to those seen in both Figure 5.46 and section 5.2 

can be seen. These edge effects can be seen in the plot of subpixel intensity values for the columns 

in row 11 in Figure 5.49. 

 

Figure 5.49. Plot of pixel intensity for the columns in row 11 for small center line using 

project algorithm and pixels produced from subdividing by a factor of 2, with 3.79 

weighting factors for full formation of intensity. 

Along row 11 the subpixels in row 5 and 20 have slightly higher intensity values than those 

subpixels in the middle. This is an artifact of the non-edge subpixels having identical contributions 

from their collocated overlaps, while the edge pixels have a slightly different set of contributions. 

Also along row 11, the subpixels in row 4 and 20 have visible feature return, despite not containing 
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the feature. This is for the same reason as the edge effects seen in section 5.2. Those edge subpixels 

receive contributions from overlaps partially collocated with the feature. 

5.5.2 Subdivision by a Factor of 3 

Figure 5.50 illustrates the geometry produced using pixels produced from subdividing by a factor 

of 3. This increases the pixel grid used for image reconstruction from 12 x 12 to 36 x 36. In this 

case the simulated space represented by the pixel occupying row 6, columns 3-10 in the original 

pixel grid is represented by the pixels occupying rows 16-18, columns 7-30. The feature is 

contained within the subpixels located in row 17, columns 7-30. The ideal intensity value for the 

feature subpixels is 1. 

 

Figure 5.50. Simulated surface with feature (small center line) shaded red, and new pixel 

grid produced from subdividing by a factor of 3. 

Figure 5.51 illustrates the reconstruction using pixels produced from subdividing by a factor of 3. 
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Figure 5.51. Image reconstruction of small center line using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 17. 

Figure 5.51 shows accurate feature localization to the subpixels occupying row 17, columns 7-30. 

There is high contrast between feature and background. The intensity value of the feature subpixels 

is high, but below the ideal value. Edge effects similar to those seen in Figure 5.48 and a slightly 

visible feature return in rows 16 and 18, columns 7-30. Additionally, the intensity values along the 

rows 16-18 do not have consistent values. There is a small, but visible difference between 

neighboring subpixels. This inconsistency is explored in Figure 5.52. 
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Figure 5.52. Plots of pixel intensity in columns for small center line using project algorithm 

and pixels produced from subdividing by a factor of 3, with 3.79 weighting factors for full 

formation of intensity. Left: Columns along row 16. Right Columns along row 17. 

Excluding the edges, this difference follows a specific pattern within the rows. The subpixels in 

columns 8, 11, 14, 17, 20, 23, 26, and 29 have equal intensity, with higher contrast. These columns 

correspond spatially to the center of the measurement focal spots. The subpixels in the in-between 

columns have an intensity equal to each other, with lower value. These subpixels correspond 

spatially to the off-center regions of the measurement spots. This suggests that the contribution 

profile (as described in Chapter 3) associated with on-center subpixels results in different (and 

higher in this case) value calculation. 

5.5.3 Subdivision by a Factor of 1.5 

Figure 5.53 illustrates the geometry produced using pixels produced from subdividing by a factor 

of 1.5. This increases the pixel grid used for image reconstruction from 12 x 12 to 18 x 18. In this 

case the simulated space represented by the pixel occupying row 6, columns 3-10 in the original 

pixel grid is represented by the pixels occupying rows 8-9, columns 4-15. The feature is contained 
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within the subpixels located in row 9, columns 4-15. In this scenario the ideal intensity value of 

the feature subpixels is 1/2. 

 

Figure 5.53. Simulated surface with feature (small center line) shaded red, and new pixel 

grid produced from subdividing by a factor of 1.5. 

 

Figure 5.54 illustrates the reconstruction using pixels produced from subdividing by a factor of 

1.5. 
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Figure 5.54. Image reconstruction of small center line using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 9. 

Figure 5.54 shows accurate localization of the feature to the subpixels occupying row 9, columns 

4-15. There is a slightly visible feature return in the subpixels located in row 8, columns 4-15. This 

is due to the fact that the simulated space occupying the original pixels in row 6 are split between 

the new subpixels in rows 8 and 9. The top third of the pixels in row 6 now correspond to the 

bottom half of the new subpixels in row 8. The bottom two-thirds of the pixels in row six now 

correspond to the entirety of the new subpixels in row 9. Since the line segment feature is located 

within the bottom two-thirds of the measurement pixel grid, the majority of the return can be 

attributed to the subpixels in row 9. Some of this return is also attributed to the top third of the 

original pixels resulting in a slight feature return in subpixel row 8. There is also a visible 

difference in intensity of the subpixels within row 9, columns 4-15. This striping is similar to that 

seen in Figure 5.51 and is explored Figure 5.55. 
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Figure 5.55. Plots of pixel intensity in columns for small center line using project algorithm 

and pixels produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full 

formation of intensity. Left: Columns along row 8. Right Columns along row 9. 

Similar to the previous scenario, this inconsistency follows a pattern formed by the on-center and 

off-center subpixels. In this schema, columns 1, 3, 4, 6, 7, 9, 10, 12, 13, 15, 16, 18, and 19 

correspond to focal spot centers. Within the feature, these are the columns with higher return. Once 

again, the difference in contribution profiles yields differing intensity value calculations between 

on-center and off-center subpixels.  

5.5.4 Subdivision by Parts 

The last subdivision method investigated for this geometry is the process of independently 

subdividing the original pixels horizontally and vertically and combining the resulting analyses. 

The result is pixels of the same size as subdividing by a factor of 2. The results of this analysis are 

illustrated in Figure 5.56. 
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Figure 5.56. Image reconstruction of small center line using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for full formation of 

intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity for 

the columns in row 11. 

Figure 5.56 shows accurate localization of the feature return to subpixel rows 11-12, columns 5-

20. There is slightly visible feature return in rows 11-12, rows 4 and 21. There is high contrast 

between feature and background in this image. The intensity value of the feature subpixels is closer 

to ideal than direct subdivision by 2. Additionally, the edge effects seen in Figure 5.48 are not as 

pronounced in this subdivision method. 

Section 5.5 investigates a line segment whose height is less than the measurement pixel height, but 

whose width spans multiple pixels. For this geometry, the averaging method produces pixel 

intensity value much higher than ideal. This project’s algorithm yields values much closer to ideal. 

Additionally, the algorithm showes the ability to accurately localize the feature within the 

appropriate subpixels. Edge effects similar to those seen in Section 5.2 are present. In addition to 

the edge effects, some striping of subpixel intensity values due to overlap contribution asymmetry 

is present. 
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5.6 Simulated Line Segment Thinner Than Pixel Dimension - Bottom 

The next sub-pixel size feature geometry adds more complexity to the investigation. This feature 

geometry is another line segment whose height is smaller than the measurement pixels, but whose 

width spans multiple pixels. In this case the feature will lie off from the center of the measurement 

pixels. The simulated surface grid has square sizes one ninth the area of the measurement pixel 

grid. The feature occupies 24 adjacent squares. The measurement pixels form a 12 x 12 grid. The 

line occupies the bottom of the pixels located in row 6, columns 3-10. This geometry is illustrated 

in Figure 5.57. The same simulation parameters as Section 5.3 were used in this analysis. 

 

Figure 5.57. Simulated surface with pixel grid, feature (small line segment at pixel bottom) 

shaded red, and measurement focal spots. 

The ideal undivided reconstruction of this scenario is identical to section 5.5 and is pictured in 

Figure 5.44. In this representation the feature is located in the pixel in row 6, columns 3-10. The 

ideal intensity value of the feature pixel is 1/3. 
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Figure 5.58 shows the image reconstructed through averaging for reflective and non-reflective 

features. The simulated return data was generating using the full formation of intensity distribution.  

 

Figure 5.58. Image reconstruction of small bottom line using averaging method for full 

formation of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel 

intensity for the rows in column 6. 

Figure 5.58 shows accurate localization of the feature. The contrast between feature and 

background is low. The feature pixel intensity is well below the ideal value. This low contrast is 

due to the placement of the feature away from the center of the measurement focal spots. 

Figure 5.59 represents the images generated using this project’s algorithm for reflective features 

for the full formation of intensity distribution. 
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Figure 5.59. Image reconstruction of small bottom line using project algorithm with 3.79 

weighting factors for full formation of intensity. Left: Heatmap representation with reflective 

feature. Right: Plot of pixel intensity for the rows in column 6. 

Figure 5.59 shows accurate contrast between feature and background corresponding to the feature 

in row 6, columns 3-10. The intensity value of the feature pixel is higher than that of the averaging 

method, but it still below the ideal value. There is a visible, but lower contrast shadow in the 

subpixels occupying row 7 columns 3-10 and row 6, columns 2 and 11. This is due to the feature 

being located in the border between pixels and overlaps collocated with those neighboring pixels 

contributing to the intensity calculation for those pixels. 

5.6.1 Subdivision by a Factor of 2 

Figure 5.60 illustrates the geometry produced by subdividing the pixels by a factor of 2. This 

increases the pixel grid used for image reconstruction from 12 x 12 to 24 x 24. In this case the 

simulated space represented by the pixels occupying row 6, columns 3-10 in the original pixel grid 

(where the feature is located) is represented by the subpixels occupying rows 11-12, columns 5-
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20 in the new pixel grid. The feature is contained within the subpixels in row 12, columns 5-20. In 

this scenario the ideal intensity value of the feature subpixels is 2/3. 

 

Figure 5.60. Simulated surface with feature (small bottom line) shaded red, and new pixel 

grid produced from subdividing by a factor of 2. 

Figure 5.61 illustrates the reconstruction using pixels produced from subdividing by a factor of 2. 
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Figure 5.61. Image reconstruction of small bottom line using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 11. 

Figure 5.61 shows appropriate contrast between the feature in the subpixels located in row 12, 

columns 5-20. The intensity value of the feature pixels is well below the ideal value, but higher 

than the averaging or undivided reconstructions. Similar to Figure 5.60, there is shadowing of 

lower contrast feature return around the feature subpixels. This again is due to overlaps intersecting 

with multiple pixels and contributing to neighboring subpixels. 

5.6.2 Subdivision by a Factor of 3 

Figure 5.62 illustrates the geometry produced using pixels produced from subdividing by a factor 

of 3. This increases the pixel grid used for image reconstruction from 12 x 12 to 36 x 36. In this 

case simulated space represented by the pixels occupying row 4, columns 3-10 in the original pixel 

grid is represented by the pixels occupying rows 16-18, columns 7-30. The feature is contained 
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within the subpixels located in row 18, columns 7-30. The ideal intensity value for the feature 

subpixels is 1. 

 

Figure 5.62. Simulated surface with feature (small bottom line) shaded red, and new pixel 

grid produced from subdividing by a factor of 3. 

Figure 5.63 illustrates the reconstruction using pixels produced from subdividing by a factor of 3. 

 

Figure 5.63. Image reconstruction of small bottom line using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for full formation 
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of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 17. 

Figure 5.63 shows a more complicated reconstruction than most of the previous figures. The 

feature’s location corresponds to the subpixels in row 18, columns 7-30. The same striping seen in 

section 5.5 is exacerbated with this geometry. Figure 5.64 explores the intensity values across rows 

17 and 18. 

 

Figure 5.64. Plots of pixel intensity in columns for small center line using project algorithm 

and pixels produced from subdividing by a factor of 3, with 3.79 weighting factors for full 

formation of intensity. Left: Columns along row 17. Right: Columns along row 18. 

It is important to note that in section 5.5 the feature was located on the focal spot centers (row 17). 

In that case the asymmetry causing striping was experienced primarily in one dimension, the 

column dimension. In this geometry, the feature is off-center. This means that the asymmetry is 

experienced in both the row dimension and the column dimension. Row 18, where the feature is 

located, is an off-center row. Along this row the higher intensity values are seen in the on-center 

columns (8, 11, etc.). Row 17 is an on-center row, but does not contain the feature. Along this row 

the higher intensity values are seen in the off-center columns (9, 10, 12, 13, etc.). This two-
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dimensional striping is again due to differing overlap contribution profiles for on-center and off-

center subpixels.  

5.6.3 Subdivision by a Factor of 1.5 

Figure 5.65 illustrates the geometry produced using pixels produced from subdividing by a factor 

of 1.5. This increases the pixel grid used for image reconstruction from 12 x 12 to 18 x 18. In this 

case the simulated space represented by the pixel occupying row 6, columns 3-10 in the original 

pixel grid is represented by the pixels occupying rows 8-9, columns 4-15. The feature is contained 

within the subpixels located in row 9, columns 4-15. In this scenario the ideal intensity value of 

the feature subpixels is 1/2. 

 

Figure 5.65. Simulated surface with feature (small bottom line) shaded red, and new pixel 

grid produced from subdividing by a factor of 1.5. 

Figure 5.66 illustrates the reconstruction using pixels produced from subdividing by a factor of 

1.5. 
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Figure 5.66. Image reconstruction of small bottom line using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full formation 

of intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity 

for the rows in column 9. 

Figure 5.66 is a similar reconstruction to Figure 5.54. The highest intensity values are correctly 

located in the subpixels in row 9, columns 4-15. The reconstruction also shows two-dimensional 

striping similar to Figure 5.63. The explanation for the striping is the same. The overlap profile 

asymmetry between subpixels on-center and off-center in both rows and columns results in the 

striping in both dimensions. The subpixel intensity values along rows 9 and 10 are explored in 

Figure 5.67. 
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Figure 5.67. Plots of pixel intensity in columns for small center line using project algorithm 

and pixels produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full 

formation of intensity. Left: Columns along row 9. Right: Columns along row 10. 

5.6.4 Subdivision by Parts 

The last subdivision method investigated for this geometry is the process of independently 

subdividing the original pixels horizontally and vertically and combining the resulting analyses. 

The result is pixels of the same size as subdividing by a factor of 2. The results of this analysis are 

illustrated in Figure 5.68. 
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Figure 5.68. Image reconstruction of small bottom line using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for full formation of 

intensity. Left: Heatmap representation with reflective feature. Right: Plot of pixel intensity for 

the rows in column 11. 

Figure 5.68 shows similar results to Figure 5.61 (direct subdividing by a factor of 2). The highest 

contrast between feature and background exists in the subpixels occupying row 12, columns 5-20. 

The feature subpixel intensity values are slightly lower than the direct subdivision reconstruction. 

There exists shadowing of the feature in the subpixels above and below the feature. This is due to 

overlaps contributing to multiple subpixels including and surrounding the feature area. 

Section 5.6 does prove to be the most complex geometry investigated thus far in this paper. Similar 

to Section 5.4, the off-focal-spot-center feature yields lower intensity return signals. The averaging 

method reconstruction shows a very low feature pixel intensity. This project’s algorithm produces 

higher (and closer to ideal) pixel intensity values, while increasing the intensity value of 

neighboring pixels. The subdivided reconstructions show accurate feature localization, but 

neighbor spread, edge effects, and striping higher than seen in previous geometries. 
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5.7 Simulated Airy Pattern Incorporation 

The next step in the analysis is the investigation of the effect the outer rings of the Airy pattern on 

image reconstruction. Recall from Chapter 2 that due to the relative intensity of the Airy disk to 

those outer rings, it is generally used as the approximation for focal spot size. This means that the 

outer rings are generally ignored and have been thus far in the analysis. This portion of the 

experiment investigates the simulated return data to include multiple rings of the Airy pattern to 

determine their effect, if any, on image reconstruction. 

5.7.1 Dot of Size Equal to Pixel Dimension 

The first geometry investigated is the single dot used in Section 5.1. Figure 5.69 shows the image 

reconstruction for reflective features from simulations including the rings bounded by simulated 

intensity minima Ns=1 to Ns=4 using the averaging method. 
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Figure 5.69. Image reconstruction of single dot using averaging method for full formation 

of intensity with Ns=1 to Ns=4 outer rings. 

Figure 5.69 shows that for this geometry, a single dot of equal size to the measurement pixel, the 

outer rings of the Airy pattern do not have a visible effect on the image reconstruction using the 
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averaging method. There is not a significant difference in the contrast between feature and 

background for the images within the figure. 

Next to be investigated is the effect on the outer rings on the reconstruction method developed in 

this project. Figure 5.70 shows the image reconstructions utilizing the simulated return data for the 

single dot geometry for intensity minima Ns=1 and Ns=2. 

 

Figure 5.70. Image reconstruction of single dot using project algorithm with 3.79 weighting 

factors for full formation of intensity with Ns=1 and Ns=2. 

The Ns=1 reconstruction (top row of Figure 5.70) is the same as the middle row in Figure 5.8, with 

the simulation using full formation of intensity to the first intensity minimum. The images show 
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an accurate reconstruction of truth, with the feature localized to the correct pixel (row 4, column 

4). The Ns=2 reconstruction (bottom row of Figure 5.70) uses a simulation of the full intensity 

formation out to the second intensity minimum (Ns=2), with the analysis using a focal spot size 

corresponding to the first minimum (Na=1). This reconstruction shows a high contrast between 

feature and background in the correct feature pixel. The feature pixel intensity value is lower than 

ideal and the reconstruction of the Ns=1 data. There is also visible feature return in the pixels 

neighboring the feature pixel. This shading in the neighboring pixels is due to the fact that the 

slight increase in return from neighboring focal spots decreases the amount of refinement of the 

corresponding overlaps. This decrease in refinement results in more of the signal being attributed 

to the neighboring pixels.  

The next step in investigating this geometry is to examine the role of the outer rings on the overlaps 

and overlap value calculations. This is done in the manner described in Chapter 3. To summarize, 

in order to incorporate the return from the outer rings into overlap calculations, while keeping the 

simulated return focal spots sizes constant, the size of the analysis focal spots was increased to 

include the ring(s) of interest. Figure 5.70 shows the reconstruction for constant analysis focal spot 

sizes (Na=1) and varied simulated return spot sizes (Ns=1 & Ns=2). Figure 5.71 shows the image 

reconstruction for constant simulated return focal spot sizes (Ns=2) and varied analysis focal spot 

sizes (Na=1 & Na=2). 
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Figure 5.71. Image reconstruction of single dot using project algorithm with 3.79 weighting 

factors for full formation of intensity. Calculated focal spot size corresponding to Na=1 and 

Na=2. 

Figure 5.71 shows the reconstruction of the simulated return data for the full formation of intensity 

out to the second intensity minimum. The Na=1 reconstruction (top row) uses spots sizes 

corresponding to the first intensity minimum (Na=1). This is the same reconstruction as the bottom 

row of Figure 5.70. The Na=2 reconstruction uses spot sizes corresponding to the second intensity 

minimum (Na=2). The two reconstructions are similar, with some visible return in the diagonal 

neighbors to the feature pixel for Na=2. Like Figure 5.70, this shading in the pixels surrounding 

the feature is due to a decrease in overlap value refinement. Additionally, with larger focal spots, 
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the resulting larger overlaps intersect with more pixels. The result is further distribution of the 

return. 

5.7.2 Dot of Size Less Than Pixel Dimension - Center 

The single dot of equal size studied above did not show a significant difference in image 

reconstruction when including the outer rings of the Airy pattern. More geometries must be 

explored in order to further determine the potential influence of the outer rings. The next geometry 

investigated is the single dot, smaller than the measurement pixels, located at the center of an 

original pixel. This is the same geometry investigated in Chapter 5.3. This geometry was selected 

in order to determine if a smaller feature is more susceptible to effects from the outer rings. Figure 

5.72 shows the image reconstruction for reflective and non-reflective surfaces from simulations 

including the rings from intensity minima Ns=1 to Ns=4 using the averaging method. 
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Figure 5.72. Image reconstruction of small center dot using averaging method for full 

formation of intensity with Ns=1 to Ns=4 outer rings. 

Similar to Figure 5.69, Figure 5.72 does not show a significant difference in feature to background 

contrast when reconstructing utilizing simulations including outer rings of the Airy pattern. The 

simulations including the outer intensity minima do not show a visible difference from the Ns=1 

simulation. 
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Similar to the larger dot, the next step for this geometry is investigating the effects of using a 

simulation which includes the outer rings of the Airy pattern. For the sake of brevity only one 

reconstruction/subdivision schema will be presented. Since Chapter 5.3 suggests that subdividing 

by a factor of 3 results in the most accurate reconstruction for this geometry, subdivision by a 

factor of 3 will be used for this analysis. Figure 5.73 shows the image subdivision and 

reconstructions utilizing the simulated return data for the single center dot geometry for intensity 

minima Ns=1 and Ns=2. 

 

Figure 5.73. Image reconstruction of small center dot using project algorithm with 3.79 

weighting factors for full formation of intensity with Ns=1 and Ns=2. 
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The Ns=1 image (top row) is the same as Figure 5.30. They show accurate localization of the 

feature and contrast between feature and background. The Ns=2 image shows the reconstruction 

of the simulation out to the second intensity minimum (Ns=2) using focal spot sizes defined by the 

first intensity minimum. These images show the highest contrast between feature and background 

in the appropriate subpixel (row 11, column 11). The feature subpixel intensity value is slightly 

decreased in the Ns=2 simulation. The primary difference between the two is in the intensity value 

of the neighboring subpixels. The Ns=2 image yields higher intensity in the neighboring subpixels. 

This shading is due to a decrease in overlap value refinement. The decrease in refinement causes 

a wider distribution of the return signal.  

Like Figure 5.71, Figure 5.74 shows the image reconstruction of this geometry using the method 

outlined in Chapter 3 for incorporating the outer rings. This portion of the analysis used constant 

simulated return focal spot sizes (Ns=2) and varied analysis focal spot sizes (Na=1 & Na=2). 
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Figure 5.74. Image reconstruction of small center dot using project algorithm with 3.79 

weighting factors for full formation of intensity. Calculated focal spot size corresponding to 

Na=1 and Na=2. 

Figure 5.74 shows some interesting results. The Na=1 reconstruction (top row) is the same as the 

bottom row of Figure 5.73. They show the reconstruction from a simulation utilizing the second 

intensity minima (Na=2) and an analysis utilizing focal spot sizes corresponding to the first 

intensity minimum (Na=1). The Na=2 reconstruction show the simulation and analysis utilizing 

focal spot sizes corresponding to Na=2. Unlike Figure 5.71, which showed increased spreading of 

the return signal when increasing analysis focal spot sizes from Na=1 to Na=2, Figure 5.74 shows 

a decrease in subpixel intensity in the feature subpixel and the surrounding subpixels. This results 
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in the appearance of intensity spread in the resulting image. For this geometry, the mismatch 

between a simulation using Ns=2 and a reconstruction using Ns=1 causes decreased refinement. 

5.7.3 Dot of Size Less Than Pixel Dimension - Corner 

The last geometry investigated is the small dot located in the corner of an original measurement 

pixel from Section 5.4. The geometry was selected in order to investigate the effects of the outer 

rings on a small feature which is located away from the center of measurement focal spot. Figure 

5.75 shows the image reconstruction for reflective and non-reflective surfaces from simulations 

including the rings from intensity minima Ns=1 to Ns=4 using the averaging method. 
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Figure 5.75. Image reconstruction of small corner dot using averaging method for full 

formation of intensity with Ns=1 to Ns=4 outer rings. 

Like the previous outer ring analyses, there is not a significant visible difference in the averaging 

reconstruction for the varying simulations. Increasing the simulation from the first intensity 

minimum to the fourth does not impact the image reconstruction. 
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The next step for this geometry is investigating the effects of using a simulation which includes 

the outer rings of the Airy pattern. Figure 5.76 shows the image subdivision by a factor of 3 and 

reconstructions utilizing the simulated return data for the single corner dot geometry for intensity 

minima Ns=1 and Ns=2. 

. 

 

Figure 5.76. Image reconstruction of small corner dot using project algorithm with 3.79 

weighting factors for full formation of intensity with Ns=1 and Ns=2. 

The Ns=1 image (top row) is the same reconstruction shown in Figure 5.39. The images represent 

the reconstruction of data simulated to the first intensity minimum (Ns=1) and analyzed using focal 
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spot sizes corresponding to the first intensity minimum (Ns=1). The Ns=2 image (bottom row) 

represents the reconstruction of data simulated to the second intensity minimum (Ns=2) and 

analyzed using focal spot sizes corresponding to the first intensity minimum (Ns=1). Similar to 

Figure 5.73, the Ns=2 image shows a distribution of the feature return into the subpixels 

surrounding the feature. The feature subpixel has the similar intensity for both reconstructions. 

Like the previous geometry, the Ns=2 reconstruction shows higher intensity in the neighboring 

subpixels. This increase in shading around the feature is due to a decrease in the overlap value 

refinement. 

Like Figure 5.71 and Figure 5.74, Figure 5.77 shows the image reconstruction of this geometry 

using the method outlined in Chapter 3 for incorporating the outer rings. This portion of the 

analysis used constant simulated return focal spot sizes (Ns=2) and varied analysis focal spot sizes 

(Na=1 & Na=2). 
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Figure 5.77. Image reconstruction of small corner dot using project algorithm with 3.79 

weighting factors for full formation of intensity. Calculated focal spot size corresponding to 

Na=1 and Na=2. 

The Na=1 reconstruction (top row) is the same as the bottom row of Figure 5.76. They show the 

reconstruction from a simulation utilizing the second intensity minima (Ns=2) and an analysis 

utilizing focal spot sizes corresponding to the first intensity minimum (Na=1). The Na=2 image 

shows the reconstruction from the same Ns=2 simulation and an analysis utilizing focal spot sizes 

corresponding to Na=2. This figure shows similar results to Figure 5.74. The mismatch between a 

simulation using Ns=2 and a reconstruction using Na=1 causes decreased overlap value refinement 
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and increased feature spreading. Using analysis focal spot sizes corresponding to Na=2 results in 

decreased subpixel intensity, but also a decrease in the visible spread of the feature return. 

The aim of Section 5.7 is to investigate the effects of the outer rings of the Airy pattern on image 

reconstruction. The simulated data suggest that the outer rings of the airy pattern have little to no 

visible impact on the averaging method reconstruction for any of the investigated geometries. The 

inclusion of the outer rings in the simulation and the analysis did show changes in the resulting 

image reconstruction. 

5.8 Real-World Image Data 

Thus far the analysis has focused on simulated return data for varying geometries. It is important 

to remember though that the ultimate goal of this image processing technique is for use in THz 

imaging applications. For this reason, it’s suitability for use in this imaging application is 

investigated in this chapter. The image to be analyzed is the THz image of a metal ruler. This ruler 

is routinely images for the purposes of calibrating the THz imaging system and confirming its 

correct behavior. A photograph of this ruler is displayed in Figure 5.78. 
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Figure 5.78. Photograph of the imaged ruler. 

The ruler is used for this calibration because it is a small, easily usable object will good contrast 

between feature and background. The metallic part of the ruler (i.e. background) is reflective in 

the THz region, and the painted demarcation lines (features) are non-reflective. The area around 

the ruler is out of focus and functionally non-reflective. There is no expected return from outside 

of the ruler. For this image the selected pixel area was 0.25 mm2. This yields a pixel width, or 

spacing between spot centers, of 0.50 mm. As discussed in Section 4.5, waveform averaging was 

used in data acquisition. This means that the sensor was scanned at a steady rate over the ruler, 

with each waveform being measured in a slightly different location within each measurement 

pixel. The location of the aggregate value is placed at the measurement pixel center. The above 

pixel size was selected because it gives acceptable resolution as well as reasonable scan time and 

data size. The frequency bins selected for this analysis were those with center frequencies of 0.875 
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THz, 1.05 THz, 1.25 THz, and 1.475 THz. These frequency bins correspond to wavelengths of 

0.34 mm, 0.29 mm, 0.24 mm, and 0.20 mm respectively. The corresponding focal spot diameters 

are: 0.84 mm, 0.70 mm, 0.59 mm, and 0.50 mm. Frequencies within this range were selected 

because they showed good return (i.e. high SNR) and provided reasonable resolution. These four 

values were chosen for analysis to produce a pixel to focal spot size relationship similar to the 

previously investigated simulated geometries. 

5.8.1 First Order Approximation of Uniform Intensity 

Figure 5.79 shows the image reconstruction of the ruler imaged using a THz imaging system. 

Images a and b show the reconstruction using the averaging method for selected focal spot sizes. 

Images c and d show the reconstruction using the analysis method developed in this project, 

utilizing the first order approximation of uniform intensity distribution. 
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Figure 5.79. Image reconstruction of the ruler. (a) Grayscale representation of averaging 

method. (b) Heatmap representation of averaging method. (c) Grayscale representation of project 

algorithm utilizing uniform intensity distribution approximation. (d) Heatmap representation of 

project algorithm utilizing uniform intensity distribution approximation. 

Figure 5.79a and Figure 5.79b show the baseline averaging method. It can be seen that there is 

high contrast between features and background. The demarcation lines are sharp and visible. The 

letters and numbers are visible, but not discernable. Images c and d show the reconstruction using 

this project’s algorithm and the uniform distribution approximation. This reconstruction shows 

similar contrast between features and background. However, the space in-between close features 

(i.e. between demarcation lines and text or inside letters and numbers) shows lower return than 
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other background areas. This results in a more smudged look between lines and in the text. While 

images c and d show similar quality of reconstruction to a and b, they do not show an improvement. 

The result is that the first order approximation shows the viability of the algorithm to accurately 

reconstruct the image of the ruler, but does not have the fidelity to create improvements in 

detection and localization for this geometry. 

Figure 5.80 shows the reconstruction and subdivision using the uniform intensity distribution 

approximation for the ruler image. It should be noted that an analysis of Figure 5.78 yields an 

approximate line width of ~0.2 mm. As stated previously, the pixel width of the original THz 

image data is ~0.5 mm. This means that the demarcation lines are thinner than the measurement 

pixels and further refinement is theoretically possible. The subdivision schemas are the same used 

previously in this project. The figure shows the image produced from subdividing by factors of: 2 

(a & b), 3 (c & d), 1.5 (e & f), as well as using the method of subdividing horizontally and vertically 

independently then combining (g & h). 
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Figure 5.80. Image reconstruction of the ruler utilizing uniform intensity distribution 

approximation. (a) Grayscale representation of subdivision by a factor of 2. (b) Heatmap 

representation of subdivision by a factor of 2. (c) Grayscale representation of subdivision by a 

factor of 2. (d) Heatmap representation of subdivision by a factor of 3. e) Grayscale 

representation of subdivision by a factor of 1.5. f) Heatmap representation of subdivision by a 

factor of 1.5. g) Grayscale representation of subdividing horizontally and vertically. h) Heatmap 

representation of subdividing horizontally and vertically and combining. 

Figure 5.80a through Figure 5.80h show similar results to the first order approximation 

reconstruction without subdivision and to each other. They show an accurate reconstruction with 

enough contrast between background and features high enough to distinguish the demarcation lines 

and text. Images c and d, subdivision by a factor of 3, show a higher amount of grain than a and b, 
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subdivision by a factor of 2. Images e and f, subdivision by a factor of 1.5, show an even higher 

amount of grain. This is similar to the striping issues seen in Figure 5.63 and Figure 5.65 and is 

due to the asymmetry in overlap patterns between subpixels corresponding to measurement focal 

spot centers and off-center subpixels. Images g and h result in a reconstruction subdivided by a 

factor of 2, with slightly less visible grain and higher contrast between background and features. 

The analysis utilizing the uniform intensity distribution does not appear to improve image quality 

through increased feature to background contrast or increased localization due to subdivision. 

What this analysis does provide is a proof of concept. The resulting images are of similar quality 

to the averaging method. While the analysis utilizing the first-order approximation may not 

improve feature detection and localization in this real-world THz image, it does yield a quicker 

and less resource intensive reconstruction of reasonable fidelity, which suggests that the 

underlying algorithm is valid. This in turn warrants further investigation utilizing the full formation 

of intensity. 

5.8.2 Full Formation of Intensity 

Figure 5.81 is the reconstruction using the full formation with focal spot size corresponding to the 

first intensity minimum (N=1). The top row shows the reconstruction using the averaging method 

and the bottom row shows the reconstruction using this project’s algorithm. On the left is the 

heatmap representation. On the right is the plot of pixel intensity across the top left demarcation 

line. The pixels represented in the plot occupy row 8. The yellow line highlights this location. 
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Figure 5.81. Image reconstruction of the ruler. Top: Averaging Method. Bottom: Project 

algorithm using full formation of intensity. Row 8 highlighted in yellow. Left: Heatmap 

representation. Right: Plot of pixel intensity for the pixels in row 8. 

Figure 5.81 shows similar feature definition between the averaging method (top row) and the 

project’s algorithm (bottom row). The demarcation lines and text features show similar sharpness 

between the reconstruction methods. The visible demarcation lines are represented in the plot by 

the lower intensity values in rows 11, 16, 22, 25, 28, 31, 34, 37, and 40. However, the 

reconstruction utilizing this project’s algorithm show a decrease in contrast between features and 

background. This can be explained by the presence of noise in the real-world image. The increase 

in noise results in a decrease in refinement of overlap values. In the project’s algorithm, when the 

overlap value is less refined its resulting contribution to a given pixel is pushed towards the middle. 
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For a simple example, if an overlap value is between zero and one, then the more unrefined its 

minimum and maximum values are, the closer to 0.5 its contribution will be. This results in the 

pixel intensity values for features and background becoming closer, decreasing contrast. 

Figure 5.82 shows the reconstruction and subdivision using the full formation of intensity 

distribution for the ruler image. The subdivision schemas are the same used previously in Figure 

5.80. The figure shows the image subdivided by factors of: 2 (first row), 3 (second row), 1.5 (third 

row), as well as using the method of subdividing horizontally and vertically independently then 

combining (fourth row). 
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Figure 5.82. Image reconstruction of the ruler utilizing full formation of intensity. First row: 

subdivision by a factor of 2. Second row: subdivision by a factor of 3. Third row: subdivision by 

a factor of 1.5. Fourth row: subdividing horizontally and vertically. Plotted row highlighted in 

yellow. 

Figure 5.82 shows similar results to Figure 5.81. The images show similar feature to background 

contrast as the bottom row of Figure 5.81. Like Figure 5.81, this decreased contrast is due to a 

decrease in overlap value refinement because of noise in the THz image data. The first three rows 



192 

 

show an increase in grain. The reconstruction shown on the bottom row yields a subdivision by a 

factor of 2, but shows lower grain and lower contrast than the direct subdivision by a factor of 2. 

In the images showing subdivision by a factor of 2 (first and fourth rows), the bar plot shows the 

intensity values for the subpixels occupying row 16. These values are almost identical to the 

undivided pixel values for the same space. The demarcation lines are represented by the two 

subpixels corresponding to the same location in each case. These two pixels have nearly identical 

values. In this case the subdivision does not yield an increase in feature location refinement. The 

second row of Figure 5.81 shows the results of subdividing by a factor of 3. This reconstruction 

shows slightly higher contrast, with higher values for background and lower values for features. 

The plot displays the intensity values for the subpixels in row 23. In this geometry the demarcation 

lines should be located within three subpixels corresponding to the original locations. It can be 

seen from the intensity plot that the lowest intensity value is located in middle of the three 

subpixels for the demarcation lines. These middle subpixels corresponds to the measurement spot 

center in both the row dimension (23) and the column dimension. Based on the simulated results 

discussed earlier in this chapter, this suggests that the lower intensity value is not completely 

explained by overlap asymmetries. On-center subpixels corresponded to higher intensity values in 

those results. This suggests that subdivision by a factor of 3 refined the location of the demarcation 

lines within their original pixels. The third row of Figure 5.82 shows the results of subdividing by 

a factor of 1.5. This reconstruction yields similar intensity values as the other subdivision methods. 

The intensity plot shows the values for the subpixels occupying row 12. The demarcation lines 

should be located within a single subpixel or split between two depending on the specific geometry. 

The lowest subpixel intensity values are located in single subpixels for the demarcation lines. This 
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is in agreement with the results seen with subdivision by a factor of 3. Similar to subdivision by 3, 

this intensity minimum corresponds to the measurement spot center in both the row dimension 

(12) and the column dimension (10, 13, 16, 24, etc.). This again suggests that the minimum is not 

due completely to overlap asymmetry. It also suggests that subdivision by a factor of 1.5 has 

refined the location of the first demarcation line to the same physical location as the subpixels 

subdivision by 3 reconstruction, further strengthening the assertion that the subdivision refined the 

feature location. 

Section 5.8 demonstrates an excellent proof of concept for this use of this project’s algorithm on 

real-world images. Analysis using the first order approximation of uniform intensity distribution 

produces reasonably accurate images, but do not show visible image improvement. Utilizing the 

full formation of intensity yields more accurate results. These reconstructions show similar feature 

localization to the averaging method. They show a decrease in feature to background contrast. This 

can be explained by a decrease in overlap value refinement due to signal noise. The subdivision 

methods showed significant promise, with the schemas subdividing by 3 and 1.5 localizing a 

demarcation line to a single row of subpixels.  
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Conclusion 

The purpose of this project has been to develop an image processing algorithm for use in broadband 

THz imaging systems. The early sections of this paper cover the development and implementation 

of that algorithm. They cover the calculation and refinement of overlap values based on the 

intensity of incident light from Equation 2.1. The paper details the development of the concept of 

Effective Area of Reflection as the measure by which the overlap and pixel values are calculated. 

The paper also discusses the assignment of calculated overlap values to pixels and subpixels for 

image reconstruction. Additionally, the paper covers several subdivision schemas, which were 

investigated throughout. 

The basic flow of the algorithm can be summarized in the following steps. The first step is to 

covert the time domain measurement for each raster location to the frequency domain, where each 

frequency bin corresponds to the measured intensity for a given focal spot size. From this intensity 

data, the Effective Area of Reflection value (or range) can be calculated for each measurement 

spot. The relative geometry of the measurement spots is used to define their overlaps and their 

calculated values are used to calculate the range of possible Effective Area of Reflection values 

for each overlap. At any point in the process a reconstruction pixel grid can be selected, whether 

it be the original measurement grid or a subdivision of that grid. At this stage in the algorithm the 

pixel values are calculated from the overlap values. With the pixel values calculated, the 

reconstruction is now in a bitmap like grid of pixel values which can be saved and displayed in 

any desired image format. 
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The analysis in this paper has focused primarily on the use of simulated return data. The use of 

simulated return proved useful in the analysis for several reasons. First, it allows for the evaluation 

of specific geometries of interest. This means that the relationship between and size and orientation 

of features with the measurement pulses can be evaluated in detail. Second, simulated data allows 

for the evaluation of the algorithm without the presence of noise. The presence of noise, while a 

real-world issue in image processing, can complicate the calculation and refinement of the 

Effective Area of Reflection for the spots and overlaps. This can make it more difficult to analyze 

the differences in results when changing aspects of the underlying algorithm (e.g. weighting 

factors, intensity distribution calculation, feature geometry, etc.). 

It can be seen from both the simulated and real-world image data that the first-order approximation 

of uniform intensity distribution within a focal spot yields reasonable results. This is important 

because this approximation allows for quicker and less resource-intensive analysis. The image 

reconstructions using the uniform distribution approximation are not identical to the full formation 

reconstructions. Using the full formation of intensity appears to produce a reconstruction which is 

more representative of truth. This is especially true in the real-world image analysis as shown in 

Figure 5.79 through Figure 5.82. Because it produces a reasonable reconstruction, the 

approximation was typically used in the development process to more quickly evaluate the 

effectiveness of new techniques and additions to the algorithm. For real-world image 

reconstruction, the full formation of intensity should be used to produce more realistic 

reconstructions. 

One of the key steps in this project’s algorithm is the assignment of overlap Effective Area of 

Reflection value to pixel values. Chapter 3 covers the notional and mathematical development of 
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this step. The value of a given pixel is calculated as the weighted average of the overlaps which 

are spatially collocated the pixel. This paper evaluated two weighting factors, described by 

Equation 3.79 and 3.80. Chapter 5 demonstrated that the image reconstructions utilizing Equation 

3.79 consistently produced images more representative of truth than Equation 3.80. For this reason, 

future reconstructions will be done utilizing the weighting factors described by Equation 3.79. 

The next topic this project investigated was the area of pixel subdivision. This topic was 

extensively studied for each geometry in the analysis. For each geometry subdivision by factors of 

2, 3 and 1.5 were investigated, as well subdividing horizontally and vertically then combining. The 

specific subdivision schemas used are outlined in Chapter 4.3. For simulated data, these 

subdivision methods showed improved feature localization and increased contrast between feature 

and background. In general, subdivision by a factor of 3 showed the greatest improvement. 

Although in geometries like Figure 5.41 and Figure 5.63, subdividing by a factor of 3 can lead to 

more shadowing and striping than other methods. There are two methods which results in 

subdivision by a factor of 2: direct subdivision, and subdividing horizontally and vertically then 

combining. These two methods showed similar results for all geometries investigated. The second 

method of vertical and horizontal subdivision does take more computational resources. This 

method does intuitively offer some potential benefits over direct subdivision. However, the results 

of this research did not find enough improvement to warrant the increased computational 

complexity. Subdividing by a factor of 1.5 showed little to no benefit of subdividing by factors of 

2 or 3. With the exception of geometries where a feature is equally distributed between subpixels 

of a factor other than 1.5 (e.g. Figure 5.30 vs. Figure 5.32), this subdivision method does not show 

an improvement in localization or feature to background contrast over those other subdivision 
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methods. Additionally, in the case of line features (i.e. Chapters 5.5 and 5.6), subdivision by a 

factor of 1.5 showed visible striping due to the asymmetry in overlap patterns between center and 

off-center subpixels. 

Subdivision offers many key advantages. The first is that it can improve localization. The 

subdivision process can localize a feature to a smaller area than the original measurement pixels 

allow. Examples of this can be seen in images like Figure 5.31 and Figure 5.41. Another key 

advantage is that the subdivision process can improve contrast between feature and background 

over analysis using the measurement pixels. This advantage can be seen in examples like Sections 

5.3 and 5.5, where the contrast is improved over even the ideal reconstruction of the original pixel 

grid. Another, less obvious, advantage of subdivision is the potential for improvements in scan 

time and data size. Traditionally, in order to achieve higher resolution, smaller measurement pixel 

sizes must be used. A previously discussed, this results in a lower raster scan rate and longer image 

acquisition times. Also, since each measurement pixel contains the full waveform of the THz light, 

an increase in the number of pixels can mean a large increase in the amount of data recorded. An 

accurate subdivision algorithm could allow for the collection of data at a lower resolution and 

image reconstruction at a higher resolution. This would yield a faster scan time and lower data 

collection and storage requirements. 

The analysis of the outer rings of the Airy pattern using simulated data suggest that those rings do 

not have a significant visible effect on feature localization or contrast for the averaging 

reconstruction method. However, it can be seen in Figure 5.71, Figure 5.74, and Figure 5.77 that 

the outer rings can have a visible effect on the reconstruction method developed for this project. 

When the measured signal is simulated for return outside of the first intensity minimum, there is a 
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visible difference in feature localization and contrast. When simulating return out to Ns=2 and 

reconstructing utilizing focal spot size corresponding to Na=1, the localization and contrast are 

decreased. In the case of pixel subdivision by a factor of 3 (Figure 5.74 and Figure 5.77), the 

localization and contrast were improved by employing a reconstruction utilizing focal spot sizes 

corresponding to Na=2. This is due to the fact that in those cases, the overlap values for Na=2 focal 

spots were able to be further refined than for Na=1 focal spots. 

In addition to the large amount of work done on algorithm development and analysis using 

simulated return data, real-world THz images were studied as well. The real-world image data 

studied is a calibration data set. This is appropriate because the purpose of investigating real-world 

THz image data is to confirm the suitability of the algorithm to actual image data, as opposed to 

all simulated data. A calibration image lends itself to this task because of it is an image with well-

defined features, whose geometry is known. The resulting image can be easily compared to truth 

data. Figure 5.78 through Figure 5.82 show that this project’s algorithm produce reasonable 

reconstructions using both the first-order approximation of uniform intensity distribution and the 

full formation of intensity for focal spots corresponding to N=1. The full formation reconstruction 

shows better localization and contrast than the first-order approximation. Pixel subdivision (Figure 

5.80 and Figure 5.82) produce accurate images with slightly improved localization of the 

demarcation line features. However, it can be seen from those same figures that the feature to 

background contrast is decreased when compared to the averaging method. This decrease in 

contrast is due to the decrease in overlap value refinement because of the signal noise inherent in 

real-world data. 
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The work done for this project has shown promise for producing image enhancements in the form 

of increased feature localization and feature to background contrast. Simulated return data has 

been used to demonstrate both increased feature localization and increased contrast. Additionally, 

pixel subdivision demonstrates the ability to accurately localize a feature within the original 

measurement pixels and increase contrast of that feature subpixel above the undivided pixel. The 

analysis of real-world image data is able to produce accurate reconstructions with decreased 

contrast due to noise. What becomes clear from the analysis performed throughout this research is 

that the key to a more accurate reconstruction is the refinement of the overlap values. If the 

minimum and maximum values of Effective Area of Reflection for the overlaps are refined to the 

same value, or a small range, then the contrast between features and background will increase and 

the feature signal will be assigned to the appropriate pixels, yielding increased localization. If that 

range is less refined and wider, then the values assigned to the pixels will be closer to the middle 

value, resulting in lower contrast. The feature signal will also be attributed to more of the 

surrounding pixels, resulting in decreased localization. It can be seen from the previous sections 

of this paper that there are certain factors (i.e. approximations, geometries, and signal noise) that 

result in a decrease in the refinement of those overlap values. For this reason it can be seen that 

the image enhancement of the algorithm varies for differing geometries and pixel subdivision 

schemas. For this reason, it would be recommended that any future work in this area would focus 

on further refinement of the Effective Area of Reflection value for the focal spot overlaps. This 

work could include mathematical algorithmic enhancements to the refinement methods outlined 

in Chapter 3, or signal processing methods to decrease signal noise in real-world image data. 
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Appendix A - Simulated Image Data Reconstructions 

A.1 Single Dot 

 

Figure A.1. Ideal reconstruction of the single dot feature. (a) Grayscale representation with 

reflective feature. (b) Heatmap representation with reflective feature. (c) Grayscale 

representation with non-reflective feature. (d) Heatmap representation with non-reflective 

feature. Corresponds to Figure 5.3. 
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Figure A.2. Image reconstruction of single dot using averaging method for first order 

approximation. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.5. 
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Figure A.3. Image reconstruction of single dot using project algorithm with 3.79 weighting 

factors for first order approximation. (a) Grayscale representation with reflective feature. (b) 

Heatmap representation with reflective feature. (c) Grayscale representation with non-reflective 

feature. (d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.6. 
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Figure A.4. Image reconstruction of single dot using project algorithm with 3.80 weighting 

factors for first order approximation. (a) Grayscale representation with reflective feature. (b) 

Heatmap representation with reflective feature. (c) Grayscale representation with non-reflective 

feature. (d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.6. 
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Figure A.5. Image reconstruction of single dot using averaging method for full formation of 

intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation with 

reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.7. 
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Figure A.6. Image reconstruction of single dot using project algorithm with 3.79 weighting 

factors for full formation of intensity. (a) Grayscale representation with reflective feature. (b) 

Heatmap representation with reflective feature. (c) Grayscale representation with non-reflective 

feature. (d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.8. 
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Figure A.7. Image reconstruction of single dot using project algorithm with 3.80 weighting 

factors for full formation of intensity. (a) Grayscale representation with reflective feature. (b) 

Heatmap representation with reflective feature. (c) Grayscale representation with non-reflective 

feature. (d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.8. 
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A.2 Line Segment 

 

Figure A.8. Ideal reconstruction of the line segment feature. (a) Grayscale representation 

with reflective feature. (b) Heatmap representation with reflective feature. (c) Grayscale 

representation with non-reflective feature. (d) Heatmap representation with non-reflective 

feature. Corresponds to Figure 5.10. 
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Figure A.9. Image reconstruction of line segment using averaging method for first order 

approximation. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.11. 
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Figure A.10. Image reconstruction of line segment using project algorithm with 3.79 

weighting factors for first order approximation. (a) Grayscale representation with reflective 

feature. (b) Heatmap representation with reflective feature. (c) Grayscale representation with 

non-reflective feature. (d) Heatmap representation with non-reflective feature. Corresponds to 

Figure 5.12. 
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Figure A.11. Image reconstruction of line segment using project algorithm with 3.80 

weighting factors for first order approximation. (a) Grayscale representation with reflective 

feature. (b) Heatmap representation with reflective feature. (c) Grayscale representation with 

non-reflective feature. (d) Heatmap representation with non-reflective feature. Corresponds to 

Figure 5.12. 
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Figure A.12. Image reconstruction of line segment using averaging method for full 

formation of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap 

representation with reflective feature. (c) Grayscale representation with non-reflective feature. 

(d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.14. 
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Figure A.13. Image reconstruction of line segment using project algorithm with 3.79 

weighting factors for full formation of intensity. (a) Grayscale representation with 

reflective feature. (b) Heatmap representation with reflective feature. (c) Grayscale 

representation with non-reflective feature. (d) Heatmap representation with non-reflective 

feature. Corresponds to Figure 5.15. 
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Figure A.14. Image reconstruction of line segment using project algorithm with 3.80 

weighting factors for full formation of intensity. (a) Grayscale representation with reflective 

feature. (b) Heatmap representation with reflective feature. (c) Grayscale representation with 

non-reflective feature. (d) Heatmap representation with non-reflective feature. Corresponds to 

Figure 5.15. 
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A.3 Dot of Size Less Than Pixel Dimension - Center 

 

Figure A.15. Ideal reconstruction of the small center dot feature. (a) Grayscale 

representation with reflective feature. (b) Heatmap representation with reflective feature. (c) 

Grayscale representation with non-reflective feature. (d) Heatmap representation with non-

reflective feature. Corresponds to Figure 5.17. 
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Figure A.16. Image reconstruction of small center dot using averaging method for first 

order approximation. (a) Grayscale representation with reflective feature. (b) Heatmap 

representation with reflective feature. (c) Grayscale representation with non-reflective feature. 

(d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.18. 
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Figure A.17. Image reconstruction of small center dot using project algorithm with 3.79 

weighting factors for first order approximation. (a) Grayscale representation with reflective 

feature. (b) Heatmap representation with reflective feature. (c) Grayscale representation with 

non-reflective feature. (d) Heatmap representation with non-reflective feature. Corresponds to 

Figure 5.19. 
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Figure A.18. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for first order 

approximation. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.21. 
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Figure A.19. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for first order 

approximation. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.23. 
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Figure A.20. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for first order 

approximation. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.25. 
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Figure A.21. Image reconstruction of small center dot using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for first order 

approximation. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.26. 
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Figure A.22. Image reconstruction of small center dot using averaging method for full 

formation of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap 

representation with reflective feature. (c) Grayscale representation with non-reflective feature. 

(d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.27. 
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Figure A.23. Image reconstruction of small center dot using project algorithm with 3.79 

weighting factors for full formation of intensity. (a) Grayscale representation with reflective 

feature. (b) Heatmap representation with reflective feature. (c) Grayscale representation with 

non-reflective feature. (d) Heatmap representation with non-reflective feature. Corresponds to 

Figure 5.28. 
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Figure A.24. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.29. 
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Figure A.25. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.30. 
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Figure A.26. Image reconstruction of small center dot using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.31. 
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Figure A.27. Image reconstruction of small center dot using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for first order 

approximation. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.32. 
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A.4 Dot of Size Less Than Pixel Dimension - Corner 

 

Figure A.28. Ideal reconstruction of the small corner dot feature. (a) Grayscale 

representation with reflective feature. (b) Heatmap representation with reflective feature. (c) 

Grayscale representation with non-reflective feature. (d) Heatmap representation with non-

reflective feature. Corresponds to Figure 5.17. 
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Figure A.29. Image reconstruction of small corner dot using averaging method for full 

formation of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap 

representation with reflective feature. (c) Grayscale representation with non-reflective feature. 

(d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.34. 
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Figure A.30. Image reconstruction of small corner dot using project algorithm with 3.79 

weighting factors for full formation of intensity. (a) Grayscale representation with reflective 

feature. (b) Heatmap representation with reflective feature. (c) Grayscale representation with 

non-reflective feature. (d) Heatmap representation with non-reflective feature. Corresponds to 

Figure 5.35. 
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Figure A.31. Image reconstruction of small corner dot using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.37. 
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Figure A.32. Image reconstruction of small corner dot using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.39. 
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Figure A.33. Image reconstruction of small corner dot using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.41. 
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Figure A.34. Image reconstruction of small corner dot using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for full formation of 

intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation with 

reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.42. 

 



234 

 

A.5 Line Segment Thinner Than Pixel Dimension - Center 

 

Figure A.35. Ideal reconstruction of the small center line feature. (a) Grayscale 

representation with reflective feature. (b) Heatmap representation with reflective feature. (c) 

Grayscale representation with non-reflective feature. (d) Heatmap representation with non-

reflective feature. Corresponds to Figure 5.44. 
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Figure A.36. Image reconstruction of small center line using averaging method for full 

formation of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap 

representation with reflective feature. (c) Grayscale representation with non-reflective feature. 

(d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.45. 
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Figure A.37. Image reconstruction of small center line using project algorithm with 3.79 

weighting factors for full formation of intensity. (a) Grayscale representation with reflective 

feature. (b) Heatmap representation with reflective feature. (c) Grayscale representation with 

non-reflective feature. (d) Heatmap representation with non-reflective feature. Corresponds to 

Figure 5.46. 

 



237 

 

 

Figure A.38. Image reconstruction of small center line using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.48. 
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Figure A.39. Image reconstruction of small center line using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.51. 
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Figure A.40. Image reconstruction of small center line using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.54. 
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Figure A.41. Image reconstruction of small center line using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for full formation of 

intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation with 

reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.56. 

 



241 

 

A.6 Line Segment Thinner Than Pixel Dimension - Bottom 

 

Figure A.42. Ideal reconstruction of the small bottom line feature. (a) Grayscale 

representation with reflective feature. (b) Heatmap representation with reflective feature. (c) 

Grayscale representation with non-reflective feature. (d) Heatmap representation with non-

reflective feature. Corresponds to Figure 5.44. 

  



242 

 

 

Figure A.43. Image reconstruction of small bottom line using averaging method for full 

formation of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap 

representation with reflective feature. (c) Grayscale representation with non-reflective feature. 

(d) Heatmap representation with non-reflective feature. Corresponds to Figure 5.58. 
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Figure A.44. Image reconstruction of small bottom line using project algorithm with 3.79 

weighting factors for full formation of intensity. (a) Grayscale representation with reflective 

feature. (b) Heatmap representation with reflective feature. (c) Grayscale representation with 

non-reflective feature. (d) Heatmap representation with non-reflective feature. Corresponds to 

Figure 5.59. 
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Figure A.45. Image reconstruction of small bottom line using project algorithm and pixels 

produced from subdividing by a factor of 2, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.61. 
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Figure A.46. Image reconstruction of small bottom line using project algorithm and pixels 

produced from subdividing by a factor of 3, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.63. 
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Figure A.47. Image reconstruction of small bottom line using project algorithm and pixels 

produced from subdividing by a factor of 1.5, with 3.79 weighting factors for full formation 

of intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation 

with reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.66. 
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Figure A.48. Image reconstruction of small bottom line using project algorithm and pixels 

subdivided horizontally and vertically, with 3.79 weighting factors for full formation of 

intensity. (a) Grayscale representation with reflective feature. (b) Heatmap representation with 

reflective feature. (c) Grayscale representation with non-reflective feature. (d) Heatmap 

representation with non-reflective feature. Corresponds to Figure 5.68. 
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A.7 Airy Pattern Incorporation 

 

Figure A.49. Image reconstruction of single dot using averaging method for full formation 

of intensity with N=1 to N=4 outer rings. (a) Heatmap representation with reflective feature, 

N=1. (b) Heatmap representation with non-reflective feature, N=1. (c) Heatmap representation 
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with reflective feature, N=2. (d) Heatmap representation with non-reflective feature, N=2. (e) 

Heatmap representation with reflective feature, N=3. (f) Heatmap representation with non-

reflective feature, N=3. (g) Heatmap representation with reflective feature, N=4. (h) Heatmap 

representation with non-reflective feature, N=4. Corresponds to Figure 5.69. 

 

 

Figure A.50. Image reconstruction of single dot using project algorithm with 3.79 weighting 

factors for full formation of intensity with N=1 and N=2. (a) Heatmap representation with 

reflective feature, N=1. (b) Heatmap representation with non-reflective feature, N=1. (c) 

Heatmap representation with reflective feature, N=2. (d) Heatmap representation with non-

reflective feature, N=2. Corresponds to Figure 5.70. 
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Figure A.51. Image reconstruction of single dot using project algorithm with 3.79 weighting 

factors for full formation of intensity. Calculated focal spot size corresponding to N=1 and 

N=2. (a) Heatmap representation with reflective feature, N=1. (b) Heatmap representation with 

non-reflective feature, N=1. (c) Heatmap representation with reflective feature, N=2. (d) 

Heatmap representation with non-reflective feature, N=2. Corresponds to Figure 5.71. 
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Figure A.52. Image reconstruction of small center dot using averaging method for full 

formation of intensity with N=1 to N=4 outer rings. (a) Heatmap representation with reflective 

feature, N=1. (b) Heatmap representation with non-reflective feature, N=1. (c) Heatmap 

representation with reflective feature, N=2. (d) Heatmap representation with non-reflective 

feature, N=2. (e) Heatmap representation with reflective feature, N=3. (f) Heatmap 

representation with non-reflective feature, N=3. (g) Heatmap representation with reflective 
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feature, N=4. (h) Heatmap representation with non-reflective feature, N=4. Corresponds to 

Figure 5.72. 

 

 

Figure A.53. Image reconstruction of small center dot using project algorithm with 3.79 

weighting factors for full formation of intensity with N=1 and N=2. (a) Heatmap 

representation with reflective feature, N=1. (b) Heatmap representation with non-reflective 

feature, N=1. (c) Heatmap representation with reflective feature, N=2. (d) Heatmap 

representation with non-reflective feature, N=2. Corresponds to Figure 5.73. 
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Figure A.54. Image reconstruction of small center dot using project algorithm with 3.79 

weighting factors for full formation of intensity. Calculated focal spot size corresponding to 

N=1 and N=2. (a) Heatmap representation with reflective feature, N=1. (b) Heatmap 

representation with non-reflective feature, N=1. (c) Heatmap representation with reflective 

feature, N=2. (d) Heatmap representation with non-reflective feature, N=2. Corresponds to 

Figure 5.74. 
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Figure A.55. Image reconstruction of small corner dot using averaging method for full 

formation of intensity with N=1 to N=4 outer rings. (a) Heatmap representation with reflective 

feature, N=1. (b) Heatmap representation with non-reflective feature, N=1. (c) Heatmap 

representation with reflective feature, N=2. (d) Heatmap representation with non-reflective 

feature, N=2. (e) Heatmap representation with reflective feature, N=3. (f) Heatmap 
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representation with non-reflective feature, N=3. (g) Heatmap representation with reflective 

feature, N=4. (h) Heatmap representation with non-reflective feature, N=4. Corresponds to 

Figure 5.75. 

. 

 

Figure A.56. Image reconstruction of small corner dot using project algorithm with 3.79 

weighting factors for full formation of intensity with N=1 and N=2. (a) Heatmap 

representation with reflective feature, N=1. (b) Heatmap representation with non-reflective 

feature, N=1. (c) Heatmap representation with reflective feature, N=2. (d) Heatmap 

representation with non-reflective feature, N=2. Corresponds to Figure 5.76. 
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Figure A.57. Image reconstruction of small corner dot using project algorithm with 3.79 

weighting factors for full formation of intensity. Calculated focal spot size corresponding to 

N=1 and N=2. (a) Heatmap representation with reflective feature, N=1. (b) Heatmap 

representation with non-reflective feature, N=1. (c) Heatmap representation with reflective 

feature, N=2. (d) Heatmap representation with non-reflective feature, N=2. Corresponds to 

Figure 5.77. 
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