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Abstract

Soft particulate gels consist of a small amount of solid material (colloidal particles

or small aggregates) embedded in a fluid and are industrially relevant materials for

applications in a wide range of fields including foods, personal care products and,

biomedicine. Due to attractive inter-particle interactions, the solid component self-

assembles into an open, porous network which controls the overall mechanical response

of the material. In this dissertation, I have studied a class of numerical models for

particulate gels in which the particle contacts are described by an effective interaction

combining a two-body attraction and a three-body angular repulsion. Using molecular

dynamics, I have shown how varying the model parameters allows us to sample, for a

given gelation protocol, a variety of gel morphologies. For a specific set of the model

parameters, I have identified the local elastic structures that get interlocked in the

gel network. Starting from the analytical expression of their elastic energy from the

microscopic interactions, I have estimated their contribution to the emergent elasticity

of the gel and gained a new insight into its origin. Using large scale simulations with

Optimally Windowed Chirp (OWCh) signals, I have investigated the microscopic

origin of the linear viscoelastic response of soft particulate gels. My results indicate

that the viscoelastic spectrum of a wide range of gels, with different microstructures,

is controlled by an underlying fractal characteristic of the gel network, i.e., its initial

rigid backbone, and by the associated hierarchy of relaxation time scales.
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Building on these methods and analysis, I have also studied how the viscoelas-

ticity of composite gels can be tuned by changing the nature of the interactions in

different mixed components in close connection with experiments. In particular, I have

shown how a significant increase of the elastic modulus in nanofiller composites can be

achieved at unexpectedly low volume fractions of fillers when the interactions between

the fillers and the gel matrix are attractive. Moreover, mixing components of different

interaction strengths in a binary network can result in a non-monotonic dependence

of modulus on composition, which can then be used to fine-tune the mechanical prop-

erties in novel gel materials. The architecture of the gel networks and properties

such as bending stiffness of the gel strands embedded in soft gels and the prestress

also enter non-linear properties such as strain-stiffening, yielding and failure, which I

have studied especially in connection with experiments on biopolymer gel networks.

My work supports the idea suggested by the experiments, that the linear and non-

linear moduli are controlled by both the network architecture and the fiber mechanics

while the onset the nonlinear, stretch-dominated regime and the yield strain are con-

trolled predominantly by the network architecture. The increased bending stiffness of

gel strands finally together with prestress can result in a dramatic reduction of the

bond-reforming capability after yielding, possibly leading to a more brittle mechan-

ical failure. The stiffer gel strands, together with prestress, promote a more brittle

failure.

Index words: Particulate gels, Composite gels, Stress, Interactions, Molecular
dynamics, Rheology, Viscoelasticity, Nonlinear Mechanics,
Branching points, Network topology

iv



Dedication

In loving memory of my parents “Aama”, Lila Maya Rai and “Aapa”, Sante Rai who

always inspired me to pursue higher education. This dissertation is dedicated to my

family – my lovely wife Sagarmatha Rai; brothers Dipendra Kumar Rai, Ganga Bir

Rai, Williyam Bantawa, Ojaspee Bantawa Rai; sister-in-laws Tarawati Rai, Tara Devi

Rai, Dhan Maya Ale Rai and Ram Kumari Rai; nieces Samana Rai, Dilasha Rai and

Suchana Rai; nephews Prajwal Rai, Bidhan Bantawa and Taranga Babu Bantawa. I

dedicate this dissertation to my origin – birthplace Ludin, Panchthar Nepal.

v



Acknowledgments

First and foremost, I would like to thank my supervisor Prof. Emanuela Del Gado

for her patience, guidance and continued support throughout this journey and for

motivation when needed. I thank the committee members: Prof. Peter Olmsted, Prof.

Kai Liu and Prof. Nagarjuna Gavvlapalli for giving me valuable feedback that helped

in reshaping my research. I would also like to extend my sincere thanks to Prof.

Olmsted for his guidance in theoretical calculations of gel elasticity.

This dissertation has not been possible without support of my colleagues and col-

loborators. I would like to acknowledge Prof. Gareth McKinley, Dr. Bavand Keshar-

varz and Dr. Michela Geri from MIT for sharing their ideas with me on signal anal-

ysis and constitutive models on viscoelasticity. I would like to thank Prof. Irmgrad

Bischoberger and Ippolyti Dellatolas from MIT for inspiring me to do simulations on

filled gel networks based on their experimental work. I thank Prof. Dimitris Vlass-

apolous and Emmanuoil Vereoudakis from FORTH Greece, and Prof. Ebert Meijer

and Dr. Rene Laufler from Eindhoven University of Technology, Netherlands for

collaboration on interesting double network supramolecular hydrogels. I thank Dr.

Thibaut Divoux of CNRS France for his expert ideas during collaboration on mul-

tiple projects. I thank Prof. Ramaswamy Krishnan and Prof. Martin Pollak from

Harvard Medical School for collaboration on mechanics of actin network in kidney

cells. I thank Peter Shurtenberger and Jasper Immink from Lund University, Sweden

for collaboration on colloidal gels. I thank Prof. Daniel Blair and Dr. Kara Googins

from Georgetown University for collaboration on rheology of collagen gels. I thank

vi



Dr. Mehdi Bouzid, a former post-doc at Del Gado group who helped me a lot in

the beginning of my research. I also would like to thank my fellow lab members Dr.

Peiran Jin, Dr. Abhay Goyal, Dr. Vishwas Vasisht, Dr. Joyjit Chhatoraj, Dr. Robin

Masurel, Dr. Claire McIlroy, Kellen White, Dr. Benjamin Dolata, Dr. Vinutha H.A.,

Dr. Ankita Gangotra and Dr. Gavin Donley. I like to also thank fellow undergraduate

students Brian Damerau, Patrick Soltis and George Sangilio – for all the discussions.

I would like to thank graduate coordinator Amy Gould who helped a lot in admin-

istrative issues. I would like to thank Dr. Woonki Chung for all his assitance in man-

aging computational resources. I would like to thank other faculty members from

the Physics Department Prof. Jeffrey Urbach, Prof. Paola Barbara, Prof. Amy Liu,

Prof. James Freericks and Prof. Ed Van Keuren. I thank Prof. Patrick Johnson and

Prof. Christopher Cothran for helping with the teaching duties. I would like to thank

international advisors Rachel Rubin and Darius Ngo.

Finally, I am forever grateful to my close friends Asish Adhikari, Man Bahadur

Dhungana, Durga Prasad Siwakoti, and B. Raj Pokharel for the love and encourage-

ment. I would like to dedicate this dissertation to dear friend Dr. Tulsi Upadhayay Sir,

you will be missed; Bishal Upadhayay and Shova Sharma Mam. I thank Prof. Khin

Maung Maung for everything. I would also like to thank all my friends in DMV area

who made my stay pleasant: Dr. Purushottam Tiwari Dai, Ambika Tiwari Bhauju,

Prakriti Tiwari, Anup Tiwari, Krishna Sharma, Dhanu Karki, Suresh Budha, little

friend Ayan Budha Karki, Dr. Krishna Sapkota, Jayanti Kandel, Sabina Lama, Rohan

Maharjan, Hari Lama Dai, Sanuka Limbu Bhauju, Dip Raj Jarga aka Soaltee Dai and

Keshab Jarga Dai.

vii



Table of Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Chapter
1 Soft particulate gels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Interactions, aggregation and gel structure . . . . . . . . . . . . 6
1.3 Dynamical properties . . . . . . . . . . . . . . . . . . . . . . . . 15
1.4 Rheological properties . . . . . . . . . . . . . . . . . . . . . . . 18
1.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2 Experimental methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2 Light scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.3 Optical microscopy and particle tracking . . . . . . . . . . . . . 32
2.4 Rheology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.5 Microrheology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.6 Steady shear measurements . . . . . . . . . . . . . . . . . . . . 42
2.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3 Computational methods . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.2 Aggregation and gel structure . . . . . . . . . . . . . . . . . . . 46
3.3 Microscopic dynamics . . . . . . . . . . . . . . . . . . . . . . . . 49
3.4 Computational rheology . . . . . . . . . . . . . . . . . . . . . . 56
3.5 Microrheology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4 Microscopic interactions and emerging elasticity in model soft particulate
gels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2 Model choice and numerical simulations . . . . . . . . . . . . . . 69
4.3 Varying the model parameters . . . . . . . . . . . . . . . . . . . 77
4.4 Elasticity of local structural elements and their contribution to

the gel network elasticity . . . . . . . . . . . . . . . . . . . . . . 82
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5 Linear viscoelasticity and microstructural origin . . . . . . . . . . . . . 98

viii



5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.2 Simulation method . . . . . . . . . . . . . . . . . . . . . . . . . 100
5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6 Composite gels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
6.2 Mechanical reinforcement of gel by fillers . . . . . . . . . . . . . 121
6.3 Binary gel networks with different interaction strengths . . . . . 137
6.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

7 Non-linear mechanics of gel networks . . . . . . . . . . . . . . . . . . . 157
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
7.2 Role of network topology in semiflexible networks . . . . . . . . 158
7.3 Role of bending stiffness and pre-stresses in semiflexible networks 172
7.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

8 Conclusion and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

ix



List of Figures

1.1 Schematic of DLVO interactions . . . . . . . . . . . . . . . . . . . . . 8

1.2 Schematic of depletion interactions . . . . . . . . . . . . . . . . . . . 10

1.3 Schematic representation of phase diagram in colloidal gelation with

short-ranged attractive interactions and and cluster structures from

different aggregation processes . . . . . . . . . . . . . . . . . . . . . . 13

1.4 Gel microstructure in different systems . . . . . . . . . . . . . . . . . 14

1.5 Schematic of a random network formed by crosslinking of polymers . 20

1.6 Schematic of a filament with a bending rigidity and non-linear strain

stiffening in biopolymer gels . . . . . . . . . . . . . . . . . . . . . . . 23

2.1 Light scattering experiment . . . . . . . . . . . . . . . . . . . . . . . 28

2.2 Dynamic light scattering experiments . . . . . . . . . . . . . . . . . . 31

2.3 Imaging and particle tracking in a colloidal gel in the experiment . . 32

2.4 Schematic representation of a shear deformation , and oscillatory stress

and strains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.5 Linear viscoelastic spectra in a cross-linked actin gel . . . . . . . . . . 36

2.6 Strain as a chirp signal, its stress response and viscoelastic moduli . . 38

2.7 Strain sweep and Lissajous curves . . . . . . . . . . . . . . . . . . . . 40

2.8 Microrheology measurement in experiments . . . . . . . . . . . . . . . 41

2.9 Steady shear measurements . . . . . . . . . . . . . . . . . . . . . . . 42

3.1 Aggregation mechanism in a model gel . . . . . . . . . . . . . . . . . 47

3.2 Microstructural characterization of a model gel . . . . . . . . . . . . . 47

x



3.3 Static structure factor of gel networks . . . . . . . . . . . . . . . . . . 48

3.4 Mean squared displacements and distribution of particle displacements 50

3.5 Intermediate scattering function . . . . . . . . . . . . . . . . . . . . . 52

3.6 Structural relaxation of a gel network during aging . . . . . . . . . . 54

3.7 Displacements and stress autocorrelation in aging of gel network . . . 55

3.8 Oscillatory applied strain and measured stress response in frequency

sweep measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.9 An optimally windowed chirp (OWCh) as input strain, its stress

response and viscoelastic spectra in the simulations . . . . . . . . . . 59

3.10 Constitutive viscoelastic models . . . . . . . . . . . . . . . . . . . . . 61

3.11 Start-up shear protocol and stress-strain diagram for a gel network . 64

4.1 Different examples of particle contacts that can give rise to bending

rigidity in colloidal gels . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.2 Two and three-body potentials in the model . . . . . . . . . . . . . . 73

4.3 Effective interactions involving three particles . . . . . . . . . . . . . 74

4.4 Varying the strength of 3-body interaction B . . . . . . . . . . . . . . 79

4.5 Varying the width of 3-body interaction w . . . . . . . . . . . . . . . 80

4.6 Energy profiles for a 3-particle chain . . . . . . . . . . . . . . . . . . 84

4.7 Energy profile and bond-angle distributions for 3-particle chain . . . . 85

4.8 Schematic representation of a branching point . . . . . . . . . . . . . 86

4.9 Energy profiles for a planar and non-planar branching point . . . . . 88

4.10 Bond-angle distributions in gel networks . . . . . . . . . . . . . . . . 91

4.11 Comparison of different elastic moduli contributions . . . . . . . . . . 93

5.1 A first rigid backbone near the gelation threshold. . . . . . . . . . . . 101

5.2 Structural characterization of networks. . . . . . . . . . . . . . . . . . 103

5.3 Distribution of mesh sizes in different networks . . . . . . . . . . . . . 104

xi



5.4 Microscopic particle dynamics. . . . . . . . . . . . . . . . . . . . . . . 105

5.5 Relaxation dynamics in different gel networks . . . . . . . . . . . . . 106

5.6 Microstructural changes in networks having different connectivity . . 108

5.7 Viscoelastic spectra of gels with different volume fraction and prepa-

ration protocol. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.8 Constructing master curves and fitting with constitutive models . . . 109

5.9 The structural characterization of networks . . . . . . . . . . . . . . . 113

5.10 Scaling of viscoelastic parameters and schematic of fractal blobs . . . 117

6.1 Reinforcement of different hydogels by polystyrene fillers in experiments126

6.2 Reinforcement in experiments and simulations . . . . . . . . . . . . . 128

6.3 Local gel density and characterization of shells . . . . . . . . . . . . . 129

6.4 Percolation of effective fillers, composed of the fillers and their rein-

forced shells, in the attractive filler-gel system with attraction strength ε132

6.5 Mean-squared displacement (MSD) and and examples of time series of

normal stress fluctuations . . . . . . . . . . . . . . . . . . . . . . . . 133

6.6 Reduced gel displacements and enhanced stress coupling beyond the

onset of percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.7 Linear viscoelastic spectra . . . . . . . . . . . . . . . . . . . . . . . . 144

6.8 Low frequency plateau modulus Gp . . . . . . . . . . . . . . . . . . . 145

6.9 Cryo-TEM images of the pure components and different mixtures . . 146

6.10 Cartoon representations of the supramolecular networks . . . . . . . . 147

6.11 Simulation snapshots of self-assembled structures in the molecular

dynamics simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

6.12 Viscoelastic spectra obtained from numerical simulations . . . . . . . 150

6.13 Fraction p(z) of units in the two components with a specific coordina-

tion number (z) as a function of wII . . . . . . . . . . . . . . . . . . 152

xii



7.1 Confocal reflectance images of 2mg/mL collagen . . . . . . . . . . . . 159

7.2 Simulation snapshots of gels with different network topology . . . . . 162

7.3 Stress, and its first and second derivatives as a function of strain . . . 163

7.4 Elastic modulus G of collagen gels in the experiment and model gel

network in the simulation . . . . . . . . . . . . . . . . . . . . . . . . 165

7.5 Critical strain γc and fiber stress σc · c−1 of collagen in the experiment 166

7.6 Critical strain γc and stress σc per fiber as a function of φbr in the

simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

7.7 Non-linear stiffness normalized by linear elastic modulus, Ys/G . . . . 169

7.8 Response of WT and mutant podocytes to stretch . . . . . . . . . . . 174

7.9 Bond angle distributions for network fibers . . . . . . . . . . . . . . . 177

7.10 Network structures with and without pre-stresses . . . . . . . . . . . 178

7.11 Load curves and fraction of bonds with different bending stiffness and

pre-stresses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

7.12 Fiber alignment and yield strain with different bending stiffness . . . 180

xiii



List of Tables

4.1 Simulations performed . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.2 Estimated bending constants for different local structures . . . . . . . 90

xiv



Introduction

Gels are among the most widely used materials in our everyday life as they are

present in foods (cheese, yogurt, ketchup), consumer products (toothpaste, shampoo)

and even in building materials [1–6]. Gels are also formed by biopolymers in cells

and tissues, and are important for their biological functioning [7–12]. They are also

widely used in industries and technologies, for example, in 3-D printing, paints, cement

pastes, and biomedicine [2, 6, 7, 13–17].

Gels are disordered amorphous materials formed by aggregation, as a result of

strong attractive interactions between the constituents (colloids, proteins or polymers)

in solution, into a spanning network that provides solid-like properties [1, 4, 13, 14, 18–

23]. The aggregation process may proceed through various kinetic routes such as

kinetic arrest of small clusters forming a network or phase separation or bundling

and crosslinking of fibrils in biopolymers [7, 8, 18, 19, 24, 25]. The solid network,

present in a relatively small fraction and embedded in a majority fluid component,

can sustain shear stress with a tendency to accomodate even large deformations.

Upon deformation, gels show the ability to store energy like solids and also possess

the property to dissipate energy like fluids, i.e. they are viscoelastic. The highly tun-

able and adaptive mechanics, and pronounced viscoelasticity, make them useful in

a number of applications including tissue-regeneration scaffolds, drug delivery, elec-

tronics and battery technologies. However, there are a number of open questions

regarding the microscopic physical origin of many of the dynamical and mechanical

properties. The disorder and complex organization of gel constituents in a variety of
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mesoscopic structures can result in relaxation processes at different time scales that

pose a formidable challenge towards understanding the interplay between structure,

dynamics and mechanics. The introduction of new constituents with different chem-

istry or surface properties or nature of the interactions in gels often lead to distinct

microscopic dynamics and mechanics leading to the possibility to design composite

gels with specific functionalities [26, 26–29]. Designing materials with such controlled

and tunable physical and mechanical properties can pave the way for obtaining smart

materials with versatile applications such as for self-healing, thermo-responsiveness,

toughness and extensibility [30–35], but requires a deeper understanding of how these

properties emerge.

This dissertation focuses precisely on connecting the dynamical and mechanical

properties of particulate gels to their microstructure. In particular, I have investi-

gated, using numerical simulations, the role of microscopic interactions, topology of

the network and properties of the gel strands in both linear rheology (small deforma-

tions) and nonlinear rheology (large deformations) of model gels. My work also helped

develop a deeper understanding of composite gels consisting of components with dif-

ferent interaction strengths, and of gels reinforced with nanofillers. Most of the work

done involved close collaboration with various experimental groups. In particular, this

dissertation tries to address the following outstanding questions:

• What is the microscopic origin of the elasticity in soft particulate gels? Can

we rationalize it in terms of the microscopic forces at play or of specific elastic

elements that appear in the gel network or, rather does it depend on the large

scale organization of the gel structure?

• How is the linear viscoelastic spectrum of soft particulate gels related to their

microstructure? How do the amount of solid particles (solid volume fraction)
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and gel history (determined by preparation protocol) determine the shape of

linear viscoelastic spectra and elastic moduli?

• How can the viscoelasticity of composite gels be controlled by changing the

nature of the interactions in different components? What are the microscopic

mechanisms that can control the gel reinforcement in nanofiller composites?

• How do the architecture of the gel networks and properties such as the bending

stiffness of the gel strands or prestress affect the non-linear mechanical response

that manifests through strain-stiffening, yielding and failure?

Outline of this dissertation

This dissertation is organized as follows. In chapter 1, I introduce soft particulate

gels, and describe the interparticle interactions between colloidal particles in solu-

tion, the pathways to gelation and formation of gel structures, and review dynamical

and rheological characterization of these materials. I also highlight the existing chal-

lenges to identify the common microscospic orgin of complex dynamics and rheology

in particulate gels. Chapter 2 provides an overview of various experimental techniques

used for the characterization of structure, dynamics and rheology of soft particulate

gels. In chapter 3, I review the computational methodologies employed to analyze

the simulations data and perform the computational rheological tests, building on

the tools previously developed in Del Gado group [36–43]. The remaining chapters

describe the main results of my dissertation work. Chapter 4 provides a detailed inves-

tigation of the microscopic interactions in the model for particulate gels previously

devised by Del Gado and collaborators. I show different gel morphologies which can

be obtained by varying model parameters, and discuss the emerging mechanics from

the local elementary structures using the analytical expressions of the interactions. In
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chapter 5, I investigate the microstructural origin of the linear viscoelastic behavior

of model particulate gels, and provide new insight into how the disorder and hierar-

chical organization of sub-structures are linked to the emerging rigidity and elasticity

of the overall network. In chapter 6, I discuss how the viscoelasticity of composite

gels can be tuned by changing the nature of the interactions in different components

and their relative compositions. I discuss the microscopic insights gained from the

numerical simulations in two different cases: (i) the reinforcement of the elastic mod-

ulus obtained with addition of fillers in the gel network, (ii) the dependence of the

elastic modulus on the composition in a binary network made of two components

with different interaction strengths. Chapter 7 analyzes the role of gel architecture

and fiber mechanics on the non-linear mechanical response such as strain-stiffening,

yielding and failure. In particular, I discuss how the topology of the network, the

bending stiffness of the gel strands, and the prestress impact the non-linear rheology

in the context of experiments on biopolymer gels such as collagen and actin which are

found in the extracellular matrix of cells and in the cell cytoskeleton. Finally, chapter

8 contains a brief summary of the results of this dissertation work and provides an

outlook of the work done.
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Chapter 1

Soft particulate gels

1.1 Introduction

Soft particulate gels can form in a wide range of colloidal suspensions of particles, par-

ticle agglomerates or droplets [1, 4, 13, 14, 18–23, 44]. The attractive inter-particle

interactions drive the aggregation in such systems that lead to kinetic arrest and

results into the self-assembly of an interconnected space-spanning network structure

at low particle volume fractions with solid-like elastic properties [24, 25]. Slow aging

due to internal structural rearrangements is hallmark of these materials. The sen-

sitivity of their microstructural variability to shear and other deformations often

complicates their rheological characterization. For example, the preparation protocol

and the presence of different constituents in composite gels can change the rheological

properties drastically. Understanding the physical principles that govern the complex

dynamical and rheological properties is crucial from a fundamental perspective as well

as when formulating many commercial products using gels in a wide variety of indus-

tries and technologies, ranging from food or personal care products to drug delivery

or other biomedical applications [4, 7, 13, 14].

In this chapter, I will first describe different types of microscopic interactions

between particle surfaces in solution that result into a strong attraction between

particles. This is followed by discussion on various pathways to the aggregation in

colloidal systems. Then, the current microstructural understanding of the dynamical
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and rheological properties in particulate gels is discussed, also highlighting the existing

challanges to identify their common underlying mechanisms.

1.2 Interactions, aggregation and gel structure

Colloidal suspensions can transform from a fluid to a gel state upon the introduction of

short range attractive interactions. A considerable amount of work has been devoted

to characterizing gel morphologies and processes that can initiate gel formation, from

irreversible and diffusion limited colloidal aggregation (DLCA) leading to fractal-like

microstructures [45–47], phase separation of colloid rich phase - colloid poor phase

via a spinodal decomposition process or microphases [3, 4, 14, 48–51].

1.2.1 Interparticle interactions

For the aggregation processes, an attractive interaction is key to the formation of per-

sistent space spanning network. The net attractive interactions between constituents

usually originate from surface forces, such as those described by the theory due to

Derjaguin, Landau, Vervey, and Overbeek (DLVO) [52, 53] with van der Waals forces

being the main source of attraction [53], and attraction due to entropically favored

depletion, from the interparticle spacings, of small non-adsorbing polymers added

to the suspension, as described by the Asakura-Oosawa theory [54]. These different

interactions are discussed below.

DLVO potential

The Derjaguin, Landau, Vervey, and Overbeek (DLVO) [52, 53] theory describes par-

ticle interactions as a combination of van der Waals attraction and electrostatic repul-

sion. van der Waals-dispersion interaction is the most common interaction between

6



surfaces arising due to forces acting between atoms (or molecules). The van der Waals

forces account for the interactions resulting from different electrostatic effects [1]: (i)

Kessom forces due to the interactions between two rotating dipoles, (ii) Debye forces

due to interactions between a permanent and an induced dipole, and (iii) London

forces due to the interactions between instantaneous induced dipoles. The van der

Waals potential is given by:

UvdW(r) = −CKessom
r6

− CDebye
r6

− CLondon
r6

= −CvdW

r6
(1.1)

London forces are always present while the Kessom and Debye forces are absent in

neutral and non-polar atoms (or molecules). The van der Waals potential between

two spherical surfaces of particles has been simplified by integrating over two circular

domains with the Derjaguin approximation [53] as

UvdW(h) ≈ −AHa
12h

(1.2)

where a is the radius of particle, h is the distance between surfaces and AH is the

Hamaker constant which depends on the dielectric constant and refractive indices of

the solution, and AH ∼ 1−100kBT [53]. The Eq. 1.1 is based on the assumption that

h << a, corresponding to short-ranged interactions.

Colloidal suspensions can be electrostatically stabilized if the attractive van der

Waals forces are counterbalanced by the repulsive Coulomb forces acting between

counterions i.e. ions with opposite charges close to the surface of a charged colloidal

particle. The counterions accumulate at the surface of the particle and form a dense

layer, called Stern layer as shown in Fig. 1.1 (a). Such layer is then followed by a

diffuse layer containing free ions. These two layers together constitute an electric

double layer with a characteristic thickness, the Debye length κ−1 which depends on

the ion concentration in the solution and dielectric constant of the solvent. When two
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particles come close to each other, their double layers overlap and an electrostatic

repulsion acts between the like-charged double layers. The potential energy due to

Figure 1.1: Schematic of DLVO interactions. (a) Illustration of electric double-
layer. A neatively charged colloidal particle accumulate poistive charges close to its
surface forming a stern layer. A diffuse layer is formed further away. (b) van der
Waals attractive and electric double layer repulsive interactions and their sum (DLVO
potential) as a function of distance between two spherical colloidal particle surfaces h.
There are two energy minima: one deep primary minimum at small particle separation
and a shallow secondary minimum at larger separation.

electric double-layer repulsion is given by [53]:

UEDL(h) =
1

2
aZe−κh (1.3)

where Z = 64πε0ε
(
kBT
e

)2
tanh2( zeψs

4kBT
) Jm−1 is the interaction constant and ψs is

the surface potential, z the electrolyte valency, e electronic charge and kBT thermal

energy. The overall DLVO potential is given by the sum of UvdW(h) in Eq. 1.1 and

UEDL(h) in Eq. 1.3 as shown in Fig. 1.1 (b). The potential energy profile in Fig. 1.1 (b)

shows two minima. A shallow secondary minimum (∼ kBT ) at large separation may

result in weak and reversible flocculation, while a deep primary minimum (∼ 100kBT )

at smaller separation can results in strong flocculation (coagulation). However, the
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repulsive barrier at intermediate separation prevents flocculation into the primary

minimum.

The net interactions can be tuned by the addition of a salt or surfactant in the

solution to screen the electrostatic repulsion. When an electrolyte is added to the

solution in sufficient amount, the electrostatic repulsion can be reduced such that

vander Waals attraction dominates, resulting in a net attractive interaction. This

can induce particle aggregation leading to a gel state. Therefore, the strength of the

attractive interactions in the gel can be controlled by the concentration of the added

salt.

Steric interactions

Alternatively, the stability of colloidal suspensions can be achieved by creating repul-

sive forces to counterbalance strong van der Waals forces by covering the surfaces

of the colloidal particles with polymer chains. If polymers grafted on the surface of

colloids have good affinity to the solvent, the polymers swell and form a thick layer.

The polymer brushes can maximize their interaction with the solvent by repelling

each other. When two particles covered with brushes come close to each other, the

brushes create a large osmotic pressure since they tend to occupy as much of the

volume between the particles. The high osmotic pressure results in a repulsion which

prevents the particles from direct contact. This mechanism produces steric stabiliza-

tion of particles and prevents them from aggregation. The repulsive force increases

with the increase of the grafting density. The steric interaction potential due to the

polymer brush for two particles with surface separation h is can be quantified as [55]:

Uster = npkBT

[
π2Nl2

3h2
+ ln

(
3h2

8πNl2

)]
, (1.4)
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where np is the surface density of polymer brushes and N is the number of segments

of length l per chain.

Depletion interactions

Attractive interactions between colloidal particles can also be induced by adding

smaller species or “depletants” in the suspension and are known in this case as deple-

tion interactions. The depletant can be smaller particles or more often, non-adsorbing

polymers. Due to excluded volume interactions, the polymer molecule of size ∼ 2Rg

Figure 1.2: Schematic of depletion interactions. (a) Colloidal particles (blue) of
radius a surrounded by non-adsorbing polymer depletant of radius of gyration Rg. The
gray region around the each colloid indicate the excluded volume. (b) When two col-
loids come closer, the depletants move away from the overlapping region. The change
in osmotic pressure makes two colloids attract with each other shown by green arrows.
(c) Sketch of depletion interaction described by Asakura-Oosawa approximation [54].

are excluded from the region surrounding each colloid as shown by region in gray in

Fig. 1.2 (a). The spherical shell with a thickness Rg around the colloidal surface is

called depletion layer. When the interparticle separation between colloids becomes

smaller than the size of the depletant, the depletants tend to be expelled from the

space between the colloidal particles, which consequenty increases the concentration
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of depletant surrounding the particles compared to the region between the particles.

This leads to an unbalance of the osmotic pressure while pushing the colloidal parti-

cles together, therefore resulting in effective attractive interactions between the two

colloidal particles. The depletion potential between colloidal particles considered as

hard spheres with surface separation h, is given by Asakura-Oosawa approximation

[54, 56]:

UAO(h) =


∞, h < 0

−ΠVov(h), 0 < h < 2Rg

0, h > 2Rg.

 (1.5)

where Π is the osmotic pressure which depends on the number density of depletant

ρd as Π = ρdkBT and Vov is the excluded volume overlap given by:

Vov(h) =
π

6
(2Rg − h)2(3a+ 2Rg + h/2) (1.6)

Therefore, the strength of depletion interaction can be controlled by changing the

depletant concentration ρd and the size of the depletant Rg. The interaction potential

in Eq. 1.5 is schematically shown in Fig. 1.2 (b).

The forces just described do not include the properties of particle surfaces that can

become important once particles are in close contact as they are in the gel structure.

In those conditions, the presence of surface roughness or irregularities or surface

patches with specific interaction sites can lead to hindrance of translation or rotation

of particles relative to their neighbors, leading to an effective bending rigidity of the

parts of the gel structure. These phenomena are confirmed by experiments that have

measured low local contact numbers using confocal microscopy and also by direct

measurements of torques on colloidal aggregates with optical tweezers [19, 44, 57–60].

To fill this gap, I have worked on a class of microscopic models for soft particulate

gels that features a short-range attraction, similar to the one predicted by several
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theories of colloidal interactions, and an additional term that depend on the angle

between particle neighboring bonds, to include the energy cost associated with the

constraints of particle relative motions depending on the nature of the surface contacts

[36, 38, 39, 61]. Such approach had already proven successful in disentangling the role

of structural and stress heterogeneities in the microscopic glassy dynamics [38, 39, 41]

and linear or non-linear rheology [40, 42, 62, 63] of colloidal gels, providing useful

insight into experimental observations.

In the next section, I will describe how the combination of strength of attractive

interactions and the particle volume fraction produce different phases of colloidal

systems. This approach serves as a basis for understanding colloidal gelation in many

situations.

1.2.2 Pathways to aggregation and gel microstructure

In presence of short-range attractive interactions, colloidal suspensions explore dif-

ferent disordered states depending on the particle volume fraction φ and strength of

the attraction ε. This scenario is schematically represented in Fig. 1.3 (a) (adapted

from [64]) where gas, fluid and crystal phases of colloidal component, and their coex-

istence regions are shown. Between two single phases i.e. a gas phase at low φ and a

crystal phase at high φ, an equlibrium gas-crystal coexistence phase appears. Within

this gas-crystal coexistence region, a metastable fluid-fluid binodal region is depicted

for strong interparticle attractions. When the interaction strength ε is high, gela-

tion takes place by diffusion-limited cluster aggregation (DLCA) even at low particle

volume fraction φ as shown in Fig. 1.3 (a). In DLCA, particles stick with each other

every time they encounter, and the aggregation process is initiated by the diffusion of

clusters which irreversibly connect with neighboring clusters forming a space-spanning

network. This non-equilibrium aggregation process may lead to an arrested disordered
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network with a well characterized fractal structure. However, if the growing clusters

stick to each other only with a certain probability, it is called reaction limited colloidal

aggregation (RLCA) [49, 65].

Figure 1.3: Schematic representation of phase diagram in colloidal gelation
with short-ranged attractive interactions and cluster structures from dif-
ferent aggregation processes. (a) With decreasing the thermal energy or increasing
the strength of interactions, the system enters equilibrium phase between gas and
crystal, but further transition to fluid-fluid coexistence region becomes metastable.
Adapted from [64]. TEM images of clusters of gold colloidal particles obtained from
(b) DLCA and (c) RLCA kinetics in the experiment [66].

The clusters of colloidal particles obtained from RLCA aggregation have more

compact structure compared to DLCA as also demonstrated by images from the

experiments shown in Fig. 1.3 (b) and (c). For fractal objects, the dependence of the

mass of a clusters M on the characteristic size of the cluster (ξ) follow a power law

given by: M ∼ ξdf where df is the fractal dimension. Experiments have reported that

the characteristic fractal dimension obtained from DLCA aggregation is df ∼ 1.75

while RLCA correspond to a typically higher fractal dimension df ∼ 2− 2.2 [66, 67].

Gelation can be initiated also by equilibrium processes such as phase separation or

spinodal decomposition. In micro-phase separation, the presence of competing short-

range attraction and long-range repulsion can also drive the aggregation. When the
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system crosses a fluid-fluid phase boundary, the suspension can separate into a colloid-

rich “liquid” phase and colloid “poor” phase as shown in Fig. 1.3 (a).

Gel microstructures obtained across different systems are shown in Fig. 1.4. In

colloid-polymer mixtures, spinodal decomposition process drives the aggregation [19,

44, 48]. Depletion forces induce the system to phase separate via the formation of a

bicontinuous network of colloid-rich and colloid-poor domains. The presence of a space

spanning colloid-rich phase with increasing colloid concentration favours the growth of

a particle gel which temporarily arrests phase separation as shown in Fig. 1.4 (Left).

The gel network obtained by the aggregation of sodium caseinate found in yogurt

based products is shown in Fig. 1.4 (Center). Due to the presence of surface charges

on sodium caseinate particles, the particles interact with a short-range attraction and

a long-range electrostatic repulsion [68–71]. Gelation can be obtained by reducing the

electrostatic repulsion. With decreasing the pH, electrostatic repulsion also decreases

which make particles stick together resulting in the formation of gel structures [68, 70–

72].

Figure 1.4: Gel microstructure in different systems. Left: A colloidal gel formed
by PMMA spheres (scale bar = 20µm), reprinted from [44]. Center: A protein gel
based on casein in yogurt products (courtesy of T. Divoux). Right: Confocal images
of gels of collagen fibrils (scale bar=25µm), reprinted from [8].
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Another class of gels based on biopolymers also share microstructural similarities

with particulate gels that both consist of space spanning network of constituents.

However, the gelation process in biopolymer networks is different. The gel network

obtained from the polymerization of reconstituted collagen [8] is shown in Fig. 1.4

(Right). In type-I collagen, monomers consist of three α-chains of nucleic acids making

a helical structure. In the beginning of the polymerization, the helices stack together

to assemble into fibrils due to the elastostatic interactions, then the fibrils are bundled

together forming large fibers [8, 73, 74]. Finally, the cross-linking of the fibers produce

a branched network of collagen gel.

The final gel microstructure will depend on the the specific pathways of the gela-

tion, for example the preparation protocol, which can also determine the internal

stress stored within the material. Once the structural arrest is attained, the con-

stituents of gel are still sensitive to the external perturbations such as thermal fluc-

tuations. This leads to relaxation dynamics which depend on the local microstruc-

ture, for example size of aggregates and also the internal stresses accumulated during

solidification. These microstructural complexities also often lead to complex relax-

ation dynamics which can be slow and cooperative. The next section describes the

microscopic dynamics in particulate gels.

1.3 Dynamical properties

Extensive efforts have been devoted to understanding the cooperative and glassy

microscopic dynamics associated to gel formation [21, 25, 36, 75, 76], elucidating how

this is a common feature for these systems, often independently from the specific

mechanism initiating gelation. In dense glasses, the motion of individual particles is

considerably dependent on large scale collective rearrangements of surrounding parti-
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cles resulting in a coupling between particle localization and overall structural relax-

ation, and the phenomenon is often referred as glassy dynamics. Similar mechanism of

feedback between local and collective particle dynamics is observed in dilute particu-

late gels, however through the spatial organization of network [38]. Different gelation

processes, however, can change the amount of stress heterogeneities frozen-in in the

gel structure upon solidification. The possibility to relax those stresses through the

elasticity stored in the gel network can make the glassy dynamics of soft gels quite

distinct, with faster-than-exponential relaxations and intermittent spatio-temporal

correlations [41, 77, 78].

The single particle displacements can be measured in particle based simulations or

particle tracking experiments from the particle position at different times. The prob-

ability distribution of the particle displacements is measured with van-Hove function

G(r, t). The probability for a particle with the displacement r is defined as:

G(r, t) =
1

N

N∑
j=1

N∑
k=1

〈δ(r − |rj(t+ t′)− rk(t)|)〉 (1.7)

where t′ represents the lag time. The double summation indicates that the function

G(r, t) consists of the self (when j = k) part, Gs(r, t) and the distinct (when j 6= k)

part Gd(r, t).

The van Hove distribution function is expected to follow a Gaussian distribution

for particles undergoing a random motion where each particles move independently as

in gas or in the case of simple diffusion. A non-Gaussian distribution of displacements

is usually attributed to dynamic heterogeneities. The displacement distributions in

gels deviate from the Gaussian distribution while developing a broad exponential [19,

41, 79, 80]. Studies have suggested that dynamical heterogeneity is directly related to

the heterogeneity in the local connectivity of the network and the structural relaxation
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take place through highly correlated stringlike motion of a few mobile particles [80–

82].

The average particle motion can be measured with mean squared displacement

(MSD) in particle based simulations or particle tracking experiments or also through

light scattering experiments. In collidal gels, MSD typically indicates that the motion

is strongly localized and the localization increases with the gelation time and with the

particle volume fraction [39, 83–86]. The dynamics slows down considerably once the

structure is fully aggregated and a rigid network is formed. In colloidal gels, the MSD

shows an intermediate plateau between short-time and long-time Brownian diffusion

[39]. The plateau is a reminiscent of the formation of cages that ocuurs in the dynamics

of glassy systems. However, at long times, the network can still restructure through

breaking and reforming of particle bonds due to thermal fluctuations. Bond breaking

event then can produce particle displacements further away over length scales well

beyond the network mesh size [38, 39]. This cooperative motion that underlies the

network restructuring menifests itself through the complex decay of time correlations

of the displacement or density fluctuations. The correlation of particle dynamics in

both space and time can be measured with scattering experiments or by computing

the intermediate scattering functions in simulations.

In a scattering experiment, the wave vector q allows us to probe dynamics at

different length scales lq such that q ≈ 2π/lq. The intermediate scattering function

f(q, t) is the autocorrelations of the density fluctuations or of the local displacements

of particles or aggregates in the reciprocal space. The intermediate scattering function

is related to the van Hove correlation function through a Fourier transformation as:

f(q, t) =

∫
G(r, t) exp(−iq · r)d3r (1.8)
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In case of a Brownian diffusion, the intermediate scattering function f(q, t) decays

exponentially. However, various experiments and simulations [21, 38, 39, 41, 76, 77]

show that the decay of function f(q, t) in gels follow a more complex dynamics with

stretched or compressed exponential deacy,

f(q, t) ∼ exp(−t/τq)β, (1.9)

where τq is a characteristic timescale for a given wave vector q and β is the relax-

ation exponent. The exponent β < 1 corresponds to a slower-than-exponential or

stretched exponential and is reminiscent of supercooled liquids and dense glassy sys-

tems [21, 38, 76, 77]. In some situations, however, a relaxation faster-than-exponential

or compressed exponential β > 1 is observed where the thermal fluctuations are not

sufficient to relax the internal stresses accumulated during the aggregation [41, 87, 88].

In chapter 2 and 3, I will describe the method for measuring various dynamical quan-

tities in experiments and simulations. The microscopic dynamics is probed to under-

stand the emerging rheological response as a result of changes in the microscopic

interactions or structures and stress heterogeneities in chapters 4 and 5. I will discuss

the rheology of gels in the next section.

1.4 Rheological properties

In colloidal gels, experimental works and recent simulation studies have started to

address the connections between microstructure and rheological behavior [21, 40, 89,

90]. The outstanding questions go from identifying a possible common origin of the

solid-like mechanical response across materials apparently very different to under-

standing the emergence of rigidity resulting in characteristic viscoelastic properties

and understanding of stress localization [91, 92] impacting the non-linear stiffening

18



and yielding at high deformations. In the next section, I will discuss the linear rhe-

ology and emergence of rigidity and finite elastic modulus in particulate gels.

1.4.1 Linear viscoelasticity

The standard rheological characterization of gels involves measuring the viscoelastic

moduli in the frequency domain by imposing a small oscillatory deformation. The fre-

quency dependent elastic modulus G′(ω) measures the energy stored per unit volume

after applying deformation while the viscous modulus G′′(ω) represents the energy

dissipation per unit volume. When the system is in fluid phase, the elastic modulus

G′ is negligible at low frequencies and the response is predominantly viscous with

G′′(ω) ∼ ω at low frequencies. However, the linear viscoelastic properties show dis-

tinct features when the initially fluid structures aggregate into the gel. At the gel

point (GP), the viscoelastic moduli show power-law behavior

G′(ω) ∼ G′′(ω) ∼ ωα, (1.10)

where 0 ≤ α ≤ 1. Beyond the GP, the elastic modulus grows continuously and at low

frequencies, the power law leave place to a plateau (G0) [93–95]. For polymer gels,

the elastic modulus grows with increasing the crosslinking of the polymer chains (Fig.

1.5 (a)), and can be described by the percolation theory since the elastic modulus

shows a power law dependence on the distance from the percolation threshold, p− pc

[96–98] as

G0 ∼ (p− pc)f , (1.11)

where p is the probability of cross-linking and pc is the gelation threshold i.e. the

cross-linking probability where a first spanning network appears. While the perco-

lation theory does not directly predict f , different values of exponent f are found

in different experiments [99–103]. For cross-links described by only central forces
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(Hookean springs as in Fig. 1.5 (b)), the prediction of the exponent is f = dν, where

d is the Euclidian space dimension and ν is another critical exponent related to the

correlation length that diverges at percolation threshold as ξ ∼ (p−pc)ν . Kantor and

Webman [104] considered a percolating network of springs where both bending and

stretching costs contribute to the elasticity. This model predicts a different exponent

f = dν + 1 [104–106].

Figure 1.5: Schematic of a random network formed by crosslinking of poly-
mers. Example of a random polymer network in (a), and the same network repre-
sented by network of elastic springs in (b).

In the percolation description of gelation, only a small fraction of the network can

be responsible for its macroscopic elastic response since, for example, the dangling

ends cannot transmit stress. The elasticity of the gel can be expressed in terms of the

spring constant that describes the stiffness of a stress-bearing backbone Kξ and of its

size ξ as

G0 ∼ Kξ/ξ. (1.12)

The stiffness of the backbone is given by Kξ = K0/NNCBξ
2 where K0 is the stiffness

of a single bond, NNCB ∼ ξdB is the number of springs along the backbone, dB

is the fractal dimension of the backbone and dB ≈ 1.1 − 1.4 [45, 107]. Therefore,

Kξ = K0/ξ
dB+2 and, using this in Eq. 1.12, one has

G0 ∼ ξ−(3+dB). (1.13)
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In colloidal gels, it is not clear what measures the distance from the gelation threshold

p−pc because the aggregation process can involve a number of physical processes and

structures can be hierarchical and complex as briefly described in section 1.2.2. The

scaling of the elastic modulus in colloidal gels is often expressed in terms of volume

fraction of particles φ [1, 5, 45, 108–115] since this quantity is usually well known.

However, the gelation threshold is not uniquely determined by φ since it depends on

the gel preparation. Nevertheless, when the gel is initiated by fractal aggregation, the

fractal dimension df of the flocs can be measured through scattering. Assuming that

at the gelation threshold the flocs fill homogeneously the space leads to ξ ∼ φ1/(df−3)

[1, 45, 108]. Therefore, if in this case the flocs constitute the backbone, the elastic

modulus of the gel depends on φ as

G0 ∼ φ
3+dB
3−df . (1.14)

Various experiments in colloidal gels have demonstrated the power law dependence

G0 ∼ φx, but found a wide range of exponents from x ≈ 3 − 4 [1, 45, 108–112] to

x ≈ 4− 7 [5, 113–115]. These values seem to depend on the aggregation process and

type of gel structures formed. In several cases, for example when the gelation is ini-

tiated by phase separation, the initial aggregates are not fractal but rather compact.

Zaccone et al [116] investigated the elasticity in these gels and found assuming that

each individual bond contributes to the elasticity may overpredict the moduli mea-

sured experimentally by several orders of magnitude. They proposed that the elastic

modulus can be described as

G0 =
φcz(φc)κ̃

5πξ
(1.15)

where φc is cluster volume fraction, z(φc) is the mean coordination number of the

clusters, κ̃ is the spring constant of the bonds between the clusters, and ξ is the

cluster size. Hence, in this case, the connections between the clusters control the gel
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elasticity, as confirmed by comparison with experiments [21, 115]. There is growing

evidence that the mechanics of particulate gels is largely affected by the structural

heterogeneies and frozen-in stresses accumulated during aggregation. The elastic mod-

ulus can therefore be sensitive to preparation protocol and also to the stress hetero-

geneities introduced due to the presence of different components in composite gels.

The dependence of elastic modulus in composite gels will be discussed in chapter

6. The structural hetrogeneities and frozen-in stresses also impacts the non-linear

mechanics which is described below.

1.4.2 Nonlinear rheology

Despite being soft, colloidal gels [14, 21, 68, 117] also show significant non-linear strain

stiffening at large applied deformations akin to the behavior of biopolymer networks

and biological tissues [8, 62, 73, 74, 118]. In these later materials, this feature is

important for providing structural integrity and mechanical stability by supporting

in cells and tissues undergoing processes such as cell-migration and cell-division. The

non-linear mechanics and strain stiffening (Fig. 1.6 (b)) in biopolymer gels has been

studied a lot and understood well while these phenomena are less understood for

colloidal gels. A better understanding of strain stiffening in colloidal gels could pave

the way for the development of tissue replacements that allow for cell remodeling

while providing resistance to failure at moderate strains. The non-linear mechanics

of biopolymers is described by the semiflexible nature of the filaments and has been

mostly understood using worm-like chain (WLC) model [118, 119]. Colloidal gels,

in some cases, also feature semiflexible strands with finite bending rigidity [42] and

display strain-stiffening similar to biopolymer gels. Below, I will give an overview

of the WLC model and strain-stiffening in biopolymers which can be useful also to

understand the non-linear mechanics of colloidal gels.
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Biopolymer gels typically consist of network of semiflexible filaments in which the

persistence length lp of the filaments is of the order of the contour length Lc. The

persistence length is defined as the length scale over which the bond correlations in

the tangent direction decays as

〈t(s) · t(s′)〉 = e−|s−s
′|/lp , (1.16)

where t(s) is the unit tangent vector along the chain backbone at a distance s as

shown in Fig. 1.6 (a). The persistence length lp is related to the bending rigidity κ

by lp = κ/kBT [7, 118].

Figure 1.6: Schematic of a filament with a bending rigidity and non-linear
strain stiffening in biopolymer gels. (a) The local orientation of the filament is
represented by a unit tangent vector t(s) at a distance s along the chain backbone
in worm-linke chain (WLC) model. (b) Storage modulus as a function of strain for
synthetic polyacrylamide gel and various biopolymer networks. The response is linear
at small strains and the modulus grows by few order of magnitudes at larger strains.
Reprinted from [7].

In flexible polymers, the elasticity is mainly the result of the change in conforma-

tions of the polymer chain as it is entropic in nature. On the other hand, stiff and

semiflexible polymers may change the conformations in presence of thermal fluctua-

tions much less and their elasticity can also have enthalpic contributions. Due to the
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semiflexible nature of the filaments, the elastic and flow properties of biopolymer net-

works is therefore governed by a competition between entropic and energetic effects.

The WLC model can accurately describe the force-extension relationship and strain-

stiffening at larger deformations, as well as the magnitude of transverse fluctuations

in a wide range of semiflexible polymers and filaments. For semiflexible filaments

forming a macroscopic crosslinked network, the main scaling features of its nonlinear

mechanical response can be related to the single filament properties, using an affine

model [7, 118, 120] which assumes that the cros-linking points follow exactly the

externally imposed deformation. The linear shear modulus depends, in this descrip-

tion, on the properties of the semiflexible filaments as well as on the cross-linking

density [118, 120],

G0 = 6ρ
κ2

kBT l3c
(1.17)

where lc is the length of semiflexible polymer between cross-links in the network. The

linear response at low strain γ is due to the fact that the strands of the network can

align/reorient in the shear direction accomodating the deformation. Beyond the linear

regime, the differential shear modulusK = dσ/dγ scales with the stress σ asK ∼ σ3/2

capturing observations in various experiments on reconstituted biopolymer networks

[121, 122]. The non-linear stiffening with increasing deformation corresponds to the

accumulation of the stress in stretching the bonds within the network strands [9–

11, 40, 42]. The stress accumulation within the material can lead to breakage of

bonds and may result in the fracture of the parts of the structure. Previous studies

have indicated that the extent of the non-linear stiffening and the type of material

failure can also depend on the amount of the frozen-in stresses and the organization

of network strands [40, 42, 123–125]. The change in the properties of the strands or

of the cross-links in the biopolymer network may have direct implications in the way

the gel respond to large deformations, and for biopolymer networks, this may have
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implications for cells and tissues. I will address some of these aspects especially the

role of network topology and properties of gel strands (bending stiffness and prestress)

in chapter 7, in the context of actin and collagen biopolymer networks.

1.5 Summary

Colloidal or particulate gels may form in a variety of systems including colloids,

proteins and polymers and the aggregation is mediated by various surface interactions

which result in space spanning networks due to kinetic arrest or phase separation. The

different pathways to aggregation lead to different gel morphologies and internal stress

states. The aim of this dissertation is to address how the structural features of colloidal

gel networks determine their dynamical and rheological characteristics. In particular,

I have investigated the interplay between the structure, dynamics and rheology of soft

gels by using a class of numerical models which captures the fundamental features

of the interactions in real physical systems. Using such numerical models, I have

investigated the role of network connectivity in the linear viscoelastic properties. I

have examined the microscopic mechanism underlying the mechanical reinforcement

of gels with nanoparticle fillers. Finally, I have studied how the non-linear mechanics

especially the strain stiffening and failure of the gel may be controlled by the network

topology. Before describing my work, in the next two chapters, I will discuss the

experimental and computational methodologies which are most commonly used to

characterize the microscopic dynamics and rheological properties of these interesting

materials.

To this aim, I have worked with a model for soft particulate gels previously for-

mulated by Del Gado and collaborators [36–43]. This model can cover a range of

interparticle interactions and be studied through coarse-grained molecular dynamics
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simulations, where different gelation processes can be mimicked. This approach seems

promising to explore how different gel morphologies can emerge due to the inter-

play between microscopic interactions and kinetic processes. It has already proven

successful to disentangle the role of gel microstructure and stress heterogeneities

in the microscopic glassy dynamics [38, 39, 41] and linear and non-linear rheology

[40, 42, 62, 63]. I will discuss my understanding of the model in chapter 4 while I will

give an overview of different studies performed during my PhD in chapters 5, 6 and

7.
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Chapter 2

Experimental methods

2.1 Introduction

This chapter provides an overview of various standard experimental techniques

employed for the characterization of structural, dynamical and rheological behavior

of soft particulate gels. The main experimental characterization of structure and

dynamics include use of various forms of light scattering (e.g. X-rays, neutrons,

laser), imaging with fluorescence and confocal microscopy. Recent development of

combining the rheology probed with conventional strain or stress controlled devices

with direct imaging of microstructures have opened avenue for better understanding

of the fundamental physics governing such complex systems. In this chapter, I will

introduce dynamical quantitities measured with light scattering experiments. Then, I

will discuss imaging and particle tracking experiments. Followed by this, I will discuss

microrheology measurements which uses either light scattering or particle tracking.

Then, I will describe the rheological experiments which uses either a periodic strain

or a fixed strain.

2.2 Light scattering

Light scattering measurements can determine the size and shape of colloidal particles

as well as characterize the size and fractal nature of aggregates. Such experiments are

also employed to study the relaxation dynamics probed by thermal motion or shear.
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2.2.1 Static light scattering

The internal structure of gel, the different length scales and their distribution are

characterized by scattering experiments that measure the correlations between scat-

terers’ position to get information on the spatial organization of particles in solution

and in the gel structure. A sketch of an experimental set up is shown in Fig. 2.1 (a).

For a given wavelength λ of the incident radiation (visible light, X-rays or neutrons),

the scattering wave vector is defined by:

q =
4πn

λ
sin
(θ

2

)
(2.1)

where θ is the scattering angle and n is the index of refraction of the scattering

medium. If the scattering is due to the presence of objects with position vectors rj

Figure 2.1: Light scattering experiment. (a) Schematic showing that the light
with wavevector kin = 2π

λ
incident on sample volume gets scattered with ks at an

angle θ relative to incident direction. (b) Static structure factor S(q) as a function of
scattering vector q in a fractal colloidal gel. Reprinted from [126].

(j = 1, 2, ..., N), the intensity of the scattered radiation for a scattering vector q is

given by:

I(q) ∝ P (q)S(q) (2.2)

28



where the quantity P (q) is the form factor and depends on the particle shape and

size and for spherical particles of radius R, it is given by,

P (q) =
[ 3

qR

(
sin(qR)− qR cos(qR)

)]2

. (2.3)

and

S(q) =

〈
1

N

N∑
j,k=1

exp [iq · (rj − rk)]

〉
, (2.4)

is the structure factor and provides information on the relative particle position and

their spatial correlation. For particles that aggregate into clusters forming a space

spanning network, S(q) provides an information on different characteristic length

scales. If the network has fractal geometry, the mass distribution of fractal clusters

follow the scaling: M(Rg) ∝ R
df
g where df is the fractal dimension and Rg radius of

gyration of clusters. Therefore, in the range of fractal geometry, the structure factor

has a power law form [127]:

S(q) ∝ q−df R < 1/q < ξ (2.5)

where R is the scatterer radius, and ξ is the radius of gyration of the largest cluster

above which the mass distribution can no longer be considered as fractal. For example,

the structure factor for a colloidal gel formed through particle aggregation [126] shown

in Fig. 2.1 (b) shows that the slopes in S(q) are different for the different regime of

scattering vector q values. The slope at large q regime should correspond to the fractal

dimension df = 1.3.

2.2.2 Dynamic light scattering

The scattered intensity fluctuates with time due to the thermal motion of the net-

work. In DLS experiments, a quantitative measurement of time autocorrelation of
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fluctuations of scattered intensity is obtained as [127]:

g2(q, t) =
〈I(q, t+ t′)I(q, t)〉
〈I(q, t)〉2

, (2.6)

where t represents the waiting time and t′ lag time, and I(q, t) represents the intensity

at time t for a given scattering vector q. The correlations of the intensity fluctuations

g2(q, t) can be related to a quantity that can be computed theoretically called with

a dynamic structure factor or intermediate scattering function f(q, t), using Siegert

relation [128]:

g2(q, t) = 1 + |f(q, t)|2 (2.7)

where the intermediate scattering function f(q, t) is a function of the relative particle

positions as

f(q, t) =
1

NS(q)

〈
N∑

j,k=1

exp[iq · (rj(t+ t′)− rk(t))
]〉

(2.8)

If all particles are statistically independent and move randomly due to thermal motion

only, then

f(q, t) = exp
[
− q2〈∆r2(t)〉/6

]
(2.9)

where ∆r2(t)〉 is the mean squared displacement (MSD) and can be theoretically

computed from particle trajectories as

〈∆r2(t)〉 =
〈 1

N

N∑
j=1

(
rj(t+ t′)− rj(t)

)2
〉

(2.10)

The decay of the intermediate scattering function f(q, t) at long times signifies the

type of particle dynamics. In case of a simple diffusion, 〈∆r2(t)〉 ∝ Dt where D

is called diffusion constant, and Eq. 2.9 indicates that the function f(q, t) decays

exponentially. Colloidal gels and other soft materials, however, show more complex

dynamics with the decay:

f(q, t) ∼ exp(−t/τq)β, (2.11)
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Figure 2.2: Dynamic light scattering experiments. (a) Intermediate scattering
function f(q, t) as a function of time t for different wave vectors q in a fractal colloidal
gel [83]. (b) MSD of colloidal gels [84] at different volume fractions obtained from
scattering function f(q, t) in Eq. 2.9. The inset is the data collapse of MSD by rescaling
the axes with factors τ ′c and δ2.

where the dynamics can slower (β < 1 or stretched exponential) or faster (β > 1

or compressed exponential). The slow dynamics with stretched exponential decay of

f(q, t) is usually ascribed to the cooperative, glassy slowing down of the dynamics

[21, 38, 76, 77] , while the compressed exponential is associated to the relaxation

of elastic stresses stored within the material or to the disorder of the gel structure

during their aging [41, 87, 88]. For example, the decay of f(q, t) in a dilute colloidal

gel [83] as shown in Fig. 2.2 (a) show a stretched exponential for different q values.

The intermediate scattering function f(q, t) measured from the experiment can be

transformed into the mean squared displacement 〈∆r2(t)〉 through the Eq. 2.9. Fig.

2.2 (b) shows an example of the mean squared displacement 〈∆r2(t)〉 of colloidal gels

[84] at different volume fractions and their collapse onto the same time dependence

in the inset.
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2.3 Optical microscopy and particle tracking

Particles and the aggregates in particulate gels can be directly imaged using optical

microscopes when the particle sizes are typically in the range 10 nm-1 µm. The

evolution of optical microscopy techniques with improved resolution allows to examine

increasingly small length-scales and faster dynamics. From the sample images (e.g.

Fig. 2.3a), one can identify and characterize microstructural features such as local

contact number (e.g. Fig. 2.3b), pores, particle clustering [19, 44, 80, 129].

Figure 2.3: Imaging and particle tracking in a colloidal gel in the experi-
ment. (a) Confocal microscopy image of a PMMA colloidal gel [19]. (b) Distribution
of local contact number. (c) Self van Hove function Gs(x, t) of a colloidal gel [80]. The
red lines represent the exponential fits to the tail of the distribution. The green lines
represent the Gaussian fit to slow particles.

Particle tracking experiments are important when the constituents are smaller.

This technique uses fluorescently labeled micrometer sized tracer particles (or probes)

which couples to the background material. By tracking the motion of the tracer

particles, the structural and dynamical heterogeneities present in the material can be

investigated. With this technique, one can measure the mean squared displacements

〈∆x2(t)〉 and distribution of single particle displacements throuh Gs(x, t) van-Hove

function as discussed in chapter 1. In Fig. 2.3 (c), the self van Hove function for a

colloidal network [80] is shown which clearly shows a strong exponential tail which is

attributed to the dynamical heterogeneities.
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2.4 Rheology

Rheology of particulate gels is far more complicated than simple solids and liquids.

Generally, the elastic response is linear at small strains i.e. the stress developed in the

material is directly proportional to the applied strain. However, the elastic response

becomes strongly non-linear at larger applied strains. In experiments, these measure-

ments are performed by straining or applying a constant load to the material placed

between two surfaces of desired geometry in a Rheometer.

2.4.1 Basic concpets

In a shear deformation, force is applied along the surface, not normal to it as repre-

sented schematically in Fig. 2.4 (a). Let the direction of shear (or flow) be along X,

the direction normal to shearing surface (or gradient) be along Y and the direction

tangential to the surface (or vorticity) be along Z axis as shown in Fig. 2.4. Then,

we can measure the average amount of force exerted per unit area or stress in various

directions. The stress is a tensor quanity with 9 components in three-dimensional

geometry, and can be represented by a matrix:

σ =


σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 (2.12)

The components σxx, σyy and σzz are normal stresses, and σxy, σxz, σyz, σyx, σzx

and σzy are shear stresses. However, for shear flow in Fig. 2.4 (a)) the only non-zero

shear components are σxy and σyx. If the force F in the direction of flow produces

a displacement ∆x (Fig. 2.4 (a)), then shear strain γ = ∆x
h
. We can define a strain
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Figure 2.4: Schematic representation of a shear deformation, and oscilla-
tory stress and strains. Definition of strain and stress in (a). Oscillatory strain
and stress relationships in different materials: (c) elastic solids (d) viscous fluids, and
(e) viscoelastic materials

tensor in this case as:

γ =


0 γ 0

γ 0 0

0 0 0

 (2.13)

If the material is linear elastic, the stress and strain are coupled through the

Hookian elastic relationship, σ = Gγ, where the coefficient G is the elastic modulus

of the material. If the material is a viscous fluid, the stress is proportional to the

strain rate γ̇ and is given by σ = ηγ̇ where the coefficient η is the viscosity.
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2.4.2 Oscillatory rheology

A standard way of probing the viscoelastic rheological behavior is to measure the

stress response to an imposed oscillatory strain

γ(t) = γ0 sin(ωt) (2.14)

where γ0 is the strain amplitude and ω the frequency of oscillation. As discussed

above, if the material response is purely elastic like Hookean solid, the stress response

σ(t) follow the imposed strain γ(t). In this case, the phase difference δ between σ(t)

and γ(t) is 0◦ as shown in Fig 2.4 (b). On the other hand, for a purely viscous material,

the phase difference is 90◦. For gels, rheological behavior lies between elastic and

viscous and the phase difference will be 0◦ < δ < 90◦. The time dependent stress σ(t)

for a viscoelastic material can be expressed as,

σ(t) = σ0 sin(ωt+ δ)

= σ0 cos δ sinωt+ σ0 sin δ cosωt

= G′γ0 sinωt+G′′γ0 cosωt

Where the stress response has both the in-phase (elastic) and out-of-phase (viscous)

components. The complex shear modulus G∗ consists of an elastic or storage modulus

and a viscous or loss modulus, and can be defined in a complex plane as G∗ = G′+iG′′.

For a given frequency of oscillation ω, the complex viscoelastic modulus G∗(ω) is

extracted from the Fourier transforms of the stress σ̃(ω) and the strain γ̃(ω) signals

as

G∗(ω) = σ̃(ω)/γ̃(ω). (2.15)

The storage modulus G′ and loss modulus G′′ are then defined by:

G′(ω) = Re[G∗(ω)] and G′′(ω) = Im[G∗(ω)] (2.16)
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The loss factor is defined by the ratio of loss modulus G′′ and G′, i.e.

tan δ =
G′′

G′
, (2.17)

which is also used to characterize the material behavior.

Frequency sweep test

By performing a discrete series of oscillatory tests at various frequencies, one can

obtain the linear viscoelastic spectrum. An example of a linear viscoelastic spectrum

obtained from a frequency sweep test in a cross-linked actin gel network [130] is shown

in Fig. 2.5. For a particlular frequency ω, the dominant modulus indicates whether

the fully structured material appears to be elastic or viscous. Above the gel point

(GP), the elastic modulus G′ > G′′ for low ω i.e. the solid-like response dominates,

whereas below the GP, the fluid-like response dominates and G′ < G′′.

Figure 2.5: Linear viscoelastic spectra in a cross-linked actin gel. The closed
and open symbols represent repectively the storage modulus G′ and loss modulus G′′
as a function of frequency of oscillation. Reprinted from [130].
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Performing frequency sweeps when gels are forming or evolving is challenging since

the timescale for the experimental measurement sometimes go beyond the timescale

for the structural changes within the material [131–133]. In addition, the finite dura-

tion of the input signal introduces new frequency components (artificial components)

while computing the Fourier transform of signals as in Eq. 2.15. This phenomenon

is called “spectral leakage” and it reduces the accuracy of the measured G′ and G′′.

In order to minimize this artifact, the signal probed must contain multiple cycles for

each frequency which also requires more measurement time.

Optimal fourier rheometry

To overcome the limitations of frequency sweep measurements discussed above, var-

ious works, most notably Heyes et al [134], Ghiringhelli et al [133], Curtis et al [132]

used a different type of signal that has been popularly used in other disciplines such

as radar [135], sonar [136], and acoustic [137] measurements, called the sine sweep or

chirp. They used a chirp signal to impose the deformation or apply a strain as shown

in Fig. 2.6 (a) (gray) in which frequency varies between ω1 and ω2 exponetially to

obtain the viscoelastic spectrum and is called optimal fourier rheometry (OFR). More

recently, Geri et al [131] used windowing function to the chirp signal as shown in Fig.

2.6 (a) (blue), which minimizes the spectral leakage associated with non-periodicity

of the signal and results in a better signal-to-noise ratio. The method is called opti-

mally windowed chirp (OWCh). The input chirp signal is shown in Fig. (2.6) and its

mathematical form is:

γ(t) = γ0W (t; b) sin[(Lω1)(et/L − 1)] (2.18)

where γ0 is the strain amplitude, L = T/ ln(ω2/ω1) and the phase of the signal

exponentially grows from the initial frequency ω1 to the final frequency ω2 within the

37



duration of the signal T . The parameters ω1, ω2 and T are chosen such that T ≥ 2π/ω1

where a wider frequency spectrum can be obtained using ω1 << ω2 as shown in Fig.

2.6 (c). The window function W (t; b) for a symmetric Tukey window is given by:

W (t; b) =


cos2[π

b
( t
T
− b

2
)], for t

T
≤ b

2

1, for t
T
< b

2

cos2[π
b
( t
T
− 1 + b

2
)], for t

T
≥ 1− b

2

(2.19)

where b is called tapering parameter that controls how rapidly the amplitude is mod-

ulated within the length of the signal T .

Figure 2.6: Strain as a chirp signal, its stress response and viscoelastic
moduli. (a) Gray represents a normal chirp and blue represents the windowed chirp.
(b) the corresponding stress responses. (c) Comparison of viscoelastic moduli obtained
using different oscillatory signals: data obtained from frequency sweep measurements
is shown in continuous black lines (solid for G′ and dashed for G′′), from unwindowed
chirp (b = 0) in gray (filled square and solid line for G′ and open square and dashed
line for G′′), from windowed chirp with b = 0.1 in red (filled triangle and solid line for
G′ and open triangle and dashed line for G′′), and from windowed chirp with b = 0.5
in blue (filled circle and solid line for G′ and open circle and dashed line for G′′).
Reprinted from [131].

By probing the input strain as a chirp signal (Eq. 2.18), stress response is measured

as shown in Fig. 2.6 (b). Then, the Fourier transform of strain γ̃(ω) and stress σ̃(ω)
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are computed to finally obtain the viscoelastic spectra as

G′(ω) = Re

[
σ̃(ω)

γ̃(ω)

]
and G′′(ω) = Im

[
σ̃(ω)

γ̃(ω)

]
(2.20)

A comparison of viscoelastic spectra measured using different type of oscillatory sig-

nals is illustrated by Geri et al [131] in Fig. 2.6 (c), which shows that the OWCh signal

(windowed chirp b = 0.5) shown in blue, produces a spectra identical to the frequency

sweep measurements while the chirp signal without windowing (b = 0) shown in gray,

however show discrempancies, and become more evident at low frequencies. In my

work, I have used the computational version of this method developed in [43].

2.4.3 Large amplitude oscillatory shear (LAOS)

One can use oscillatory shear tests with varying strain amplitudes γ0 for a given

frequency of oscillation ω to perform a strain sweep measurement as shown in Fig. 2.7

(a). At small strain amplitudes γ0 for an oscillatory strain γ(t), the viscoelastic moduli

are independent of γ0. In this small amplitude oscillatory shear (SAOS) regime, the

applied deformation does not change the microstructure significantly and the response

is linear (e.g. Hooken elastic behavior σ = Gγ).

However, when a material is deformed at large strain amplitude γ0, its microstruc-

ture can change and the response is no longer linear. The material response at large γ0

is referred to as large amplitude oscillatory shear (LAOS). LAOS measurements often

use a plot of instantaneous stress σ(t) and strain γ(t), called Lissajous-Bowditch curve

[138–142]. The Lissajous curve for an elastic material σ = Gγ appears as a straight

line, and it is a circle for a viscous material. However, the Lissajous curves are elliptical

for viscoelastic materials. A nonlinear viscoelastic response will distort the elliptical

shape of stress signal as well as Lissajous curve as shown in Fig. 2.7 (b). The shapes

of Lissajous curves provide a meaningful interpretion of viscoelastic non-linearities.
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Figure 2.7: Strain sweep and Lissajous curves. (a) Viscoelastic moduli G′ and
G′′ as a function of strain amplitudes in a xanthan gum. (b) The stress response at dif-
ferent strain amplitudes (left) and instantaneous stress as a function of instantaneous
strain or Lissajous curve (right). Reprinted from [138].

In the linear regime, only the first harmonics of stress signal in the fourier series

contributes to the viscoelastic moduli i.e. G′ ≡ G′1 and G′′ ≡ G′′1. However, in the

nonlinear regime, the higher order harmonics also become important, for example, in

strain stiffening materials, the third-order coefficient G′3 becomes progressively more

negative with increasing strain amplitude [139].

2.5 Microrheology

The microscopic origin of the rheological response in particulate gels can be investi-

gated by the motion of a probe particle embedded into the material. Since the motion

of the probe particle is dependent on the viscoelasticity of the surrounding medium,

the particle motion is coupled to the motion of gel network due to thermal flutuations

as it is done in called passive microrheology [143–146]. The mean square displace-

ment (MSD or 〈∆r2(t)〉) of the probe particle is obtained by tracking its motion with
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imaging experiment [146] or light scattering experiments [144, 145], and is used to

extract the viscoelastic moduli of the network. In a simple approximation, if a particle

is embedded in an elastic homogeneous material,the MSD reaches a plateau when the

thermal energy of the probe particle is equal to the elastic deformation energy of the

network:

kBT = G0Rπ〈∆r2(t)〉 (2.21)

where G0 is the elastic modulus and R is the size of the probe. The elastic energy

on right hand side of Eq. 2.21 can be understood as the energy stored in a harmonic

spring with a force constant proportional to G0R.

Figure 2.8: Microrheology measurement in experiments. Mean squared dis-
placements (MSD) of concentrated emulsion at φ = 0.65 measured using dynamic
light scattering experiment [145]. (b) Frequency dependent moduli [145] obtained
from 〈∆r2(t)〉 of (a) is shown in small circles and from mechanical measurements in
large diamonds.

A viscoelastic material can be treated as an elastic network with viscous cou-

pling to a Newtonian fluid. In this case, the standard Stokes-Einstein equation which

describe a simple, purely viscous fluid with complex modulus G(ω) = iωη can be

generalized by also including a real component in the complex modulus for the elastic

response. If the local viscoelastic modulus surrounding the probe particle is same as

the macroscopic viscoelastic modulus, then the generalized Stokes-Einstein equation
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in the Fourier domain is [145]:

G∗(ω) =
kBT

πRiω〈∆r̃2(ω)〉
(2.22)

where 〈∆r̃2(ω)〉 is the Fourier transform of the MSD. Gittes et al [143] demonstrated

that the MSD 〈∆r2(t)〉 can be transformed into the viscoelastic moduli. This method

of measuring rheology agrees reasonably well with the bulk rheology measurements,

for example in Fig. 2.8 (b). The plateau in MSD at long times (Fig. 2.8 a) provides

a way to obtain the low frequency plateau in the elastic modulus G′ (Fig. 2.8 b).

2.6 Steady shear measurements

In steady shear tests, a constant rate of deformation (or shear rate γ̇) is applied, and

the stress σ measured as a function of strain γ. The deformation can be imposed with

a step strain dγ and a time dt is chosen to achieve the desired rate γ̇ = dγ/dt. This

protocol allows to deform materials up to large strains and to study their elastic and

flow properties through yielding.

Figure 2.9: Steady shear measurements. (a) Shear stress-strain curves obtained
by steady shear with rate γ̇ = 0.007s−1 in a gelatin gel [147]. (b) The normalized
differential shear modulus K by the linear elastic modulus G0 as a function of strain
at different shear rates in a actin gel network. Reprinted from [130].

An example of a load-curve or a stress-strain diagram for a gelatin gel [147] sheared

with a steady shear rate γ̇ = 0.007s−1 is shown in Fig. 2.9. At very small strains,
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the shear stress is linearly proportional to the strain like Hookean material, but

with increasing strain, the dependence is non-linear before the stress drops as the

material yields. The non-linear stiffening seen in the Fig. 2.9 is typically strong in

biopolymer networks [7, 8] and it is charaterized in terms of the differential shear

modulus K = dσ/dγ, obtained from the stress-strain diagram. The dependence of

differential modulus for a cross-linked actin network [130] is shown in Fig. 2.9. For all

the shear rates, the material stiffens significantly with the elastic modulus increasing

by an order of magnitude. The microscopic origin of such strain-stiffening is discussed

in chapter 1.

2.7 Summary

In this chapter, I summarized some of the experimental techniques used to charac-

terize the structure and dynamics, and different approaches to probe the rheology

useful for soft particulate gels. The light scattering measuerements provide impor-

tant lengthscales at play in the structure for example the size of colloidal particles

and aggregates as well as relaxation dynamics. The rheological measurements charac-

terize the viscoelastic response and non-linear stiffening of particulate gels. In the next

chapter, I will discuss the similar microstructural and rheological measurement tech-

niques implemented in numerical simulations. Numerical simulations allow to com-

pute the microstructural quantities directly from the particle configurations since the

trajectories are governed by the microscopic interactions and the equation of motion

used. Such analysis therefore directly result from the theoretical form and provide

more direct implications of interactions and the microstructure on the dynamics and

rheology. The simulations can therefore offer an important basis in the design of

materials with the controlled dynamics and rheology.
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Chapter 3

Computational methods

3.1 Introduction

In this chapter, I describe the computational techniques and physical concepts which

have been used to characterize the structure, dynamics and rheology of particulate

gels in numerical simulations. These methods often use molecular dynamics (MD)

simulation, and usually consider that the constituent particles are surrounded by a

solvent. However, there exists various approaches for the treatment of the solvent in

different computational works. In implicit solvent method, the effect of a solvent is

incorporated in the particle-particle interactions through the viscous drag force pro-

portional to the single particle velocity i.e. Fi
D = −ζ dri(t)

dt
, where ζ is drag coefficient

which depends on the viscosity of the solvent and ri(t), is the position of particle i

at time t, for example, ri(t) ≡ (x(t), y(t), z(t)) in Cartesian coordinates. In explicit

solvent method, solvent is treated as a separate set of particles and includes long

range hydrodynamic effects [89, 92, 148–153], for example through dissipative par-

ticle dynamics (DPD). The dissipative particle dynamics considers the drag force

to be proportional to the relative velocity between particles within a certain cut-off

distance (range of hydrodynamic interactions) [152, 153].

I use molecular dynamics simulations with an open-source software package

LAMMPS [154]. In simulations, the length is measured in unit of particle diam-

eter d, energy in unit of the strength of interparticle attarctions ε and time as
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τ0 =
√
md2/ε where m is the mass of a particle. In MD, the Newton’s equation

of motion (∆Fi = md2ri
dt2

) is integrated using Verlet’s algorithm, derived from the

Taylor’s expansion of position ri(t) as:

ri(t+ ∆t) ' 2ri(t)− ri(t−∆t) +
∆Fi

m
∆t2 (3.1)

I use Langevin dynamics [155] with implicit solvent where the Langevin thermostat

imposes the Brownian motion for the particles in addition to the drag force in the gel

model under study as also done in previous works [39–43, 156]. Langevin dynamics

considers non-zero mass to be able to solve the equation of motion in MD, and there-

fore differs from the Brownian dynamics where inertia is neglected entirely. In order

to capture the Brownian limit, I impose overdamped Langevin dynamics (m/ζ << 1).

The Langevin equation is given by:

m
d2ri
dt2

= ∆Fi(t) = Fi
C(t) + Fi

D + Fi
r(t) (3.2)

where FC is the conservative force which depends on the interaction between particles,

FD is the drag force and Fr is the random force that introduces thermal fluctuations

and is coupled to the drag coefficient ζ: 〈F i
r(t)F

j
r (t′)〉 = 2ζkBTδijδ(t− t′). There are

various ways to probe the rheology in simulations: for example, applying strain and

measure the stress response [40, 42, 43] or applying constant load (stress) and measure

the strain [157–159]. In this chapter, I will describe the rheological protocol that has

been developed and used in Del Gado group which uses an external deformation that

is either periodic strain (oscillatory strain) or incremental strain with a fixed strain

rate (start-up shear) [40, 42, 43].

The remainder of the chapter is organized as follows: First, I will describe the

structural characterization methods of the gel during its aggregation to the final

structure. Then, I will describe how the dynamical quantities are computed using
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particle trajectories in the simulations. Finally, I will describe the protocols to probe

the rheology in the simulations that has been previously used by Del Gado group.

3.2 Aggregation and gel structure

In numerical simulations, aggregation is achieved by reducing the thermal kBT energy

relative to the strength of interparticle interactions ε and follow the fluid-gel phase

transition as discussed in the phase diagram in chapter 1. In the gel preparation [38–

40, 42, 43], when the system is cooled, the isolated particles find neighbors to bond

and initially form dimers (coordination number nc = 1) and small strands (nc = 2)

as shown by the fraction of particles of nc in Fig. 3.1 (a). With further reducing the

temperature, the strands grow significantly as suggested by the fraction of particles

with nc = 2 in Fig. 3.1 (a) as well as the distribution of strand lengths in 3.1 (b)

while the dimers and isolated particles reduce to small fractions. Finally, lowering

the temperature further below produce the branching points (nc = 3) whose number

grows in expense of two-coordinated particles as shown in Fig. 3.1 (a) and also seen

in the reduction of distribution of strand lengths as well as their average length 〈l〉

below T = 0.1 in Fig. 3.1 (b). The distribution of strand lengths (length between two

branching points (nc = 3)) for final gel structure for different volume fractions is shown

in 3.2 (a). The average mesh size, 〈l〉 is calculated from the distribution of strand

lengths and their dependence on the volume fractions is shown in 3.2 (a) (inset). In

this way, a network of strands of particles cross-linked at branching points is formed,

as an example a snapshot is shown in Fig. 3.2 (b) where the color code represents the

local density of branching points. As discussed in chapter 1, the different lengh-scales

associated with the gel structures can characterized by the static structure factor:

S(q) =

〈
1

N

N∑
j,k=1

exp [iq · (rj − rk)]

〉
(3.3)
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Figure 3.1: Aggregation mechanism in a model gel. (a) Fraction of particles
with a coordination number nc at different thermal energies upon cooling of a system
at a volume fraction φ = 7.5%. (b) Main: The distribution of strand lengths l at
different temperatures. Inset: The average strand length computed from the first
moment of the distribution. Reprinted from [39].

Figure 3.2: Microstructural characterization of a model gel. (a) Distribution
of strand lengths for final gel structures at different volume fractions. (b) The snapshot
of a gel structure at φ = 5%. Reprinted from [39].
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where q = n.2π/L (n = 0, 1, 2, ..) is the scattering vector in units of d−1. The structure

factor S(q) for gel networks at different volume fractions is shown in Fig. 3.3 where the

peaks at q ≈ 8 corrsesponds to the distance of the order of bond length and the second

peak at q ≈ 2 is equivalent to correlations among particles separated by a distance

≈ 3− 5d [39] and this distance should approximately correspond to the average mesh

size. S(q) contribution only from the branching points (or nodes) in inset of Fig. 3.3

without a decay at low q suggests that there is long range correlations throughout

the network and the calculation of local density of nodes indeed demonstrates this as

the spatial distribution is highly heterogeneous locally [38]. The further investigation

revealed that the regions of locally more connected regions where local stresses are

also higher, are more prone to bond breaking [38].

Figure 3.3: Static structure factor of gel networks. Main: S(q) for gel networks
at different volume fractions with thermal fluctuations kBT/ε = 0.05. Inset: The
structure factor of particles that are in branching nodes. Reprinted from [39]
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3.3 Microscopic dynamics

The spontaneous particle dynamics is studied through the Langevin dynamics [155]:

m
d2ri
dt2

= −∇riU − ζ
dri
dt

+ F i
r(t) (3.4)

where m is the particle mass, U represents the interparticle interactions, ζ the

drag coefficient of the surrounding solvent and F i
r(t), a random white noise that

mimic thermal fluctuations and is related to the drag coefficient ζ: 〈F i
r(t)F

j
r (t′)〉 =

2ζkBTδijδ(t− t′). From the spontaneous particle dynamics with thermal fluctuations

kBT/ε, we evaluate the

The mean square displacement (MSD) is defined by the relation:

〈∆r2(t)〉 =

〈
1

N

N∑
i=1

(
ri(t)− ri(0)

)2

〉
(3.5)

where 〈 〉 represents an average on the time steps and/or the particles. The MSD

contains information on the type of particle motion. If the system is gas or the motion

is dominated by the particle inertia, MSD depends on time t as 〈∆r2(t)〉 ∼ t2. This

is called ballistic motion. The trajectory followed by a particle immersed in a fluid

resembles that of a pedestrian random walk, and such motion is called diffusion.

If the particle motion diffusive, MSD will grow linearly in time 〈∆r2(t)〉 ∼ t. The

behavior of gels is found to be more complicated showing a sub-diffusive behavior

where 〈∆r2(t)〉 ∼ tα (α < 1) [83, 84]. The MSD saturates when the system behaves

in a solid-like manner.

A typical MSD plot obtained for gel networks at different volume fractions in the

model [39] is shown in Fig. 3.4. The particle dynamics is ballistic (〈∆r2(t)〉 ∼ t2)

at short times followed by an short intermediate sub-diffusive behavior before finally

reaching a plateau in non-restructuring network or diffusive behavior in restructuring

networks. The first ballistic regime is related to the inertial motion of individual
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Figure 3.4: Mean squared displacements and distribution of particle dis-
placements. The MSD as a function of time for a gel networks at different volume
fractions with thermal fluctuations kBT/ε = 0.05. Reprinted from [39] (b) The prob-
ability density function (PDF) of single particle displacements (open circles) in a gel
network at a volume fraction φ = 0.1 with thermal fluctuations kBT/ε = 10−3. The
displacement is computed at the MSD plateau where the waiting time t = 104τ0 and
the lag time t′ = 104τ0

particles. The MSD plateau at long times suggests that the particles are localized

since the particle motion within the network are correlated [39].

MSD measures only the average particle displacements and provides the informa-

tion on overall structural evolution. However, it does not describe any spatial and

dynamical heterogeneity present within the system. In order to measure the dynam-

ical heterogeneities, we also compute the distribution of single particle displacements.

The magnitude of gel displacement for each particle i is computed as:

∆i = ||ri(t+ t′)− ri(t)||, (3.6)
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where t is the waiting time and t′ is the lag time. The waiting time t is chosen to be

long enough so that the particle motion becomes unaffected by its inertia and is in

the vicinity of the MSD plateau.

The probability distributions (PDFs) are obtained by constructing the histogram

of single particle displacements. The PDF is shown in Fig. 3.4 and the asymmetry is

due to the fact that the magnitudes of the displacements are computed (Eq. 3.6). If the

particles in the system move independently like a gas, the distribution of components

of displacements in 1-D is a Gaussian function i.e. PDF ∼ exp[−(∆1D−∆p
1D)2] where

∆1D = ∆x or ∆y or ∆z, and ∆p
1D corresponds to the peak. In 3-D, the distribution

is independent of direction of displacements or spherically symmetric and the distri-

bution is multiplied by d3∆ = 4π∆2d∆ which will lead, for a gas, to a Maxwellian

distribution (PDF ∼ ∆2 exp[−(∆ − ∆p)
2]. The PDF for a gel network here instead

has an exponential tail (PDF ∼ exp(−∆/∆0)) at high displacements which suggests

that there exists a dynamical heterogeneity within the system and this deviation from

Maxwellian behavior also suggests that the particle motion within the network are

correlated which results in a cooperative dynamics.

As described in chapter 2, the spatial dependence of the particle dynamics is

measured with an intermediate scattering function. For a given wave vector q, the

incoherent or self intermediate scattering function is given by:

Fs(q, t) =
〈 1

N

N∑
j=1

exp
[
iq · (rj(t+ t′)− rj(t))

]〉
. (3.7)

The wave vector q allows to probe dynamics at different length scales. The correla-

tion between different particles can be measured with a coherent scattering function

defined by

F (q, t) =
1

NS(q)

〈
N∑

j,k=1,j 6=k

exp[iq · (rj(t+ t′)− rk(t))
]〉

(3.8)
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Figure 3.5: Intermediate scattering function. Simulation result for a gel net-
work at a volume fraction φ = 0.075 with thermal fluctuations kBT/ε = 0.05. (a)
Intermediate scattering function. Inset: Structural relaxation time τq as determined
from F (q, t) is shown in solid line and from Fs(q, t) in dashed line. (b) Dynamical
susceptibility . Reprinted from [39]

Both the self (full lines) and coherent (symbols) scattering functions for different q-

values computed in simulation are shown in Fig. 3.5 (a) for a gel network at a volume

fraction φ = 0.075 and kBT/ε = 0.05 [39]. At large q, the two functions nearly overlap.

However, at small q or large lengthscales, the coherent part of the intermediate scat-

tering function begins to decay at small timescales than the self intermediate scat-

tering function as also represented in the inset of Fig. 3.5 (a). The final decay for both

functions can be fitted by a stretched exponential function, Fs(q, t) ∼ exp[−(t/τq)
β],

where τq is the structural relaxation time and β is a streching exponent which depends

on q and is same for both self and coherent dunctions. At large lengthscales (low q),

decay of Fs(q, t) is exponential (β ≈ 1) which is a case of simple diffusion. The

relaxation dynamics becomes more complex and slow with increasing q as the decay

becomes more stretched exponential (β < 1 and decrease with q).
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The variance of scattering function is a measure of the degree of cooperativity in

the particle dynamics of the gel network. This quantity is called dynamical suscepti-

bility and is given by the fluctuations of the scattering function:

χ4(q, t) = N [〈Fs(q, t)2〉 − 〈Fs(q, t)〉2]. (3.9)

An example of χ4 computed from simulation is shown in Fig. 3.5 (b). The position

of peak of χ4(q, t) for a given wave vector q represents spatiotemporal measure of

heterogeneity i.e. timescale over which particles undergo cooperative motion over a

distance ∼ 2π/q.

3.3.1 Aging

The aging in soft solids occurs by irreversible rupture of interparticle bonds so called

micro-collapses as suggested in many experiments and theoretical models. These

events were induced artificially in the computational work by Bouzid et al [41] where

the interparticle connections were broken artificially in a given rate Γ = 0.004τ−1
0

i.e. removing one bond every 250τ0 time and the relaxation dynamics were observed

through the coherent scattering function F (q, t) as shown in Fig. 3.6 (a). To discrim-

inate the effects of thermal relaxation and elastic stress relaxations, different values

of the ratio kBT/ε were considered. Upon decreasing the ratio kBT/ε, the exponent β

in F (q, t) ∼ exp[−(t/τq)
β] shows a transition from stretched (β < 1) to a compressed

exponential decay (β > 1) as shown in Fig. 3.6 (b), suggesting that the relaxation of

elastic stresses is faster than exponential.

When kBT/ε = 0 i.e. thermal relaxation is negligible, the relaxation is dominated

by the relaxation of frozen-in stresses accumulated in the material. The propagation

of displacements or strain field within an elastic material follow a power-law and the
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Figure 3.6: Structural relaxation of a gel network during aging. (a) Decay
of coherent scattering function F (q, t) as a function of time rescaled by the relaxation
time τq for different wave vectors q = 0.1− 10 for different kBT/ε in a gel network at
a volume fraction φ = 0.075. (b) The corresponding relaxation exponent β, showing
a transition from compressed to stretched exponential. Reprinted from [41].

mean-field predicts the exponent to be 2.5. The power-law distributions of displace-

ments with the exponent −5/2 are observed in propagation of strain fields in a homo-

geneous elastic media [41]. The amplitude of strain induced at a distance r from a posi-

tion of the disturbance in a homogeneous elastic media varies as u(r) ∝ 1/r2 [160]. If

the disturbance event at a distance r can happen anywhere with the same probability

P (r) (within mean field approximation), the probability distribution of displacement

(or strain) of amplitude u can be approximated as P (u) ∼ P (r)|dr/du| ∼ r2r3 ∼ u−5/2

[41]. The exact power law exponent for the distribution of displacements is found in

Fig. 3.7 (a) in the limit kBT/ε = 0. The idea of elastic coupling in the material was

also further supported by the strong autocorrelation of normal stress fluctuations per-

sistent over time for kBT/ε = 0 as shown in Fig. 3.7 (b). The stresses are computed

from the interaction part of the global stress tensor using the standard virial equation
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Figure 3.7: Displacements and stress autocorrelation in aging of gel net-
work. (a) Distribution of displacements for different kBT/ε (0 in red, 10−4 in green
and 10−3 in blue) in a gel network at a volume fraction φ = 0.075. (b) The stress auto-
correlation Cδσ as a function of time for different kBT/ε.Inset shows the evoluation
of normal stress fluctuations δσ for kBT/ε = 0. Reprinted from [41].

[161] while neglecting other contributions (kinetic and viscous terms):

σαβ =
1

V

N∑
i=1

∂U

∂rαi
rβi , (3.10)

where α and β denote the cartesian components {x, y, z} and V represents the volume

of the simulation box. The normal component of stress or pressure is given by 1
3
(σxx+

σyy +σzz). The auto-correlation function, Cδσ, of the normal stress fluctuations, δσ =

σn − 〈σn〉, at time τ [41] is defined by:

Cδσ(τ) =
1

N−Nτ+1

∑tN−τ
t=0

(
σn(t+ τ)− 〈σn〉

)(
σn(t)− 〈σn〉

)
1

N+1

∑tN
t=0

(
σn(t)− 〈σn〉

)(
σn(t)− 〈σn〉

) (3.11)

where N represents the total number of data points in the time series, Nτ represents

the number of data points between t0 and tN .
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3.4 Computational rheology

As introduced in chapter 2, rheology deals with a material response to the external

purturbations. The computational rheology in a model with particles placed in a

cubic simulation box also employ either an oscillatory strain or a steady shear as

in experiments. Applying a shear strain corresponds to changing the simulation box

with an appropriate tilt factor while also remapping the particle positions affinely in

a new sheared box configuration. The detailed protocols of both the fixed strain with

start-up shear tests and time varying strain or oscillatory strain, previously developed

in Del Gado group, are explained in the following sections.

3.4.1 Oscillatory shear test: Frequency dependent response

Oscillatory shear tests are performed by applying a shear strain which is a periodic

function of time, γ(t) = γ0 sin(ωt) with γ0 the strain amplitude and ω the frequency

of oscillation, in the xy plane following the equation:

m
d2ri
dt2

= −∇riU − ζ
(dri
dt
− γ̇(t)yiex

)
(3.12)

updating the Lees-Edwards boundary conditions at each time step. Here ex is a unit

vector along x axis. The shear stresses, σ(t) ≡ σxy(t) are computed at each time

step using the Eq. 3.10. When the strain amplitude is small, the structure is not

significantly deformed.

An example in Fig. 3.8 (a) shows that there is a phase angle shift δ associated

with output stress signal of amplitude σ0 relative to input strain signal. As discussed

in chapter 2, the in-phase and out-of-phase components of shear stress are used to

determine the elastic or storage and viscous or loss modulus. For a given frequency of

oscillation ω, the complex viscoelastic modulus G∗(ω) is extracted from the Fourier

transforms of the stress σ̃(ω) and the strain γ̃(ω) signals as G∗(ω) = σ̃(ω)/γ̃(ω). The
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Figure 3.8: Oscillatory applied strain and measured stress response in fre-
quency sweep measurements. The input sinusoidal strain signal (in blue) with
amplitude γ0 = 0.01 and measured shear stress (in red) as a function of time. (b) The
viscoelastic spectrum obtained from discrete frequency sweep for a gel at a volume
fraction φ = 0.1. Reprinted from [40]

storage modulus G′ and loss modulus G′′ are then defined by:

G′(ω) = Re[G∗(ω)] and G′′(ω) = Im[G∗(ω)] (3.13)

Frequency sweep

Similar to discrete frequency sweep experiments, the viscoelastic spectrum in the

simulation is obtained by performing a discrete series of tests at various frequencies.

For a typical gel network with the gel model, there is a low frequency plateau for

G′ and G′ > G′′ indicating solidlike behavior as shown in Fig. 3.8 (b). There is also

similar issue of “spectral leakage" as in experiments associated with the presence of

artificial components introduced by the finite duration of the input signal. In order

to minimize this artifact, one needs to average the signal over many cycles which

demands a long computation time at low frequencies.
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Optimally windowed chirp method

To improve the accuracy and reduce the measurement time, inspired by the novel

experimental method by Geri et al [131], the method was recently employed in simu-

lations by Bouzid et al [43] which uses a chirp signal whose frequency grows exponen-

tially with time. The efficiency in the determination of viscoelastic moduli is discussed

in chapter 2. The results can be optimized by using a suitable windowing of a chirp

signal with a tapering parameter b, and this method is called Optimally Windowed

Chirp (OWCh) [43, 131]. The input chirp signal is shown in Fig. (3.9 a (top)) and its

mathematical form is rewritten from chapter 2:

γ(t) = γ0W (t; b) sin[(Lω1)(et/L − 1)] (3.14)

where γ0 is the strain amplitude, L = T/ ln(ω2/ω1) and the phase of the signal

exponentially grows from the initial frequency ω1 to the final frequency ω2 within the

duration of the signal T . The window functionW (t; b) for a symmetric Tukey window

is given by:

W (t; b) =


cos2[π

b
( t
T
− b

2
)], for t

T
≤ b

2

1, for t
T
< b

2

cos2[π
b
( t
T
− 1 + b

2
)], for t

T
≥ 1− b

2

(3.15)

where the tapering parameter b controls how rapidly the amplitude is modulated

within the length of the signal T .

The storage and loss moduli are then obtained by using Eq. 3.13 and the spectrum.

The comparison of viscoelastic spectra from discrete frequency sweep and OWCh is

shown in Fig. 3.9 (b). This shows that the storage modulus G′ obtained from OWCh

in red line matches with the discrete frequency sweep data in red circles, and the blue

line for loss modulus G′′ from OWCh also agrees well with red squares from frequency

sweep. The black dashed lines represent the fit lines for the constitutive viscoelastic
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Figure 3.9: An optimally windowed chirp (OWCh) as input strain, its stress
response and viscoelastic spectra in the simulations. (a) An input chirp strain
signal (top) with ω1 = 10−5τ−1

0 , ω2 = 1τ−1
0 and T = 625010τ0 using Tukey window

with a tapering parameter b = 0.45 and measured shear stress (bottom) as a function
of time. (b) Viscoelastic spectrum of the gel at a volume fraction φ = 0.075. The red
circles represent the data obtained from frequency sweep, red lines from OWCh for
G′. The blue squares represent the data obtained from frequency sweep, blue lines
from OWCh for G′′. The dashed lines represent the fit from the constitutive model.
Reprinted from [43].

models which will be discussed in section below. The storage modulus at high fre-

quency exibits a resonance due to the presence of inertia or mass m with maximum

modulus G′max for a characteristic frequency ωc. This study [43] demonstrated that

both G′max and ωc depend on the particle mass m and drag coefficient ζ used in the

equation of motion (Eq. 3.12).

Constitutive viscoelastic models

Constitutive models describe the material responses to different mechanical condi-

tions such as thermal fluctuations or deformations, which provide the stress-strain

constitutive relations to formulate the governing equations, together with the conser-
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vation laws. The components of a simple viscoelastic model can be thought in terms

of a hookean spring or a viscous damping element or dashpot (piston-cylinder or

syringe type of arrangement). However, for systems with slow and cooperative relax-

ation processes like gels, fewer combination of spring and dashpot elements are not

enogh to capture the viscoelasticity without the introduction of a large number of

relaxation modes [162]. This limitation can be simplified by introducing a fractional

element with two parameters which is discussed further below.

Maxwell model

Maxwell model considers a series combination of an elastic spring of modulus G0 and a

dashpot with a characteristic viscosity η as schematically shown in Fig. 3.10 a (inset).

Let an oscillatory strain γ(t) = γ0 sinωt is applied. If σs and γs are the stress and

strain in the spring element, and σd and γd in the dashpot element. Then, the stress

and strain are related in each case by: σs = G0γs and σd = ηγ̇d. In series, σs = G0γs.

In a series combination: (i) total stress σ = σs = σd which gives G0γs = ηγ̇d. Finally,

η/G0 = γs/γ̇d = τ is defined as a characteristic time. (ii) total strain γ = γs + γd and

therefore

γ̇ = γ̇s + γ̇d (3.16)

γ̇ = 1
G0
σ̇s + σd

η
(3.17)

dγ

dt
= 1

G0

dσ
dt

+ σ
η

(3.18)

Now, taking Fourier transform of constitutive equation (Eq. 3.18),

iωγ̃(ω) = iω
G0
σ̃(ω) + σ̃(ω)

η

σ̃(ω)

γ̃(ω)
= iωτG0

1+iωτ
= G∗(ω)
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Figure 3.10: Constitutive viscoelastic models. Visceoelastic spectra (in double
logarithmic scale) for (a) Maxwell model and (b) Kelvin-Voigt model. (c) Fractional
element with two parameters V and α (center). In the limiting cases, the fractional
element is equivalent to a spring (α = 0 on the left) and a dashpot (α = 1 on the
right), inspired from [162].

The viscoelastic moduli in Maxwell model are given by:

G′(ω) = ω2τ2

1+ω2τ2
G0 (3.19)

G′′(ω) = ωτ
1+ω2τ2

G0 (3.20)

The moduli are plotted in Fig. 3.10 (a). At frequencies smaller than the characteristics

frequency ωc, viscous modulus dominates i.e. G′ < G′′. Therefore, Maxwell model

represents a response of a viscoelastic fluid. The elastic and viscous moduli depend

on the frequency as G′ ∝ ω2 and G′′ ∝ ω for ω < ωc.

Kelvin-Voigt model

Kelvin-Voigt model consists of a spring and a dashpot connected in parallel shown in

Fig. 3.10 b (inset). In a parallel combination: (i) total strain: γ = γs = γd. (ii) total

stress σ = σs + σd, therefore σ = G0γ + ηdγ/dt. The Fourier transform of this gives

σ̃(ω)

γ̃(ω)
= G0 + iηω = G∗(ω) (3.21)
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The viscoelastic moduli of a Kelvin-Voigt model are given by:

G′(ω) = G0 (3.22)

G′′(ω) = ηω (3.23)

These are plotted in Fig. 3.10 (b). Below the characteristics frequency ωc, elastic

modulus dominates i.e. G′ > G′′ which is a response of a viscoelastic solid. The

elastic modulus is constant with the frequency and independent of frequency while

the viscous modulus depends on the frequency as G′′ ∝ ω for all frequencies.

Fractional element

The power law viscoelastic behavior is commonly observed in soft materials. To cap-

ture this, a fractional element is introduced in the viscoelastic models. The fractional

element is a pseudo element whose stress response is related to fractional derivative

of the strain, and has a behavior intermediate between the spring and dashot with

two parameters V and α [43, 95, 162, 163] as shown in Fig. 3.10 (b). The parameter

α is a dimensionless exponent (0 ≤ α ≤ 1) and V is a quasi-property with dimension

of Pa.sα as introduced by Blair [164]. The stress is expressed in terms of fractional

derivative of strain as:

σ(t) = V
dαγ

dtγ
(3.24)

The fractional derivative of a function f(t) is defined as:

dα

dtα
f(t) =

1

Γ(1− α)

∫ t

0

(t− t′)−αf(t′)dt′ (3.25)

where Γ us the Euler gamma function. This mechanical model decribes compactly the

relaxation modulus that decays as a power law in time: G(t) = Vt−α/Γ(1 − α). The

dash-pot element is connected in either series or parallel to spring element to obtain

Fractional Maxwell (FMM) [95, 162, 163] or Fractional Kelvin-Voigt model (KKVM)

[43].
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3.5 Microrheology

The elastic modulus of the gel network can be estimated from the microscopic

dynamics. The experiments use either light scattering data or particle tracking

experiment to determine the displacements or mean square displacements (MSD).

However, in simulations the particle positions are accessible at any instant and we

can compute the displacements and MSD directly using Eq. 3.5 and 3.6. The mean

square displacement at the plateau is inversely related to the elastic modlulus G0.

We can also detect a time scale at which the MSD makes transition to the plateau,

which is a related to the retardation time that the network takes to make transition

from the its fluidlike relaxation to solidlike behavior.

3.5.1 Start-up shear protocol

The response of the gel networks up to large deformations is studied at athermal

condition i.e. when the thermal energy kBT is negligible in comparison to the depth

of the attractive potential well acting on the particles bonded in the network. This

allows to understand the role of the internal stresses and network structure on the

mechanics and distinguish from the effect of thermal fluctuations.

On the initial gel configuration {ri}, an incremental strain δγ is applied stepwise

in a simple shear geometry such that after n such steps, the fixed accumulated strain

becomes γn = nδγ (Fig. 3.11 (a)). Each step of applying strain involves two processes.

First, an instantaneous affine deformation Γδγ is applied along xy plane of simple shear

to all particles:

r′i = Γδγri =


1 δγ 0

0 1 0

0 0 1

 ri (3.26)
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Figure 3.11: Start-up shear protocol and stress-strain diagram for a gel
network. (a) An schematic showing a step strain δγ applied and held for a given
time δt in presence of a solvent with a drag coefficient ζ. (b) The total shear stress
σ as a function of the applied strain, γ for a gel of volume fraction φ = 0.1. The
different regimes of mechanical responses are shown. Reprinted from [42].

updating Lees-Edwards boundary conditions to satisfy with the increased accumu-

lated strain. Then, the second process involves the relaxation of the affinely deformed

configuration {r′i} in the presence of solvent with a drag coefficient ζ for a given time

interval δt as shown in Fig. 3.11 (a) while keeping the the global strain constant by

holding the simulation box in the deformed state:

r′′i = Tδγr′i = TδγΓδγri (3.27)

where Tδγ represents the time evolution operator when the configurations are relaxed

for a specified time interval δt by imposing the dissipative dynamics:

m
d2ri
dt2

= −ζ dri
dt
−5riU (3.28)

The deformed gel structure at a fixed accumulated strain, γ = nδγ after n steps is
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represented by the configuration:

ri,n = (TδtΓδγ)nri (3.29)

This procedure is analogous to the deformation protocol known as athermal qua-

sistatic (AQS) approach [165, 166] which is broadly used to study the deformation

properties in amorphous solids, the main difference being that, instead of using an

energy minimization algorithm after each deformation step, here we follow a more

natural dynamics of the system (with viscous energy dissipation) for a chosen time

interval δt. Our approach, thus enables to define a finite shear rate γ̇ = δγ/δt.

Following the argument in [40], the microscopic dynamics (Eq. 3.28) introduces a

natural time scale τc = ζd2/ε, corresponding to the time a particle takes to move a

distance equal to its size (d) when subjected to a typical force ε/d. For example, if

we consider a typical colloidal particles with diameter d ≈ 100 nm and an interaction

energy ε ≈ 10kBT corresponding to room temperature T , the characteristic time is

τc ≈ 10−4 s.

Fig. 3.11 (b) is an example of a typical load curve of a gel corresponding to a

volume fraction, φ = 0.075 in the model [42]. The different mechanical regimes are

shown. The response is linear elastic for small strains, followed by a non-linear stiff-

ening before it starts to yield and finally damage. We define the differential modulus

as slope of the stress-strain curve orK = dσ/dγ. The value of the strain corresponding

to the maximum value of differential modulus K is indicated by γmax which represents

the yield strain. The origin of these different regimes are investigated in the previous

computational works in Del Gado group [40, 42] and described by the contribution of

stresses from bending and stretching forces. At small and moderate deformations, the

bending forces tend to favor the deformation. This could be due to the unbending of

the initially bent/curved gel branches along the shear direction. When the shear is no
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longer able to reoirent the gel branches, both the bending and stretching forces starts

to resist to applied shear and produce non-linear stiffening. This effect continues until

the material yields, suggesting that most branches are stretched out. However, the

dominant contribution for the incresed stress leading to the strain stiffening in the

non-linear response comes from the stretching forces [40, 42]. Therefore, the mecha-

nism of strain stiffening here is directly related with the stretching of the extensible

interparticle bonds which is similar to the case of biopolymer networks [8–11, 118].

The biopolymer networks are also modeled using various fiber network models.

The Mikado model [167, 168] considers random filaments of finite length l and the

intersections between the filaments are considered as freely hinging cross-links. Ther-

malized fiber networks [169, 170] use Monte Carlo method to generate filaments with

curvatures that reflect architecural features of biopolymer gels. The filaments are

described by bending rigidity and the nonlinear force extension curve for semiflexible

filaments. In this model, the persistence length and contour length of filaments are

tunable parameters. The lattice-based models [171, 172] utilize straight fibers orga-

nized on a lattice geometry, for example triangular or Kagome. The lattice is diluted

by removing some lattice connections to obtain the fiber topology (connectivity) in

real networks. The fibers in the lattice model resist both stretching and bending. The

nonlinear elasticity in such fiber networks is also described by the transition from

bending to stretching dominated elastic response.

3.6 Summary

This chapter discussed the computational characterization of microstructure, relax-

ation dynamics, aging, and linear and nonlinear rheology of gel networks. The quan-

tities measured in the simulations are same as those measured in experiments which
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were described in chapter 2. The microstructure can be characterized by the coordina-

tion number of particles, strand length between two connected branching points, and

the characteristc lengthscales from structure factor S(q). The dynamical quantities

are measured from the particle trajectories using Langevin dynamics which includes

thermal fluctuations. The rheology in the linear regime is probed by applying an oscil-

lating strain and computing the stress response. The non-linear mechanics is studied

by applying step strains. The load-curves i.e. stress as a function of strain allow us

to distinguish different mechanical regimes. In the next chapter, I will discuss the

interactions in the model, gel preparation, characterization of gel morphologies and

estimation of gel elasticity. The subsequent chapters involve the study of dynamical

and rheological characteristics of gel networks which use the methods and measure

the quantities described in this chapter.
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Chapter 4

Microscopic interactions and emerging elasticity in model soft

particulate gels

4.1 Introduction

In this chapter, I describe interparticle interactions in the model relevant to soft

particulate gels in which aggregation is induced by surface interactions. This chapter

describes how varying the model parameters and the simulation protocols allows us

to obtain a range of gel microstructures relevant to various experimental gels, and

how the different parts of the structure contribute to the elasticity.

The content of this chapter was originally published in Journal of Physics: Con-

densed Matter, titled Microscopic interactions and emerging elasticity in model soft

particulate gels with collaborators Wayan A Fontaine-Seiler and Peter D. Olmsted,

“ c©IOP Publishing. Reproduced with permission from Minaspi Bantawa et al 2021

J. Phys.: Condens. Matter 33 414001. All rights reserved”. This chapter is organized

as follows. We first introduce the model, and then describe simulation method used

for the gel preparation. Then, we present simulation results showing the changes in

gel microstructures by varying the model parameters. Followed by this, we discuss

the elasticity of different structural elements of the gel starting from the microscopic

interactions, and analyze their contribution to the gel network elasticity. Finally, we

present the conclusions and an outlook.
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4.2 Model choice and numerical simulations

The net attractive interactions between particles or particle agglomerates in solution

usually originate from surface forces such as those described by the Derjaguin, Landau,

Vervey, and Overbeek (DLVO) theory [52, 53] with van der Waals forces being the

main source of attraction [53]. In some cases they can also originate from an entropi-

cally favored depletion, from the interparticle gaps, of small non-adsorbing polymers

added to the the suspension, as described by the Asakura-Oosawa theory [54]. While

these theories usually capture the energy scales and interaction ranges measured in

experiments, they are intrinsically mean field in nature and do not include aspects

of the particle surfaces that can become important once the particles are in close

contact, a regime important for gel formation.

In many real materials, the particle surfaces are not smooth or homogeneous

(see cartoons in Fig. 4.1). When particles with surface irregularities or aggregates of

particles come in contact, the surface roughness or a local deformation can lead to

the interlocking of the surfaces (see Fig. 4.1 (a)). In some cases, surface irregularities

are present in the form of surfaces patches that behave as specific binding sites (Fig.

4.1 (b)). In other cases, colloidal particles are sterically stabilized by adsorbed or

grafted polymer chains (Fig. 4.1 (c)), which can hinder relative sliding or rotation.

The same can happen for compact aggregates of irregular shape or fractal-like flocs

with reduced connectivity. All these different cases can lead to an effective bending

rigidity of parts of the gel structure, as the gel self-assembles. There is evidence of

these phenomena from confocal microscopy images in experiments, showing that local

coordination of particulate gels can be limited to 2-4 contacts even when there is not

a clear fractal characteristics of the gel structure. Optical tweezers experiments have

proven that strands of aggregated colloidal particles can sustain finite torques, and it
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has been recently shown that the mechanical contacts between colloidal particles can

be solid-on-solid contacts, which stiffen over time [19, 44, 57–60].

Figure 4.1: Different examples of particle contacts that can give rise to
bending rigidity in colloidal gels. (a) Particles with rough surfaces get interlocked.
(b) Heterogeneous surface patches lead two particles to stick at specific sites. (c)
Relative rotation of particles with surfaces grafted by polymer chains in close contact
can be hindered by the chain overlap. Reprinted from [156] with permission.

A physical model for computer simulations that has the goal to gain new insight

into the gel mechanics and the underlying microscopic mechanisms should include

these possible effects. However, to be able to effectively perform large scale simula-

tions and extended spatio-temporal analysis of microscopic processes, one would like

to avoid a fully atomistic description of the particle contacts. With this in mind,

we have introduced a class of microscopic models for soft particulate gels that fea-

tures a short-range attraction, similar to the one predicted by several theories of col-

loidal interactions, and an additional term that depends on the angle between particle

bonds, to include the energy costs associated with the constraints of the particle rela-

tive motion imposed by the nature of the surface contacts [36, 38, 39, 61]. In previous

studies, we have shown how this approach can help to understand the microscopic

origin of the complex relaxation dynamics [36, 38, 39], aging [41] and mechanical

response [40, 42, 43, 62, 63] in colloidal gel networks. Theses studies have demon-

strated that the dynamical and mechanical properties in these materials emerge from

mesoscale structural characteristics of the gel networks, providing an explanation to

the observation of common traits found across different materials. Recent numerical
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studies from different groups have also confirmed that including similar constraints,

in addition to the attraction strength and range that can be justified with existing

theories of colloidal interactions, is essential to properly reproduce the characteristics

of the mechanics of soft particulate gels [151, 173–180].

4.2.1 Numerical model

The model consists of N identical particles each of diameter d, and described as

point-like, whose coordinates are {ri}, with i = 1, ..., N . They interact via a potential

energy [38, 40, 41]:

U(r1, .., rN) = ε

[∑
i>j

u2

(rij
d

)
+
∑
i

j,k 6=i∑
j>k

u3

(rij
d
,
rik
d

)]
(4.1)

where rij = rj − ri is the vector separation between two particles i and j, ε is the

depth of the attractive well in u2, used as unit energy in the simulations. For colloidal

suspensions, the value of d is generally in the range 10−100 nm and ε ' 1−100 kBT

[18, 19], where kB and T indicate the Boltzmann constant and the room temperature.

The two-body term u2 in Eq. (4.1) is a Lennard-Jones (LJ) like potential, and is a

combination of a repulsive core and a narrow attractive well. For particles separated

by a distance r (here and in the following, distance is expressed in units of d), it is

written in the form:

u2(r) = 23
( 1

r18
− 1

r16

)
(4.2)

for computational convenience. The values of the exponents 18−16 in this generalized

LJ form have been chosen to produce a short range attractive well (less than 1.5

particle diameters, with a minimum rmin ∼ 1.06d), which is plotted in Fig. 4.2 (a).

The three-body term u3 in Eq. (4.1) represents the angular repulsion (directional

interaction) which constraints the possible configurations of particles bonded to a

central one, providing bending rigidity to inter-particle bonds r and r′ departing
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from the same particle (see Fig. 4.2 (b)). The functional form of this term has been

implemented, again considering computational efficiency, as:

u3(r, r′) = BΛ(r)Λ(r′) exp

[
−
(
r · r′

rr′
− cos θ

)2/
w2

]
(4.3)

where B, θ and w are dimensionless parameters. The parameter B represents the

strength of this interaction term. With this specific form we aim at maintaining the

possibility of a range of allowed configurations, without imposing only one specific

angle. The radial modulation function Λ(r) is plotted in Fig. 4.2 (b) (inset) and decays

smoothly as,

Λ(r) = r−10
[
1− (r/2)10

]2H(2− r) (4.4)

where H is the Heaviside function. The function Λ(r) vanishes at a distance 2d, but,

combined with u2, it effectively cancels out the attraction u2(r) producing a repulsion

that vanishes at a distance ' d or leaves an attractive well basically identical to u2,

depending on the angle in the exponential term of Eq. 4.3. That is, the additional

repulsion introduced by Λ(r) is able to cancel out the attractive well (in the angular

range needed), while retaining the continuity of energy and force required by the

molecular dynamics method.

In Fig. 4.2 (b), the three-body potential u3 is plotted as a function of the bending

angle θ by fixing the bond distances at the minimum of the potential well, i.e. r =

r′ = rmin. The height of the peak is determined by the parameter B and represents

the strength of angular repulsion. The peak location is determined by the angle θ̄ and

its width is determined by w.

In order to illustrate how the combination of u2 and u3 works, let’s consider the

case where all parameters have been fixed as in Fig.4.2. In Fig. 4.3 (a), we consider

a bond vector r formed by two particles, 1 and 2, which are within distances cor-

responding to the attractive well. A third particle, 3, approaches particle 1 from a
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Figure 4.2: Two and three-body potentials in the model. (a) Two-body poten-
tial u2 as a function of distance between two particles, r in units of a particle diam-
eter d, and (b) Main: Three-body interaction u3 for r = r′ = rmin (both bonds at
the minimum of the attractive well) and θ = 65◦ as a function of angle between the
neighboring bonds, θ. Other parameters are B = 67.27, and w = 0.30. Inset: Radial
modulation Λ(r) as a function of distance. Reprinted from [156] with permission.

direction such that the vector distance r′ from particle 1 to 3 forms an angle θ with

r. If the incoming particle is within the range of interaction with particle 1, it expe-

riences an attractive interaction given by the two-body term, u2(r), and an angular

repulsion given by the three-body interaction u3(r, r′, θ) that involves both bonds r′

and r. Due to the angular modulation of u3(r, r′, θ), the particle 3 will be bonded to

1 or 2 only for certain range of angles θ where the net interaction is attractive. The

range of the angles for the net attraction is controlled by the parameters B and θ in

Eq. 4.3. For the choice of B = 67.27 and θ̄ = 65◦ used in the figure, 3 can not be

simultaneously bonded to 1 and 2. All angles θ smaller than θ are disfavored when

r′ is within the range of interaction with 1 because, for smaller θ, particle 3 will be

sufficiently close to particle 2 to experience the short-range repulsion from u2(r′′). On

the other hand, if particle 3 approaches 1 at smaller angles, but at distances larger
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than the range of interaction, it will be close enough to particle 2 to remain bonded

there. In this case, the interactions between 1 and 3 becomes negligible. To summa-

rize, when the particle 3 enters the region of the bond between 1 and 2, the total

potential felt utotal is obtained by summing up all two- and three-body interactions:

utotal = u2(r′) + u3(r, r′, θ) + u2(r′′) + u3(r, r′′, θ′) + u3(r′, r′′, π − θ − θ′) (4.5)

We can rewrite this potential energy as utotal =
∑
u2(r, r′, θ) +

∑
u3(r, r′, θ), consid-

ering that r′′ =
√
r2 + r′2 − 2rr′ cos θ and θ′ = cos−1[(r−r′ cos θ)/(

√
r2 + r′2 − 2rr′ cos θ)].

Figure 4.3: Effective interactions involving three particles. (a) Illustration of
the interactions for a particle 3 approaching two particles 1 and 2 previously bonded.
(b) Contour plot of the potential energy experienced by an incoming particle when
it approaches an existing bond at different distances and angles. The color is blue
when the potential energy is −1 and is red for +1 or higher. Reprinted from [156]
with permission.

In Fig. 4.3 (b), we fix the distance between particles 1 and 2 at r = rmin and

show the contour plot of utotal(rmin, r′, θ), using x = r′ cos θ and y = r′ sin θ for the

same choice of B, θ̄ and w . The colors highlight the modulation from attraction to

repulsion depending on distance and angles, as particle 3 approaches 1 and 2. It is

symmetric with respect to the original bond formed by particles 1 and 2) i.e., particle
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3 can equally stick to any of the other two particles depending on the direction as

dictated by the region in blue, where the potential is attractive.

In section 4.3 below, we will discuss further how changing the parameters B, θ̄ and

w can change these potential energy profiles and hence modify the type of structures

obtained in the simulations.

4.2.2 Numerical simulations of gel preparation

In the Molecular Dynamics (MD) simulations, we use N = 16384 particles in a cubic

box of size L and number density N/L3. If we consider each particle to be a sphere of

diameter d, we can define an approximate solid volume fraction φ = Nπd3/6
(Ld)3

. Here we

discuss gels at volume fractions φ = 5%, 7.5%, 10%, 15%. We use periodic boundary

conditions and solve the equations of motion with the interactions described in section

4.2.1 and a time step δt = 0.005τ0 (τ0 =
√
md2/ε is the usual MD time unit).

The initial gel configurations are prepared in two steps. The first step involves

cooling of a system of particles previously equilibrated at a reduced temperature

kBT/ε = 0.5 in a gas phase to a temperature kBT/ε = 0.05, low enough for the parti-

cles to aggregate and form a gel network. We use NVT equilibrium MD simulations,

with a NosÃľ-Hoover (NH) thermostat and a cooling rate of Γ = ∆T
∆t
≈ 10−4ε/kBτ0.

We have verified that, in this temperature regime, the microstates obtained do not

significantly depend on the dynamics used, for the cooling rate we consider here. Using

the simple NVT MD in this context is therefore more convenient, because it reduces

the simulation time with respect to a more physical Langevin dynamics. Then, we let

the system further equilibrate at kBT/ε = 0.05 with the NH thermostat for another

106 MD steps until all the structural quantities reach a steady state and any further

aging of the gel takes place over much longer time scales.
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In the second part of the gel preparation, we use instead a damped dynamics to

drive the gel network, formed at finite temperature, to a local minimum that more

likely corresponds to a mechanically stable configuration. This is done by draining the

kinetic energy to ∼ 10−10 of its initial value with an overdamped dissipative dynamics:

m
d2ri
dt2

= −ζ dri
dt
−∇riU (4.6)

where m is the mass of the particle and ζ is the drag coefficient for the solvent

[40, 42]. We used m/ζ = 1 in all the simulations discussed here. This part could

be, in principle, also achieved by minimizing the total energy of the system with a

conjugate gradient algorithm. However, we have previously found that using a damped

dynamics is actually more efficient with very soft gels, as discussed in [39, 40, 42]. For

simplicity, we have therefore used this damped dynamics for the energy minimization

in all simulations.

Starting from different initial positions and velocities at high temperature, we

generate 5 statistically independent samples with this same two-step procedure and

use them to perform ensemble averages of all quantities studied here. For each samples,

we study its steady-state dynamical evolution using the Langevin dynamics which

includes the effect of the solvent and of thermal fluctuations, given by the equation:

m
d2ri
dt2

= −ζ dri
dt
−∇riU + Fri(t) (4.7)

where m/ζ = 1. Fri is a random force that introduces the thermal fluctuations and

sets the temperature T through the equation: 〈F i
r(t)F

j
r (t′)〉 = 2ζkBTδijδ(t − t′). To

sample the bond angle distributions in gel networks, we run these simulations at

kBT/ε = 10−4 for 3 · 106 MD steps. The distribution of coordination number z and

contour length lC of the gel strands are computed for 5 independently generated

configurations at their energy minima, since there is no change during the dynamics
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over the simulation window considered here. The distribution of coordination numbers

z is defined by p(z) = Nz/N , where Nz is the number of particles that have specific

coordination number z and N is the total number of particles. The elastic moduli

G0 of gel networks at different volume fractions are computed for 3 independently

generated configurations also at their energy minima by applying an oscillatory shear

strain and measuring the stress response as described in [2, 43].

We use a slightly different procedure to prepare an isolated chain or strand, since

in this case the particles are placed in a chain to start with. Then, we minimize the

configuration energy with the damped dynamics (Eq. 4.6) used for the gels, and then

use the Langevin dynamics (Eq. 4.7) to sample the configurations at fixed kBT/ε,

for 2 · 108 MD steps, and obtain the bond angle distributions and the persistence

length. In a 3 particle strand, the bond angle distributions are computed at tem-

peratures kBT/ε = 10−5, 10−4, 10−3, 10−2. The persistence length is determined from

a 50-particle strand, by computing the correlation in the angles of successive bonds

along the strand [39, 62]. All the simulations have been performed using a modified

version of LAMMPS [154] that includes the interactions discussed in section 4.2.1.

All simulations performed are summarized in Table 4.1.

Table 4.1: Simulations performed

Structure Preparation Data production
Network Nose-Hoover+ Dissipative Langevin (3 · 106 MD steps)

Isolated strands Dissipative Langevin (2 · 108 MD steps)

4.3 Varying the model parameters

Now we discuss the implications of the parameters choices for B, w and θ in u3 in

terms of how they modify the potential energy profiles shown in Fig.4.3(b) and the

gel structures obtained in the simulations. Figs. 4.4(a)-(c) show contour plots for
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utotal and snapshots of gels, all at a volume fraction φ = 7.5% and obtained with the

procedure described in section 4.2.2, with decreasing B (left to right) while keeping

θ = 65◦ and w = 0.3. The plots (a), (d) and (g) correspond to the same set of

parameters discussed in section 4.2.1. With decreasing B, the repulsive barrier shown

in Fig. 4.6(b) becomes weaker while the region in blue, corresponding to the attractive

well in the contour plots, becomes wider, i.e. decreasing B also changes the angular

modulation of the u3 term. A consequence is that the resulting gel structures will

change from a thin, space filling network with coordination number z mostly 2 or 3

as also seen in [19, 44, 57, 181, 182], to locally compact aggregates with higher z and

large pores typical of phase separation as found in [3, 4, 50, 51, 183]. The distribution

p(z) of the coordination numbers z, for each of the structures are plotted in Figs.

4.4(g)-(i).

To further elucidate the role of the angle parameter θ̄ and its implications for

the possible gel microstructures, we compare simulations performed, for the same

preparation protocol, with θ̄ = 65◦ and θ̄ = 75◦, while the others parameters are kept

as in Fig. 4.3.

Fig. 4.5 (top) shows the corresponding contour plots of the potential energy utotal,

indicating how shifting the value of the angle θ̄ towards higher values decreases the

region where bonding to the central particles can occur. We expect therefore that

gels are less likely to form in this case, since 3-coordinated structures are limited.

The simulation snapshots and distributions of z in Fig. 4.5 (e,f) indeed show that

the fraction of particles with z = 3 is greatly reduced with increasing θ. Particles

prevalently aggregate into strands that are one particle diameter thick and have much

weaker tendency to branch, and hence of forming a gel network. The persistence

length and the average contour length lC of these particle strands are compared in

Fig. 4.5(g). The structures obtained at θ̄ = 75◦ are softer since lC > lp in contrast to
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Figure 4.4: Varying the strength of 3-body interaction B. Potential energy
contour plots for B = 67.27, 10 and 1 in (a)-(c), Simulation snapshots of gels, each
at a volume fraction φ = 7.5% corresponding to above values of B in (d)-(f) where
the color code represents the local coordination number z, and the distribution of z
of the final gel structures in (g)-(i). The distributions are obtained by averaging over
5 independently generated structures and the error bars (obtained from sample-to-
sample fluctuations) are smaller than the bar thickness. Reprinted from [156] with
permission.
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Figure 4.5: Varying the width of 3-body interaction w. Potential energy con-
tour plots for θ̄ = 65◦ and 75◦ in (a) and (b), corresponding simulation snapshots
of gels, each at a volume fraction φ = 7.5% in (c) and (d), and the distribution of
coordination number z in (e) and (f). The distributions here are obtained by aver-
aging over 5 independently generated structures and the error bars are smaller than
the bar thickness. The persistence length lp and contour length lC of the strands for
the above two angles θ̄ in (g). Here the data refer to kBT/ε = 10−2. Reprinted from
[156] with permission.
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one obtained for θ̄ = 65◦ where the two length-scales are comparable, feature similar

to semiflexible networks [7, 118, 168]. Finally, we can also vary the parameter w, which

sets the width of peak of u3 (see Fig. 4.2 (b)). Decreasing w makes the peak narrower,

resulting in a sharper transition from attraction to repulsion when we consider the

effective potential represented in the contour plot of Fig. 4.3 (b). For smaller w, the

region in blue (where the attraction dominates) in the contour plots becomes wider,

favoring locally more compact microstructures. Hence, w can be used together with

B, θ̄ and the cooling rate Γ, to tune the gel microstructure.

To summarize, the discussion in this section elucidates how varying the parameters

in the model and in particular those entering the three-body term, changes the poten-

tial energy surfaces that drive the particles self-assembly and provides constraints to

the local structures, as indicated by the contour plots for utotal. We can think of these

local structures as the building blocks of the mesoscale gel network, hence the changes

of the potential energy surfaces have also implications for the gel self-assembly as in

fact demonstrated by the snapshots.

Ultimately, the gel structures depend of course on the kinetics of the self-assembly

and on the gelation protocol. We can vary the gelation protocol, for example, through

changing the cooling rate or other aspects of the procedure described in section

4.2.2. However, understanding how specific microscopic interactions can modify the

local structures and promote distinct gel characteristics such as local coordination,

mesoscale aggregates or specific ranges of pore size distributions can help systemat-

ically tune the gel structure. To build the link between the microscopic interactions

and the emerging elasticity of the gel network, a first step is to consider what are the

mechanical properties of the local structures which are eventually embedded in the

gel. Therefore, in the remainder of the chapter, we study the elasticity of local ele-

mentary structures that tend to form for the set of potential parameters used in Figs.
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4.2, 4.3 and 4.6(a,d,g). We analyze how the elasticity of these local structures can be

estimated, and discuss how they can contribute to the emerging elastic properties of

the gel network.

4.4 Elasticity of local structural elements and their contribution

to the gel network elasticity

We now consider the specific set of parameter values B = 67.27, θ = 65◦ and w = 0.30.

This set has been used in various other works to produce gels with open network

structures as demonstrated above, also comparing dynamics and mechanical response

with experiments [39–43, 62, 63]. In these gels, the building units are strands that

are one particle diameter thick (particles in strands have coordination number z = 2)

and are connected through branching points (that have coordination number z = 3).

Hence, here we examine how the elasticity of the gel networks for this choice of the

parameters may result from the elastic properties of these local structural elements.

Previous studies have shown that these structural elements can contribute to both

stretching and bending terms in the overall linear and non-linear response of the gel

network [40, 42]. Similar to semiflexible filaments in biopolymer networks, stretching

and bending contributions to elastic stresses are comparable in the linear regime,

whereas stretching becomes prevalent in the non-linear regime [118].

4.4.1 Stretching and bending moduli of particle strands

To estimate the stretching modulus of the gel strands, let us consider two bonded

particles separated by a distance corresponding to the minimum of the attractive

well in u2, (rmin = (18
16

)1/2d ≈ 1.06d) (see Fig. 4.2(a)). To estimate the stretching

force constant (ks), we consider a stretch dr and, within a harmonic approximation,
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compute the curvature

ks =
[d2u2(r)

dr2

]
r=rmin

=
736ε

d2

( d

rmin

)18

. (4.8)

The total energy of a strand made of N bonds and stretched from its original length

L0 = Nrmin by δL = Ndr is given by

Ustretch =
1

2
ksrmin(Nrmin)(δL/L0)2 (4.9)

=
1

2
ksrmin

∫
ds(δL/L0)2. (4.10)

By comparing the stretching energy typically used for a semiflexible polymer strand

[118, 168], the stretching modulus of a strand in our microscopic model is σS =

ksrmin = 736ε
d

(d/rmin)17, giving us σS ≈ 273ε/d for the set of microscopic parameters

considered here. The stretching mode becomes dominant at larger deformations when

the bonds can no longer reorient and need to be stretched out to accomodate the

deformation, contributing to the nonlinear elasticity.

Bending one of the particle strands also costs energy. For a strand composed of

Np particle bonds, the total bending energy Ust can be computed as :

Ust =

Np−1∑
i=1

kθ,st
2

(θi+1 − θi)2 (4.11)

=

Np−1∑
i=1

kθ,st
2

(
∂t̂

∂s

)2

i

(rmin)2 =

∫
ds
kθ,strmin

2

(
∂t̂

∂s

)2

(4.12)

where t̂ = ∂~r/∂s is the unit vector tangent to the strand and kθ,st is the bending force

constant of the strand. From this expression, the bending modulus of our strand is

κst = kθ,strmin [118, 168].

For each segment of three particles, if the bond angle is changed by δθ = π − θ

from its equilibrium configuration to a new configuration (see Fig. 4.3 (a)), the energy

83



of its new configuration is:

Ust = 2u2(r) + u2(2r cos (δθ/2) + u3(r, r, π − δθ) + 2u3(r, 2r cos (δθ/2) , δθ/2).

(4.13)

The curvature of this function provides the force constant kθ,st in response to the

bending of a three particle segment.

The energy profile of Ust(θ) is plotted in Fig. 4.6 (a): it is relatively flat in

the middle and non-harmonic. The curvature changes slowly close to the minimum

(θ = 180◦) while it grows rapidly for angles approaching θ = 140◦. This non-

linear dependence can be well approximated by a finitely extensible nonlinear elastic

(FENE) type of potential of the form Ust = −1
2
Kb∆θ2

max ln [1− ( θ−θ0
∆θmax

)2], typically

used for semiflexible polymers [184]. The fit shown in the plot (dashed line) corre-

sponds to the parameters θ0 = 180◦,∆θmax ∼ 68◦ and Kb = 0.11ε, from which we

obtain the microscopic bending force constant kθ,st ≈ Kb ≈ 0.11ε and the bending

modulus κst ≈ 0.12εd.

Figure 4.6: Energy profiles for a 3-particle chain. (a) The potential energy
profile for a 3-particle strand is shown in blue line and the fit of the bending FENE
potential in red dashed line (b) The contour plot of the same energy Ust for different
distances and angles with the color code representing the energy values. Reprinted
from [156] with permission.
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Fig. 4.6 (b) shows the contour plot of Ust for a strand made of three particles

as in Fig. 4.3 (a), varying the distance and the bond angle of particle 3, with the

color providing information on the energy values. The plot shows that the energy

profile is symmetric along the direction θ (as seen in Fig. 4.6 (a)) but is instead

asymmetric along r, indicating that the curvature of Ust along θ, and hence the

bending modulus, varies with the particle separation, as a result of the strong overall

dependence of the microscopic interactions on interparticle separation. We have tested

these calculations using MD simulations of three particle strand segments to compute

the distribution of bond angles obtained with different amount of thermal fluctuations.

The results are shown in Fig. 4.7 for different ratios kBT/ε. With increasing thermal

energy, the distributions become wider and extend to smaller angles, but in all cases

follow a Boltzmann probability distribution for bending angles of the form p(θ)dθ ∼

sin θ exp[−Ust(θ)/kBT ]dθ.

Figure 4.7: Energy profile and bond-angle distributions for 3-particle chain.
The energy profile for Ust (left axis) in blue solid line. The bond angle distributions
(right axis) for 3-particle strand for different thermal fluctuations. The dashed lines
represent the prediction from Boltzmann probability distribution. Reprinted from
[156] with permission.
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4.4.2 Stretching and bending moduli of branching points

In the case of a branching point, a particle is bonded to three other particles (with

roughly the same bond lengths r) as represented in Fig. 4.8. Planar branching config-

urations are shown in Fig 4.8 (a) and (b). The case of a non-planar branching point

is illustrated in Fig. 4.8 (c). Here four particles shown as light green spheres initially

form a planar configuration in the XY plane. The configuration becomes non-planar

when the particle labeled 2 moves to the position represented by the dark green

sphere and the thicker bond. This out-of-plane position can be expressed in terms of

polar coordinates (r, θ, ϕ), where r is the radial distance, θ the polar angle and ϕ the

azimuthal angle. The potential energy of a branching configuration can be expressed

in terms of distances and angles labeled in Fig. 4.8 (b) as a sum of u2 and u3 terms

as: Ubr = U2,br + U3,br. The total u2 potential is computed for all interaction pairs:

Figure 4.8: Schematic representation of a branching point. (a) Planar
branching point: The particle labeled 1 at the center is a branching point, and it
is bonded to three other particles 2, 3 and 4 with all at a distance r. (b) Representa-
tion of the distances and angles for the calculation of energy. (c) 3-D representation
of planar and non planar branching points: The four light green particles lying on
XY-plane form a planar configuration. The three green particles and a dark green
particle form a non-planar configuration. The position of the dark green particle is
represented in polar coordinates (r, θ, ϕ). Reprinted from [156] with permission.

U2,br = 3u2(r) + u2(r1) + u2(r2) + u2(r3) (4.14)
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with the following distances

r1 = 2r sin

(
θ1

2

)
, r2 = 2r sin

(
θ2

2

)
, r3 = 2r sin

(
θ3

2

)
(4.15)

Let us consider first the case of a planar branching point as in Fig. 4.8 (b), so that

θ3 = 2π− (θ1 + θ2). To compute U3,br, we need to consider the total u3 potential for a

given triangle by taking the u3 terms from Eq. 4.5. In such case, the total u3 potential

is the sum of contributions from three small triangles formed by the particles 1-2-3,

1-3-4 and 1-2-4, and a larger triangle formed by particles 2-3-4 as follows:

U3,br = u3(r, r, θ1) + u3(r, r, θ2) + u3(r, r, θ3) + 2u3(r, r1, θ
′
1) + 2u3(r, r2, θ

′
2) + 2u3(r, r3, θ

′
3)

+ u3(r1, r2, θ
′
1 + θ′2) + u3(r1, r3, θ

′
1 + θ′3) + u3(r2, r3, θ

′
2 + θ′3)

(4.16)

with distances and angles for a planar branching point:

ri = 2r sin

(
θi
2

)
, θ′i = (π − θi)/2, i = 1, 2, 3. (4.17)

Using Eq. 4.14 - 4.17, the resulting potential Ubr is therefore only a function of three

variables r, θ1 and θ2. It is computed as a function of the angles θ1 and θ2 by fixing

the distance r = rmin in order to generate a 3-D plot in Fig. 4.9 (a) and a contour

plot, with the color code representing the potential energy values, shown in Fig. 4.9

(d). These plots indicate that the minimum of the potential energy depends on the

combination of θ1 and θ2 with the global minimum at θ = θ1 = θ2 = 120◦. The

energy profile along the diagonal θ1 = θ2 = 120 + θ is shown in Fig. 4.9 (b), it is

approximately harmonic and the microscopic bending force constant can be estimated

from the curvature at the minimum of the well. The energy profile is also dictated by

the distance r and varies asymmetrically as shown in Fig. 4.9 (e).

We estimate the effective response of a planar branching point to bending by

assuming that the two angular degrees of freedom in a planar branch respond in a

87



Figure 4.9: Energy profiles for a planar and non-planar branching point.
(a) The total potential energy Ubr as a function of two angles θ1 and θ2 in a planar
branching point, with all the particle distances are fixed at r = rmin. (b) Ubr as a
function of angle θ along the diagonal θ1 = θ2 = 120 + θ in a planar branching
point. (c) The total potential energy Ubr in a non planar branching point, with all the
particle distances fixed at r = rmin. (d) The total potential energy contour for varying
angle θ and distance r, for the planar case. (e) The contour of total potential energy
Ubr as a function of two angles θ1 and θ2 in the planar case. (f) The contour of total
potential energy Ubr as a function of θ and ϕ in a non planar branching point (with
all the particle distances fixed at r = rmin). Reprinted from [156] with permission.

88



manner similar to two springs in series, so that their combination is dominated by the

softest of the two. In this approximation, the effective bending force constant is given

by the sum of the inverse of the two spring constants along the principal directions of

the Hessian Hij = ∂θi∂θjUbr(θ1, θ2). That is, we calculate k−1
θ,br = 1/H11 + 1/H22 using

a discretization along two directions θ1 and θ2 in Fig. 4.9 (a) as follows:

k−1
θ,br =

(
Ubr(r, θ1 + δθ1, θ2) + Ubr(r, θ1 − δθ1, θ2)− 2Ubr(r, θ1, θ2)

δθ2
1

)−1

+

(
Ubr(r, θ1, θ2 + δθ2) + Ubr(r, θ1, θ2 − δθ2)− 2Ubr(r, θ1, θ2)

δθ2
2

)−1

(4.18)

with δθ1 = 0.01◦ and δθ2 = 0.01◦ the spacing between angles on the calculation grid.

The curvature is computed on the grid from angles θ1 = θ2 = 115◦ to θ1 = θ2 = 125◦

in Fig. 4.9 (a), and its value is determined to be kθ,br ≈ 5.44ε. The bending modulus

is then given by κbr = kθ,brrmin ≈ 5.77εd, a value approximately 54 times higher than

the bending modulus for a strand. These results suggest that increasing the amount

of branching points should dramatically increase the gel modulus, as indeed found in

simulations [42].

For non-planar branching configurations, particles are no longer restricted to a

single plane and the angles are not bound by the constraint θ1 + θ2 + θ3 = 360◦.

We can determine the angle between each of the neighboring bonds in Fig. 4.8 (c)

in terms of the angles θ and ϕ. Using the same convention for angles and distances

as in the planar case, the central angle of a triangle formed by particles 3-1-4 is θ2.

Considering the center of the central particle 1 in the branching point at the origin

of the Cartesian coordinate system C1(0, 0, 0), we can write the coordinates of the

centers of the other particles in Fig. 4.8 (c) as C4(r, 0, 0), C3(r cos θ2, r sin θ2, 0) and

C2(r sin θ cosϕ, r sin θ sinϕ, r cos θ). We can now express the central angle of a triangle

formed by the particles 2-1-3 in terms of (θ, ϕ) as θ1 = cos−1 (sin θ cos(θ2 − ϕ)).

Similarly for the triangle 2-1-3, we obtain θ3 = cos−1 (sin θ cosϕ). This allows us
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to determine all the angles and distances in each of the triangles. Finally, the total

energy of a non-planar branching point in Eqs. 4.14 and 4.16 is a function of only

θ2, θ and ϕ. In Fig. 4.9 (c), we plot the total potential energy Ubr as a function of θ

and ϕ for θ2 = 120◦. The potential is asymmetric along the θ and ϕ directions and

the minimum of the potential is at θ = 90◦ and ϕ = 240◦ which corresponds to a

planar branching point (see Fig. 4.9 (f)). We compute the energy surface curvature

from Fig. 4.9 (c) as done for the planar branching point and find the curvature along

θ to be knpθ ≈ 0.66ε, and along ϕ to be knpϕ ≈ 10.88ε. We combine again these two

curvatures as springs in series to obtain knpbr ≈ 0.62ε. All bending constants estimated

for the different types of local structures are summarized in Table 4.2.

Table 4.2: Estimated bending constants for different local structures.

Local structure Symbol Estimated value
Strand kθ,st 0.11 ε

Planar branching point kθ,br 5.44 ε
Non-planar branching point knpθ,br 0.62 ε

4.4.3 Gel elasticity

We now complement the insight obtained from the energy profiles for the different

local structures (strands and branching points) with the one obtained from MD simu-

lations of gel networks for the choice of parameters of interest here, which correspond

to a gel made of one particle thick strands connected by branching points.

All calculations and estimates made in sections 4.4.1 and 4.4.2 correspond to the

elastic properties of isolated strands or branching points. In the simulations, we can

investigate instead how the bond angle distributions change for strands (coordination

number z = 2) and branching points (z = 3) that are embedded in gel networks where

they experience topological constraints due to the fact that they are connected to each
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Figure 4.10: Bond-angle distributions in gel networks. (a) The distribution of
bond angles for an isolated strand and for strands in networks at different volume frac-
tions φ. (b) Main: The distributions of bond angles that correspond to the branching
points. Inset: The distribution of sum of three angles at a single branching point where
the sum equal to 360◦ corresponds to a planar branching point. Reprinted from [156]
with permission.

other and coupled across the network. In Fig. 4.10 (a), we see that the bond angle

distribution for the strands changes significantly with the solid volume fraction φ of

the gel network, with a peak that shifts to smaller angles with increasing φ. Hence,

when connected in the network, the bending stresses experienced by the strands can be

very different. In Fig. 4.10 (b) we show the distributions of bond angles obtained from

the branching points of the gel network in the MD simulations. The distributions of

angles over different branching points is obtained in terms of the sum of all three angles

formed at the central particle, shown in the inset of Fig. 4.10 (b). The sum equal to

360◦ corresponds to planar configurations. We can see that the fraction of non-planar

configurations increases with increasing the gel volume fraction and has stronger

tails for sum of angles smaller than 360◦ for φ = 0.15. These distributions are always

strongly peaked at θ = 120◦, indicating that most branching points configurations can
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be well captured by the simple planar approximation at low enough volume fractions.

The tails of these distributions, however, clearly widen for gels at higher particle

volume fractions, which also correspond to an increase of the density of branching

points [42]. The data at the highest φ considered is clearly distinct. The changes with φ

in the two sets of distributions plotted in Fig. 4.10 indicate that increasing the particle

volume fractions and density of branching points introduces stronger constraints on

the angles of the local structures that compose the gels. The constraints are mainly

topological in nature, i.e. they emerge from the topology and connectivity of the

gel network rather than from the direct steric or bonding interactions between the

particles in each elements. These findings suggest that, for both strands and branching

points, displacements and fluctuations must be increasingly hindered and correlated

upon increasing the gel volume fraction. Such effects should have an impact on the

gel elasticity, suggesting that the network elasticity can not be anymore obtained just

from that of the isolated structural elements.

To estimate the different contributions of the bending elasticity of the isolated

structural elements to the total elasticity of the network, we can consider, in a first

approximation, that the contribution of branching points is given by their elastic

energy per unit volume, and is obtained as a discrete sum over the different angles in

both the planar branching and non-planar branching points. Therefore, we sum over

the angle distributions (Fig. 4.10 (b)) to obtain

Kbr =
1

2V

∑
θ

[nθkθ,br(θ − θ0)2 + nnpθ k
np
br (θ − θ0)2] (4.19)

where kθ,br = 5.44ε is the bending force constant for a planar branching point and

knpbr = 0.62ε for the non-planar branching points (see Table 4.2), θ0 is the position of

the peak in the distribution, nθ and nnpθ are the counts for each angle θ respectively

in a planar and non-planar case and V is the volume of the simulation box. We also
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Figure 4.11: Comparison of different elastic moduli contributions. Shear
modulus of the gel networks measured from linear oscillatory rheology as a function
of the volume fraction φ (squares). The triangles symbols correspond to the contribu-
tion of respectively strands (up) and branching points (down), estimated using their
bending moduli and the distribution of angles obtained from the simulations. The
circle and diamond symbols correspond to the total contribution from the combina-
tion of strand and branching point contributions as two springs in series and parallel
respectively. Reprinted from [156] with permission.

estimate the bending elasticity contribution from the strands using the bond angle

distributions in Fig. 4.10 (a). For each bond angle θ, if there are nθ three-particle

segments in the strands from which we collect the distribution, the elastic energy

density of the strands is obtained by summing over the distribution as

Kst =
1

2V

∑
θ

nθkθ,st(θ − θ0)2 (4.20)

where kθ,st = 0.11ε is the bending force constant for three-particle chains obtained

from the energy profile in Fig. 4.6 (a), and θ0 = 180◦ is the angle corresponding to

the minimum of the same energy profile. Finally, we also consider the total elastic

contribution from strands and branching points in the limiting cases of the two springs
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of moduli Kst and Kbr either in parallel giving Kp
total = Kst + Kbr or in series with

1/Ks
total = 1/Kst + 1/Kbr.

The comparison between the plateau modulus obtained from the linear viscoelastic

response of the gels [42] and the estimates of the elastic energy density obtained from

strands and branching point is shown in Fig. 4.11, as a function of the solid volume

fraction in the gels. The plateau moduli vary in the range G0 ∼ [10−4 − 1]ε/d3,

which, for colloidal particles with d ∼ 100 nm and ε ∼ 10kBT would correspond to

G0 ∼ [5.10−3−50] Pa, in relatively good agreement with typical values in experiments

[14, 21, 59, 63, 117, 185]. We can see that the total estimated elastic energy density

is largest when the contributions from strands and branching points are combined as

two springs in parallel Kp
total and smallest when they are connected in series Ks

total.

For all volume fractions, the main contribution to the modulus seems to be the one

of the gel strands, which can be understood by considering that the strands are the

majority component of the gel and that their bending costs less energy than for

the branching points, hence dominating the linear response of the system. At low

enough volume fractions, the bending energy of the strands seems to be enough to

make up for the macroscopic behavior of the material. Upon increasing the volume

fraction, however, it becomes clear that, while the contribution of the branching

points is still lower in magnitude, they play a leading role: the dependence of the

elastic modulus of the gels on the volume fraction is much stronger than the one of

the elastic energy density due to the strands bending and seems to follow the same

dependence of the bending energy density of the branching points. While the bending

of the strands may be the main source of elasticity, the contribution of the branching

points increases dramatically because, with increasing the volume fraction, not only

the amount of branching point increases but also the connections between them (and

hence their coupling) become important. The effect of feedback and coupling of the
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local structures is obviously not contained in the estimates of the elastic properties of

the isolated element contributions. The comparison in Fig. 4.11 suggests that when

we estimate the modulus by just summing up, as independent, the contributions of

strands and branching points in the gel, we cannot account for the modulus actually

measured in the viscoelastic tests. Only at low enough volume fraction are the two

estimates close, as it is reasonable to expect. The same elastic contributions, obtained

from isolated elastic elements can be mechanically combined in different ways in the

gel network. For example, if we combine the different elastic contributions of the

elastic elements (Kst and Kbr) as all springs in parallel or all in series, we obviously

obtain very different values of the elastic modulus, either completely dominated by

the strands or by the branching points stiffness (see Fig. 4.11). This simple example

indicates how the modulus of the network can depend strongly on the way the different

elastic elements are combined through the network architecture. However, the specific

combination corresponding to a certain network architecture is simply not known, nor

there is an obvious way to predict it, because of the disorder and heterogeneities.

The results in Fig. 4.11 show how the single components we have identified in the

gel networks are in fact not independent and they can only be approximated as such in

the limit of very dilute and tenuous gels, i.e. at low enough φ. With increasing φ, not

only there are more branching points, but also the way they are distributed and con-

strained by the network topology is different, as indeed indicated by the distribution

of bond angles in Fig. 4.10 (a) and (b). Hence the missing contribution to the modulus

must be the coupling between the different components through the network archi-

tecture, that can only be neglected when the gel is sufficiently dilute and its structure

sufficiently tenuous. The data in Fig. 4.11 also suggest a power law dependence of the

various contributions and of the gel elastic modulus on the particle volume fraction

(with the caveat that our range of volume fractions here is relatively limited). Such
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dependence is quite common in colloidal gels although exponents reported in experi-

ments are often between ∼ 3− 4 [1, 45, 108–112] and usually associated with fractal

structures. The gel structures considered here are not self-similar and the values we

find are closer to those reported in [5, 113–115] corresponding to quite higher values

of the exponent.

4.5 Summary

Particle contacts in soft particulate gels can be dominated by surface roughness, sticky

patches or other surface heterogeneities that modify the local energy profiles of the

aggregated structures. The complex nature of these contacts can therefore play a role

in the gel morphology and ultimately affect the gel mechanics, for example introducing

an effective resistance to bending of the bonds between particles or of parts of the gel

structure. To capture these features, we have proposed a class of effective interactions

models that include, in additional to the usual short range attractive interaction

term typical of gelling colloidal suspensions, a three-body term which depends on

the angle between bonds departing from a central particle and introduces bending

costs in the elastic energy of particle aggregates. These interactions are expressed in

a mathematical form that is computationally convenient and allows for large scale

simulations.

The different gels formed in the numerical simulations have helped us elucidate

how different model parameters control the formation of different types of particles

aggregates, leading to a range of gel morphologies. Varying the model parameters,

therefore, we can span from gels made of thin strands connected through branching

points to gels featuring thick branches and large pores.
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For gels made of semi-flexible strands connected by branching points, we have com-

puted bending costs for both these types of elastic elements directly from the micro-

scopic interactions. By comparing our analytical calculations with the gel plateau

moduli obtained through linear viscoelastic tests, we gain new insight into how these

distinct elastic elements contribute to the emerging gel elasticity. Our calculations and

numerical simulations indicate that the mechanical coupling of strands and branching

points across the network, which is determined by the network topology and connec-

tivity, dominate the dependence of the gel modulus on gel density or particle volume

fraction.

In the next chapter, I will discuss the linear viscoelastic properties of gels mea-

sured from the rheology simulations. In particular, I will analyze the role of the gel

connectivity in the linear viscoelastic spectrum by varying the volume fraction and

the preparation protocol in the numerical simulations.
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Chapter 5

Linear viscoelasticity and microstructural origin

5.1 Introduction

In chapter 4, I described how the microscopic interactions can be used to estimate

the emerging elasticity in particulate gels. In this chapter, I will investigate the role

of microstructure in the linear viscoelasticity using oscillatory shear simulations and

constitutive formalisms in the model soft particulate gels. The model captures a

wide range of gels composed of colloidal particles or aggregates with bending rigidity

due to surface roughness, irregular shapes and sintering process during aggregation

as discussed in chapter 4. The gel microstructure can be complex since disorder and

structural heterogeneities are developed during aggregation. I use model parameters in

chapter 4 such that the gel is made of 1-particle thick strands connected by branching

points where the particle coordination number is 3.

Close to the gelation threshold, most gels feature a power law dependence of the

linear viscoelastic moduli, i.e. G′(ω) ∼ G′′(ω) ∼ ωα, which is understood typically

in terms of the fractal nature of the structure [186, 187]. In this chapter, I investi-

gate how this power law persists also for the gels whose structures do not show an

obvious fractal morphology. Above the gelation threshold, the elastic modulus grows

and develops a low frequency plateau. As discussed in chapter 1 (section 1.4.1), the

elastic modulus in polymer gels depends on the amount of cross-linking of polymer

chains and is described by the percolation theory since the elastic modulus scales as
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G0 ∼ (p − pc)f [98, 188], where p is the cross-linking probability, pc the percolation

threshold and p− pc represents the distance from the percolation threshold. Various

experiments [99–103] suggest that the exponent f can vary and the prediction for a

polymer network as a percolating network of springs described by only central forces

corresponds to f = dν, where d is the Euclidian space dimension and ν is another crit-

ical exponent related to the correlation length that diverges at percolation threshold

as ξ ∼ (p − pc)ν . Kantor and Webman [104] considered elasticity contribution from

both bending and stretching of springs which predicts a different exponent f = dν+1

[104–106]. However, in colloidal gels, it is not clear what measures the distance from

gelation threshold p−pc because aggregation process is complex, and often use volume

fraction of particles φ [1, 5, 45, 108–115] for it because this quantity is usually well

controlled in experiments. However, the gelation threshold is not uniquely determined

by φ since it depends on the pathways to aggregation. In chapter 4, it is demonstrated

that the elastic modulus can be a function of a particle volume fraction, φ as in exper-

iments. However, the exponent is found to vary based on how elastic contributions

of gel strands and branching points are combined. In this chapter, I use rheological

parameters and microstructural measurements to seek for the right candidate that

can best describe p− pc and also depends on the large scale organization of the net-

work in particulate gels. In addition, I investigate the lengthscale that represents the

correlation length ξ and determines the elastically active path in the particulate gel

network. Finally, I demonstrate the connection between the hierarchy of time scales

and elasticity associated with the the gel microstructure and the constitutive behavior

of the gel in terms of mechanical elements of size ξ.

This chapter contains parts of the preprint titled The hidden hierarchical nature

of the viscoelastic response in soft particulate gels with our collaborators Bavand

Keshavarz, Michela Geri, Mehdi Bouzid, Thibaut Divoux, and Gareth H. McKinley.
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The fitting of the viscoelastic spectra by constitutive fractional model is done by our

experimental collaborators. In the next section, I will briefly describe the simulation

method for gel preparation and rheological measurements. Then, I will present the

results section which first discusses the structural characterization of different gel

networks, followed by dynamical characterization. Finally, I will discuss the results of

the linear rheology simulations and their microscopic understanding.

5.2 Simulation method

5.2.1 Gel preparation

The initial gel configurations are prepared by following the protocol described in

chapter 4. Below I briefly summarize the protocol: I used NVT equilibrium MD sim-

ulations, with a Nose-Hoover (NH) thermostat to cool down the system in gas phase

to a temperature low enough for the particles to aggregate and form a percolation

gel network with a cooling (or gelation) rate: Γ = ∆T/∆t = (Tf − Ti)/Ncoolδt, where

Ncool is the number of MD steps used to cool the system from the initial temperature

Ti to a final temperature Tf , and δt is the step size used in the integration. Then,

the system is further equilibrated at final temperature with the NH thermostat for

another Nequi MD steps.

The data for varying volume fraction φ correspond to a fixed gelation rate of

Γ = 10−5ε/kBτ0 with Ncool = 106 MD steps and Nequi = 106 MD steps. The data

for varying gelation rates Γ correspond to a fixed volume fraction φ = 10% and

gelation rates vary in the range Γ = 10−6− 10−2ε/kBτ0 with 108− 104 MD steps and

Nequi = 2 · 104 MD steps. I use samples with N varying between 2 · 103 and 2 · 105,

L varying from 23 to 120 particle diameters. Γ is varied between 10−2ε/kBτ0 and

10−6ε/kBτ0 and the range of particle volume fractions covered goes from 0.05 to 0.15.
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5.2.2 Percolating backbone preparation

The percolating structure of the incipient gel, i.e. a gel close to the gelation threshold,

is obtained by cooling from kBTf/ε = 0.5 to kBTf/ε = 0.1 in Ncool = 106 MD steps

at a volume fraction φ = 0.05. A simulation snapshot of the percolating backbone is

Figure 5.1: A first rigid backbone near the gelation threshold. (a) The sim-
ulation snapshot of first rigid structure where red network represents the percolating
cluster (backbone) while the finite clusters that are isolated from the percolating
backbone are shown in blue. (b) Scaling of mass of the clusters as a function of the
radius.

shown in Fig. 5.1 (a). The largest cluster is shown in red which provides the rigidity

to the network and is called an infinite cluster. The other small finite clusters are

shown in blue. The self-similar nature of this structure is demonstrated by computing

the radius of gyration Rg for each cluster as [189]:

Rg =

√√√√ 1

2N2

Nc∑
i,j=1

(ri − rj)
2 (5.1)

where Nc is the number of particles constituting the cluster and, ri and rj are the

positions of the ith and jth particles. The dependence of the mass M of the clusters

with radius of gyration Rg is shown in Fig. 5.1 (b). The first regime where M ∝ Rg

corresponds to linear aggregates. The second regime withM ∝ R2.5
g indicates a fractal

dimension df = 2.5.
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5.2.3 Measuring linear viscoelastic spectra

For each gel, I use the computational scheme [43] that has been inspired by a recently

developed experimental technique [131] described in detail in chapters 2 and 3 and

obtain the full linear viscoelastic spectrum by applying an optimally windowed chirp

(OWCh) as a strain signal. The complex viscoelastic modului is obtained from the

Fourier transforms of the stress and strain as explained in chapter 3 (see Eq. 3.13).

5.3 Results

5.3.1 Microstructural characterization

As the structure evolves above the gelation point where a first percolating backbone is

formed, all the particles become a part of the infinite cluster in the network. In order

to test the fractality of fully aggregated gels, we compute the structure factor S(q) for

different volume fractions as shown in Fig. 5.2 (a) (also see chapter 3). The structure

factor does not show any power law dependence at low wave vectors q suggesting that

the structures are non-fractal. We also verify this using the box-counting method. In

this method, each simulation box of size L is divided into small sub-boxes lbox and

the mass of the gel in each box Mbox is plotted against lbox, as shown in Fig. 5.2 (b),

where the data shows that the power law exponent is 3 for all gels, also indicating

non-fractal structures.

With increasing the volume fraction or decreasing the gelation rate, the microstruc-

ture changes from sparsely connected to more densely connected networks. To char-

acterize these changes, I compute the topological distance l, along the gel network,

separating two connected branching points. Across all gels, the distribution p(l) of

such mesh sizes is wider with decreasing φ and increasing Γ (Fig. 5.3 (a)), with

system-spanning meshes becoming clearly system-size dependent for the softest,
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Figure 5.2: Structural characterization of networks. (a) Structure factor of gels
at different volume fractions. (b) Scaling of the mass with box size in box counting.

more heterogeneous and tenous gels as shown in Fig. 5.3 (b). The next section dis-

cusses the microscopic dynamical characterization of the gel structures with different

connectivities.

5.3.2 Microscopic dynamics

As described in chapter 3 (section 3.3), the microscopic dynamics is probed by

Langevin dynamics which introduces the thermal fluctuations. The average particle

dynamics in each gels is characterized by their mean squared displacement (MSD).

The mean squared displacement 〈∆r2〉 for different volume fractions φ and gelation

rate Γ computed at thermal fluctuations kBT/ε = 10−3, weak enough to not induce

significant changes in the gel topology via breaking and reforming the gel network

within the time window of the simulations, but strong enough to govern the micro-

scopic motion [41]. As shown in Fig. 5.4 (a), the mean square displacement initially

increases and becomes sub-diffusive, then finally plateaus. The plateau corresponds

to the localization of particles and is related to the elasticity of the network. The
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Figure 5.3: Distribution of mesh sizes in different networks. (a) Red data
correspond to change in the volume fraction while blue represents change in gelation
rate. (b) System size L dependence of the mesh size distribution for the softest gel,
φ = 0.05.

value of the MSD at the plateau decreases with increasing the volume fraction φ and

decreasing the gelation rate Γ.

As discussed in chapter 2, the motion of a probe particle embedded in a gel network

is coupled to the motion of the whole network as illustrated by the cartoon in the

inset (left) of Fig. 5.4 (a). Therefore, treating the MSD data as for a probe particle

as in the passive microrheology, we can estimate the elastic modulus from the MSD

plateau as G0 ∼ 1/〈∆r2〉plateau (see Eq. 2.21 in chapter 2). We can also see that the

timescale to make transition to the plateau in MSD i.e. the characteristic time over

which the fluidlike response menifests into solidlike, changes for different gels. We

estimate this time by computing the logarithmic derivative of MSD and define the

time corresponding to the minimum as a characteristic time of retardation τ in the

inset (right) in Fig. 5.4 (a).
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Figure 5.4: Microscopic particle dynamics. (a) Mean squared displacements as
a function of waiting time t for different volume fraction φ and gelation rate Γ. The
right inset represents the logarithmic derivative of MSD as a function of time. The
left inset is a schematic representation of a probe particle embedded in a gel matrix.
(b) Distribution of microscopic displacements for different φ and Γ computed at the
MSD plateau. The colors and symbols stand the same as in (a).

The magnitude of particle displacement is computed as ∆i = ||ri(t + t′) − ri(t)||

where the waiting time t = 104τ0 is chosen to be long enough so that the particle

motion becomes unaffected by its inertia and is taken in the vicinity of the plateau in

the particle mean-squared displacement curve and lag time t′ = 104τ0. The distribu-

tions for different gels are plotted in Fig. 5.4 (b) which shows that the particle displace-

ments decrease and the distributions move to smaller displacements with increasing

the volume fraction φ and decreasing the gelation rate Γ.

As described in chapters 2 and 3, the spatial dependence of the particle dynamics

can be characterized via the intermediate scattering function Fs(q, t) as done in scat-

tering experiments. The self intermediate scattering functions for two volume frac-

tions, φ = 0.05, corresponding to the softest gel, and φ = 0.15, corresponding to

the strongest gel, and for different wave vectors q are shown in Figs. 5.5 (a) and (b)

respectively. At large wave vectors, the function Fs(q, t) decays exponentially while
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Figure 5.5: Relaxation dynamics in different gel networks. The incoherent
scattering function Fs(q, t) as a function of time for different wave vectors q for the
volume fractions (a) φ = 0.05 and (b) φ = 0.15. The contour plots of dynamical
susceptibility χ4(q, t) for different wave vectors q and time t for the volume fractions
(c) φ = 0.05 and (d) φ = 0.15.

the decay becomes slower for small wave vectors with a stretched exponential con-

sistent with previous works [38, 39, 41]. At the largest volume fraction φ = 0.15,

the decay of scattering function Fs(q, t) becomes slower and shows a two-step decay

process as also seen in Reference [39].

As I have discussed in chapter 3, the dynamical heterogeneity χ4(q, t) =

N [〈Fs(q, t)2〉 − 〈Fs(q, t)〉2] is measured to quantify the spatial fluctuations in the

local dynamics [38, 39]. In Figs. 5.5 (c) and (d), the spatial maps of χ4(q, t) for

φ = 0.05 and φ = 0.15 are shown by colors for different q and t. As the volume

fraction increases, the peak moves to high q, suggesting that the characteristic length

scale of spatial heterogeneity decreases. This picture is consistent with decrease
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in mesh-size (Fig. 5.3) in stiffer gels. In the next section, I will discuss how the

structural and dynamical properties of soft particulate gels are related to the linear

viscoelasticity.

5.3.3 Linear viscoelasticity and microscopic origin

The local connectivity can be characterized by the local particle coordination, 2 for

particles in the gel strands and 3 for particles in branching points. On average, for a

given φ, reducing the gelation rate Γ increases the local connectivity by increasing the

total amount of branching points in the gels. Increasing the particle volume fraction

φ, at a given gelation rate, increases the tendency of the gel strands to branch during

the gel self-assembly, leading to structures with higher local connectivity which is

also more homogeneously distributed in space (Fig. 5.6 (a) and (b)). The change in

the viscoelastic spectra for these structures is shown in Fig. 5.7 (a) where both the

low frequency elastic modulus G0 and the crossover frequency ωc, where G′ and G′′

overlap, increases as the gel becomes densly connected. Upon varying φ and Γ, the

range of the viscoelastic response shifts over ' 5 decades in frequency and up to

' 4 decades in moduli (see Fig. 5.7(a,b) and 5.8 (a)). The shape and the variation

range of the viscoelastic spectra obtained in our simulations capture those seen in

experiments in a range of colloidal gels [14, 94, 111, 112, 190, 191]. The full range of

variation of the spectra is recapitulated by the loss factors tan δ(ω) = G′′(ω)/G′(ω)

in Fig. 5.8(a). Interestingly, all data feature a high-frequency plateau, indicating that

there is a common shape across all spectra, by suitably rescaling the frequency, again

consistent with experimental data [111, 112, 163, 190–194].
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Figure 5.6: Microstructural changes in networks having different connec-
tivity. The simulation snapshots for gel networks at different volume fractions: (a)
φ = 0.075 and (b) φ = 0.11, both prepared with a fixed gelation rate Γ = 10−5ε/kBτ0.
The grey segments represent the gel strands (local coordination number z = 2) and
red represents the branching points (z = 3).

Figure 5.7: Viscoelastic spectra with different volume fraction and prepara-
tion protocol. (a) The change in linear viscoelastic spectra for these gel structures
is shown in Fig. 5.6. Both G0 and ωc increases with increasing φ. (b) The storage
modulus G′ for gels with different volume fractions φ and gelation rate Γ. For varying
gel connectivities, the modulus varies by about 4-orders of magnitude. (c) The loss
modulus G′′ for the same gels.
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Procedure to construct master curves and constitutive models

Upon shifting the frequency by a factor aφ that depends on φ for a given gelation rate,

or by a factor aΓ that depends on the gelation rate at a given φ, all tan δ data indeed

collapse into a master curve as shown in Fig. 5.8(b), which displays an extended

power-law relaxation at small frequencies and plateaus at larger frequencies.

Figure 5.8: Constructing master curves and fitting with constitutive
models. (a) The loss factor tan δ as a function of frequency for gels with different
volume fractions φ and gelation rate Γ. (b) The data collapse of tan δ curves onto a
single master curve is obtained by rescaling their frequencies with a shift factor aφ
or aΓ. The fits of tan δ with simple Kelvin-Voigt model and fractional Kelvin-Voigt
model. (c) The data collapse of G′ and G′′ with the same horizontal factors aφ or aΓ

and vertical shift factors bφ or bΓ. The solid and dashed lines represent respectively
the fit for G′′ and G′ with the fractional model shown in the inset. The fit parameters
are G0 = 0.61ε/d3, α = 0.67, η = 1.0ετ0/d

3 and V = 0.86ετα0 /d
3. (d) The horizontal

shift factors (left axis): aφ (red triangles) and aΓ (blue triangles) and the vertical
shift factors (right axis): bφ (red circles) and bΓ (blue circles) as functions of volume
fraction φ (bottom axis) and gelation rate (top axis). The dotted lines are guide for
the eye.
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Such characteristics rule out a single-mode relaxation model such as the Kelvin-

Voigt model (see chapter 3, section 3.4.1) to capture the gel constitutive behavior

and hint at a hierarchy of timescales as the one produced by a self-similar structure.

In polymer gels close to the connectivity percolation threshold, where the incipient

gel structure is indeed self-similar [98, 188, 195], the rheological response is often

described using constitutive models that combine basic viscoelastic mechanical ele-

ments (i.e., Maxwell or Kelvin-Voigt elements) in a hierarchical, ladder structure

[196, 197] and that provide, at a continuum level, the same characteristics of multi-

mode and scale-free relaxation. For the version that reproduces the loss-tangent of

the viscoelastic response of our gels, a four parameter fractional Kelvin-Voigt model,

describing the dynamics of the gel through a constitutive equation based on fractional

derivatives, provides an excellent fit to our data (see Fig. 5.8(b)).

Legthscales and hidden fractal characteristics

Having identified the constitutive behavior that seems to unify the gels response

over a wide range of timescales and particle volume fractions, we finally construct

the related master curves for G′ and G′′ using vertical shift factors bφ and bΓ, and

strikingly confirm that all gels spectra can be scaled to the same fractional constitutive

behavior (see Fig. 5.8(c)).

Scaling properties of the viscoelastic spectra have been previously demonstrated in

colloidal gels through experiments and explained in terms of the self-similar nature of

the fractal aggregates that initiate the gelation process [94, 95, 111, 112, 163]. For var-

ious colloidal gels that formed through diffusion-limited aggregation processes, it has

been noted that the power-law characteristics in the spectra can be directly related

to the fractal nature of individual flocs [95, 163], similar to polymer gels that have a

fractal connected structure close to percolation [187]. Hence the power-law relaxation
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is considered a signature of self-similar structural elements, and it should be, there-

fore, limited to the cases in which such elements are present. However, power-law

viscoelastic spectra and their scaling behavior are much widespread in soft materials,

having been detected across a range of particulate gels and soft solids where self-

similar structural elements have not been found [101, 198]. The gel microstructures

in our simulations do not display any obvious self-similarity as discussed in section

5.3.1. Hence our findings point to a more intricate, and intriguing, connection between

the hierarchical rheological nature of the gels response and their microstructure. In

particular, the shift factors needed to collapse all our spectra may contain further

information but depend on both φ and Γ (see Fig. 5.8(d)), demonstrating that eval-

uating separately the gel solid volume fraction or its age is not sufficient to describe

the role of the microstructure [198].

The clear power-law characteristics of the viscoelastic spectra (Fig. 5.8 (c)), and

the apparent absence of self-similarity in the gel structures, suggest that in each

gel, a subset of the total structure, which instead has a self-similar nature, may be

responsible for the hierarchical organization of the relaxation processes. Thanks to

the interplay between physical interactions, kinetics, and frustration of the aggre-

gate growth during self-assembly, colloidal gelation can favor the self-organization of

the material into smart and slender structures that efficiently transmit stress and

provide rigidity with a minimum amount of solid material, typically remaining sub-

dimensional [199]. Identifying such hidden mechanical backbone in the wide variety

of particulate gels microstructures, even when large parts can be imaged through

microscopy or spectroscopy, is obviously challenging. However, recent experiments

have highlighted the presence of rigid-like structural sub-units that could be con-

nected to such rigidity percolation [59, 200, 201]. If we consider that the model gels

discussed here can be representative, in a coarse-grained sense, of a broad range of
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structures in soft particulate gels, revealing the rheological signature of the hidden gel

backbone and identifying its origin could provide a sought-after unifying framework

to understand the rheological response of colloidal and particulate gels.

Unraveling the role of microstructure in the rheology of colloidal gels at low volume

fractions is extremely hard because of large spatial heterogeneities, which manifest in

complex spatio-temporal dynamics and spatially heterogeneous mechanical response.

In particular, the local softness (or stiffness) of these complex gel architectures appear

to be predominantly topologically controlled [42, 202], i.e., controlled by the presence

(or not) or more densely connected regions interspersed into rather sparsely connected

ones. The mechanical coupling between such domains can change the emerging linear

response of these gels by orders of magnitude as discussed in chapter 4 [156]. With

this in mind, we construct the topological distance l, along the gel networks, which

separates two connected branching points as described in section 5.3.1. Such distance

l provides direct access to the structural and mechanical heterogeneity in our model

gels. From all simulations data, we obtain the probability distribution p(l) across

all gels varying φ and Γ and use its fluctuations to extract a lengthscale ξ = 〈(l −

〈l〉)2〉1/2 that characterizes the gel mesh size heterogeneity and can recapitulate the

topologically controlled softness [42] of the gel networks (Fig. 5.9 (a)). The fact that

this lengthscale controls the softness of all gels is clear when we compute, from the

spontaneous thermal fluctuations, the distributions of the microscopic displacements

in all gels, which directly connect the microscopic fluctuations of the gel dynamics to

the macroscopic elastic gel modulus [107, 143, 144, 203–205]. With varying φ and Γ,

the fluctuations in the microscopic dynamics are increasingly constrained (Fig. 5.9 a

(inset)) and have increasingly pronounced exponential tails, as typically found in both

simulations and experiments [19, 129]. However the distributions of these fluctuations

u = [(∆−〈∆〉)2]1/2 collapse onto a unique curve when rescaled by ξ2/lp, with lp being
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Figure 5.9: The structural characterization of networks. (a) Distributions of
fluctuations of displacements u = [(∆ − 〈∆〉)2]1/2 normalized by ξ2/lp. Inset: distri-
bution of displacement fluctuations u. (b) Mastercurve for the mass M of the infinite
cluster in the network vs normalized system size Ldfm(L/ξ) for different volume frac-
tions, where m(L/ξ) ∼ (L/ξ)d−df with a fractal dimension df = 2.46±0.12. The data
is obtained by changing the system size for different volume fractions. Inset: M vs
the system size L. (c) Main: Correlation length ξ obtained from the second moment
of mesh sizes ξ = 〈(l−〈l〉)2〉1/2. The red data correspond to the change in the volume
fraction and blue represent the data obtained by changing the gelation rate. Inset:
Correlation length ξ as a function of volume fraction (bottom axis and red symbols)
while ξ as a function of gelation rate (top axis and blue symbols). (d) Volume fraction
of branching points φbr vs. the volume fraction of particles φ: the data points obtained
in the simulations is shown with circles, the prediction of DLCA aggregation is shown
by a line with slope 1.00± 0.06 and the RLCA scenario with a slope 1.30± 0.06.
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the persistence length of the gel strands [156] (Fig.5.9 (a)). The fluctuations of the

gel meshes, therefore, seem to provide a lengthscale, ξ = 〈(l−〈l〉)2〉1/2, that crucially

enters the spontaneous microscopic dynamics at rest and the non-affine microscopic

motion under deformation. Such lengthscale has to grow as the gels become softer,

when, with decreasing volume fraction of particles or increasing gelation rate, overall

less connected networks are produced.

Because of bending interactions present both in the gel strands and branching

point, connectivity and rigidity percolation transitions are expected to coincide for

our gels [104, 206]. Hence we can consider that the distance from the rigidity (and

connectivity) percolation threshold is simply set by the amount of branching points,

which we measure through the volume fraction of particles in branching points φbr in

our gels. A single branching point is virtually sufficient for a rigid percolating backbone

to exist. With this hypothesis, we expect ξ ' φ−νbr to be the critical correlation length

associated to such transition. We can first test this hypothesis by plotting ξ as a

function of φbr (Fig.5.9 (b)), which, for all gels (obtained by varying both φ and Γ)

indeed follows the same scaling ∝ φ−νbr with ν ' 0.8, a value consistent with the 3D

random percolation critical exponent [195] (see section 1.4.1 in chapter 1).

Having identified ξ, we can now think that our gels can be analyzed in terms of

an equivalent, effective, disordered network made of viscoelastic elements of linear

size ξ, akin to the blob-links-nodes model for the percolating cluster [188, 195] (see

cartoon in Fig. 5.10(b)). Each of these elements, and the connections they contain, is

only a subset of the actual gel structure and is fractal. Close enough to the (rigidity)

percolation threshold φbr ' 0, there will be only one of these elements which spans

the whole system and ξ should grow ∝ φ−νbr , as the data indeed show. Each element

contains loops and singly connected bonds that connects two neighboring blobs in the

blob-links-nodes model as shown in Fig. 5.10 (b), whose numberNSCB ∝ ξ1/ν because,
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close enough to the percolation threshold, they are organized in a self-similar fashion

and present at all lengthscales. That is, NSCB ∝ 1/φbr: φbr basically contains the

information on how singly connected bonds become more prevalent as ξ becomes of

the order of the system size. For 3D random percolation, as suggested by our estimate

of the critical exponent ν, the fractal dimension of the incipient infinite cluster is 2.5

[195].

The fractal nature of the blobs is hard to demonstrate because, so far, we have

only identified their linear ξ, and the link between the subset of the structure that

forms the blobs and the total solid volume fraction or the gel mass remains elusive.

We note, however, that all gels considered here are in the rigid (percolated) phase

(i.e. φbr 6= 0), i.e. at a finite distance from the percolation threshold, and that all

simulations are performed in finite boxes of linear size L, therefore introducing finite

size effects. Our simulations data, therefore, contains further information that can be

extracted through scaling.

First, to obtain an estimate of the possible fractal dimension of the blobs, we con-

sider that the fractal characteristics of the viscoelastic spectra is in fact established at

the onset of rigidity, similar to the idea of fractal remnants in cured polymer gels [192]

and consistent with recent findings in colloidal gels [163]. Hence we identify incipient

rigid gels early enough in the gelation process during the simulations, i.e. when inter-

particle bonds are still breakable by thermal fluctuations over the simulation time

window, so that we can better recognize the incipient percolating (rigid) backbone

and the clusters in the critical regime (see section 5.2.1). We then use the following

finite size scaling argument. By dividing a gel sample of linear size L (i.e. the linear

size of our simulation box) into smaller boxes of size ξ (i.e. L > ξ), the volume Ld (in

d dimension) will consist of (L/ξ)d sub-boxes. Each sub-box should contain a mass

fraction of the gel ∝ ξdf , and the total mass of the infinite cluster should therefore
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scale with ξ and L as

M(L, ξ) ∝ ξdf (L/ξ)d (5.2)

We can rewrite, M(L, ξ) ∝ Ldfm (L/ξ) where the scaling function m (L/ξ) =

(L/ξ)d−df in the critical regime. From the mass of all percolating backbones obtained

in early gels at all φ and for L ≈ 23d−120d, all data collapse onto a unique power law

dependence from which we can extract df = 2.46 ± 0.12 (Fig.5.9 d). We separately

estimate df from the gyration radius and mass of the finite clusters interspersed with

the percolating backbone in the incipient gels during the self-assembly [98] (see also

section 5.2.1), obtaining again df ' 2.5, well consistent with the previous estimate

(Fig. 5.1 (b)).

Finally, if for any φbr 6= 0 the fractional characteristics controlling the viscoelastic

spectra do correspond to space filling blobs of linear size ξ and fractal dimension

df ' 2.5, we use the classical argument [45] which considers that the clusters fill

all space and ξ ∝ φ−1/(d−df ). Since ξ ∝ φ−νbr , we therefore obtain φbr ∝ φ1/ν(d−df ).

The relation between φ and φbr throughout all our gels indeed satisfies this scaling

prediction, when we use ν ' 0.8 and df ' 2.5 as obtained from our data (Fig.5.9

d). Note that the fractal dimension for DLCA (df ' 1.8) and RLCA (df ' 2.1)

aggregation produce different dependence of φbr on φ (Fig.5.9 d), suggesting that the

amount of branching points in a given particle volume fraction is also determined by

the pathways of aggregation (preparation protocol).

All these data and analysis support the idea that the fractal characteristics under-

lying the viscoelastic spectra of a broad range of gels correspond to effective elements

of fractal dimension df , whose linear size ξ diverges at the rigidity threshold with a

critical exponent ν. The values of the critical exponents we obtain seem compatible

with 3D random percolation, consistent with the idea that connectivity and rigidity

percolation are likely to coincide. The self-similar nature of percolating cluster near
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gelation threshold and the softer gels being close to the high frequency power law

regime of the master curve also suggest that the hidden fractal elements remain

imprinted in the gel structure from the initial gelation process, similar to the case in

which the structure is composed by fractal flocs but, in contrast, here not obviously

visible in the gel morphology.

Figure 5.10: Scaling of viscoelastic parameters and schematic of fractal
blobs. (a) Scaling of retardation time τ ∼ aφ or aΓ (triangles), elastic modulus
G0 ∼ 1/bφ or 1/bΓ (circles) and large-scale viscosity η ∼ τG0 (squares) vs volume
fraction of branching points φbr (bottom axis) and ξ−1/ν (top axis). (b) Fractal blobs
of size or correlation length ξ (top right) and, singly and multiply connected bonds
within a blob (bottom left)

We now consider that our gels can be described as random percolating networks

of elastic elements, which are embedded (and hidden) in the gel structure. They have

linear size ξ and stiffness Kξ. In a rigid gel (φbr finite and ξ < L), these blobs are

uniformly distributed through the space, hence the overall elastic stiffness of the gel

can be estimated as K = (L/ξ)d−2Kξ. For a percolation networks of elastic elements

with bending interactions, Kξ = K0/(NSCBξ
2), as shown by [104], where NSCB is

the number of singly connected bonds and K0[force·length] is the torsional bending
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stiffness between neighboring bonds, which in our model gels can be computed from

the microscopic interactions [156]. In this type of disordered networks [104], the gel

modulus G0 should scale with ξ close enough to the percolation threshold as

G0 ∝ ξ−f/ν (5.3)

where f = νd + 1. These theoretical predictions would imply, for our model gels,

G0 ∝ φfbr and predict, using the value of ν ' 0.8 (or from random percolation in

the literature), that f ' 3.6 in 3D. The scaling we measure from the low-frequency

shear modulus of our gels, as a function of φbr or ξ, perfectly match this prediction

(Fig.5.10 a), sealing the argument we have been proposing and testing all along.

The horizontal shift factors in our master curves (Fig5.8 (b) and (c)) point to

a characteristic timescale τ which follows the same scaling as the elastic modulus,

maintaining the viscous element η of the fractional model essentially constant across

all gels (Fig. 5.10(a)). The scaling of the timescale τ with the critical lengthscale ξ

that describes the fractal blobs (and φbr) is again a signature of how the topologically

controlled gel softness and heterogeneity determines the gel mechanics. By analyzing

the microscopic dynamics similar to microrheology tests, we can clearly identify τ

with the delay time for the elastic response of the gel to emerge from the microscopic

fluctuations (see section 5.3.2), which is determined again by the disorder and the

heterogeneity in the gel meshes. We are currently working with our collaborators to

transform the fractional model into a ladder model.

5.4 Summary

Particulate gels show complex rheological response that their viscoelastic spectra

can change with change in the microstructure. In this chapter, we varied the gel

microstructure by changing the volume fraction and preparation protocol. We showed
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that the viscoelastic spectra of different gels can be collapsed onto a single master

curve which can be described compactly by a fractional constitutive model. The power

law viscoelasticity in these gels is related to the fractal nature of the rigid backbone

which is formed close to the gelation threshold, and the fractal nature of this back-

bone becomes hidden in the denser and more connected gels, but is revealed by the

rheological spectrum and the finite size scaling. The elastic modulus and relaxation

timescale are controlled only by the volume fraction of branching points φbr rather

than just the volume fraction of particles or the preparation protocol. Therefore, the

quantity φbr should represent the parameter in percolation theory that controls the

rigidity and elasticity of the network. Correlation length ξ that samples the disorder

within the material is computed from the fluctuations of mesh sizes (topological dis-

tance between two branching points) of the gel networks. These fractal mechanical

elements of size ξ arrange to form a space spanning network that provides an elas-

tically active path which results in a hierarchy of relaxation processes, which can be

visible macroscopically through the viscoelastic spectrum.

Having understood the microstructural connection of particulate gels to their

linear viscoelasticity, a question that emerges is how the linear viscoelastic response

change if the system is more complex i.e. in the case of composite gels consisting of

different components. In the next chapter, I will discuss two design methods of tuning

linear elastic modulus in composite gels.
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Chapter 6

Composite gels

6.1 Introduction

In chapter 5, I discussed how the mechanical properties of particulate gels (e.g. elastic

modulus) can be controlled by varying the preparation protocol or the volume fraction

of gels where each constituent or particle interact in an identical manner (single com-

ponent gel). An alternative way to enhance material properties such as mechanical

reinforcement for increasing the elastic modulus, fracture toughness, extensibility etc.

[17, 32–34, 207–210], is to combine components with different chemical or physical

properties. Such composite gels with improved mechanical properties are suitable for

structural and high-performance applications such as in energy, sustainability, and

healthcare. In this chapter, I discuss how the mechanical reinforcements of gel net-

works can be achieved by inserting filler particles at different amounts in the context of

hydrogels, and how the mechanical properties of composites can be tuned via the com-

position of components with different interaction strengths. I will describe the micro-

scopic underpinnings of such mechanical modifications with space resolved analysis of

the microstructure. The first part of this chapter contains parts of a recently submitted

article titled Local mechanism governs global reinforcement of filler-hydrogel com-

posites with collaborators Ippolyti Dellatolas, Brian Damerau, Ming Guo, Thibaut

Divoux, and Irmgard Bischofberger. The second part of this chapter contains parts of

the originally published article [63] with collaborators Emmanouil Vereroudakis, Rene
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P. M. Lafleur, Daniele Parisi, Nicholas M. Matsumoto, Joris W. Peeters, E. W. Meijer,

and Dimitris Vlassopoulos, titled Competitive Supramolecular Associations Mediate

the Viscoelasticity of Binary Hydrogels, “Reprinted with permission from ACS Cent.

Sci. 2020, 6, 8, 1401-1411. Copyright 2020 American Chemical Society.”

6.2 Mechanical reinforcement of gel by fillers

The rheological measurements of polystyrene filled polymer networks in the experi-

mental system were performed by Ippolyti Dellatolas under the supervision of Irmgard

Bischofberger at Department of Mechanical Engineering, Massachusetts Institute of

Technology, Cambridge, MA. This section is organized as follows: First, we provide

the background and motivation of the study of filler reinforcement of gel networks

and of our collaboration with experiments. Followed by this, we will describe the sim-

ulation methods of preparation and measuring dynamics and rheology. We will then

discuss the results from experiments and simulations. Then, the simulation study

of microstructure and dynamics is presented to describe the microscopic origin of

reinforcement. Finally, we present the conclusion.

6.2.1 Background and motivation

Particulate gels are soft materials with a stress bearing networks embedded in sol-

vent like water. The networks with high water content make them versatile materials

in food science, cosmetics, and bioengineering [211–213], yet their scope of appli-

cation can be limited by their low elasticity and weak mechanical properties [214].

Recent efforts have expanded the range of material performance and applications

beyond those previously considered possible [215]. For example, adding transient
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bonds to gel networks can achieve higher extensibilities [216]. Designing double net-

works, where a highly crosslinked network is intertwined within a loosely crosslinked

one, leads to materials with higher fracture toughness compared to the two individual

networks [32, 33]. Another approach consists in using inorganic fillers as crosslinks

to enhance the toughness and extensibility of polymer-clay nanocomposites, where

chemical crosslinkers are replaced by clay platelets acting as multifunctional phys-

ical crosslinks [217]. The reinforcement resulting from this strategy, however, can

depend unpredictably on the size and surface properties of the fillers, as well as

on the nature of the polymer [26]. Moreover, ensuring that the fillers act as multi-

functional crosslinks often requires precise engineering of the filler surface chemistry,

specific to the polymer used [26–29], which limits this method’s versatility. Were

there a general, system-independent mechanism for reinforcing hydrogels through the

addition of fillers, one could fabricate materials that combine exceptional mechanical

performance and functionalization through properties conferred by the fillers. Here,

we make an important step towards this ultimate goal.

Studies of filler-induced reinforcement of soft materials suggest that the reinforce-

ment sensitively depends on the nature of the interactions between the fillers and the

gel matrix, yet they do not provide a comprehensive framework accounting for these

observations. In poymer melts, for example, the polymer dynamics can be significantly

reduced by increasing the strength of attractive interactions [218–221]. Simulations

of attractive fillers in entangled polymers [222, 223] and elastomers [224] suggest that

the fillers may increase the topological entanglements and, in analogy to soft tissues,

the inclusion of nondeforming fillers in fibrous biopolymer networks has been found

to increase the stresses in the network under extension or compression [225, 226].

For repulsive filler-matrix interactions, the elastic properties have been shown to

increase at high filler volume fraction of about 50% [227–231]. This reinforcement
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is well-described by the Guth-Gold model, which generalizes Einstein’s equation for

the composite modulus to account for filler-filler interactions [232], and by an effec-

tive medium formulation of a Krieger-Dougherty-like equation for the elastic modulus

[233]. For attractive filler-polymer interactions, the increase of the elastic modulus has

been reported at significantly lower filler volume fractions and to be stronger than

that predicted by these models; however, a physical mechanism for the reinforcement

is currently lacking [234, 235]. To address this, we use a combination of experiments

and simulations. The simulation method is described below.

6.2.2 Simulation method

We use a particle-based model for a gel-filler composite system. The gel particles

interact with potential described in chapter 4. The fillers interact via ufiller2 , a purely

repulsive truncated and shifted Lennard-Jones potential, i.e., the Weeks-Chandler-

Anderson (WCA) [236] potential, which has the form:

ufiller2 (r) =

4ε
[(

df
r

)12 −
(
df
r

)6
]

+ ε, for r ≤ 21/6df

0, otherwise
(6.1)

where df is the diameter of the filler. This expression ensures that both the potential

and force smoothly converge to zero at the cutoff (21/6df). We have varied the filler

size between df = 1d and df = 2d. The results shown in the work refer to df = 1.6d,

while the filler-gel interactions can be either repulsive or attractive. In the case of

repulsive filler-gel interactions, the interaction potential ufiller-gel2 has the same form as

Eq. (6.1), where the diameter df is now replaced by an effective diameter (df + d)/2.

For attractive filler-gel interactions, the sticky fillers interact with the gel through a

potential ufiller-gel2 , which has the functional form of ugel2 with an effective diameter (df +

d)/2, i.e. ufiller-gel2 (r) = A
[(

d+df
2r

)18 −
(
d+df

2r

)16
]
. The strength of interaction between
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gel and filler particles is varied by modifying the depth of the interaction potential

ufiller-gel2 through the parameter A.

Initial configuration

The initial gel structures are prepared via Molecular Dynamics (MD) simulations

with periodic boundaries in three dimensions following the protocol described in [40–

42, 62, 63, 156]. All MD simulations are performed using the open-source LAMMPS

software [154] appropriately modified to incorporate the interaction potential. To

generate initial composite structures, we use two different protocols, which we denote

P1 and P2. In protocol P1, we insert Nf fillers of diameter df randomly at available

empty spaces of the gel network before switching on the gel-filler interaction. All

stresses created by the introduction of new interactions are relaxed by using the

dissipative dynamics as discussed in gel preparation in chapter 4. In protocol P2, we

initially place gel and filler particles randomly in a cubic simulation box at kBT/ε =

0.5, then reduce the ratio to kBT/ε = 0.05 in 107 MD steps with a Nose-Hoover

thermostat [237]. At this point, a gel network is formed in presence of fillers and we

further equilibrate this structure for another 107 MD steps at kBT/ε = 0.05. The

energy minimization is then carried out using the dissipative dynamics.

To minimize aging effects and the evolution of the number of filler-gel contacts,

these configurations (obtained from both P1 and P2) at their energy minima are then

equilibrated at kBT/ε = 10−4 for 2.107 MD steps, before studying the dynamics and

mechanics of the composite. Different amount of thermal fluctuations are introduced

by using a Langevin dynamics. We use a time step ∆t = 0.005τ0 for integrating the

equations of motion, and the drag coefficient ζ = 10m/τ0. We obtain a gel network

at a volume fraction φ = 0.1 by fixing the number of gel particles and the size of the

simulation box to N = 16000 and L = 43.76d, respectively. We vary the number of
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fillers in the composites in the range Nf = 32 − 10677, which, considering the fillers

as spheres, corresponds to the range of filler volume fractions φf ∼ Nfπd
3
f /6L

3 ∼

0.00082 − 0.273. For attractive fillers, the strength of interaction between gel and

filler particles is varied by changing the depth of the interaction potential ufiller-gel2 .

Stress fluctuations and time auto-correlation functions

The stresses are computed from the interaction part of the global stress tensor using

the standard virial equation [161] as described in chapter 3. The normal stress is

computed as σn = 1
3
(σxx + σyy + σzz). To induce the normal stress fluctuations δσ =

σn−〈σn〉, we use a constant rate of bond removal that is 0.02τ−1
0 [41], which guarantees

a negligible change in the network topology since ∼ 1% of the total bonds are removed

over the whole duration of the simulations (2.108 MD steps). In these simulations,

we monitor the evolution of the normal stresses using the Langevin dynamics with

the same amount of thermal fluctuations kBT/ε = 10−4 used in the calculations of

microscopic displacements.

Rheology

The linear viscoelastic spectrum for each of the composites with different volume

fractions of fillers is obtained by imposing an optimally windowed chirp (OWCh)

signal containing multiple frequencies [43]. All the systems studied here exhibit a

finite storage modulus G′p at low frequencies which is described in detail in chapter 3.

For simplicity, we represent G′p as G′ and report G′p as a function of the filler content.

The dependence of G′ as a function of φf for P1 for both attractive (two interaction

strengths ε and 0.1ε) and repulsive fillers are presented in Fig. 6.2 (b).
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6.2.3 Results

We probe the mechanical properties of agarose gels with embedded carboxylated

polystyrene fillers of radius rf = 100 nm. The fillers physically bind to the agarose gel

matrix through hydrogen bonds. The addition of fillers at volume fraction φf . 0.01

does not modify the linear viscoelastic properties of the agarose gel. For φf & 0.01,

however, both the storage modulus G′ and the loss modulus G′′ increase strongly

with increasing filler content within a small range of filler volume fractions; a tenfold

increase of both moduli is reached at φf ' 0.10, as shown in Figs. 6.1 (a) and (b).

This reinforcement of the moduli is systematically observed for agarose concentrations

Figure 6.1: Reinforcement of different hydogels by polystyrene fillers in
experiments.(a) Storage modulus G′ and (b) loss modulus G′′ of the filler-hydrogel
composites versus filler volume fraction φf . Polystyrene particles of radius rf = 100 nm
are embedded in agarose gels of concentration 0.5% wt. (N), 1% wt. (�), 2% wt. ( ),
and 4% wt. (H). (c) Storage and loss moduli normalized by the entropic modulus
kBT/ξ

3, where ξ is the mesh size of the agarose gels measured by particle tracking in
confocal microscopy in the absence of fillers. The normalized G′ and G′′ for the four
different agarose concentrations collapse onto master curves.

ranging from 0.5% wt. to 4% wt. Both G′(φf) and G′′(φf) can be rescaled onto mas-

tercurves by normalizing the moduli with the entropic modulus kBT/ξ3, as shown in
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Fig. 6.1 (c), where kB is the Boltzmann constant, T the temperature, and ξ the mesh

size of the agarose gel. The agarose concentrations are chosen such that the mesh size

of the gel is larger than the filler diameter 2rf for the lowest agarose concentration

and smaller than 2rf for the highest agarose concentration, which suggests that the

reinforcement is independent of the confinement of the fillers in the polymer network

characterized by the ratio of the gel mesh size to the filler diameter ξ/2rf . To confirm

this observation, we vary the filler radius from rf = 100 nm to rf = 500 nm for a

fixed agarose concentration of 0.5% wt.; indeed, the storage modulus normalized by

the modulus of the pure agarose gel, G′/G′0, exhibits an identical reinforcement for all

filler sizes, as shown in Fig. 6.2 (a). The reinforcement is thus exclusively controlled

by the volume occupied by the fillers, rather than by the filler surface area or the

number of fillers. In contrast to previous studies where the strong reinforcement of

hydrogels by fillers was attributed to the fillers acting as additional crosslinkers [234],

here the independence of the reinforcement on filler size indicates that the fillers are

neither simple additional crosslinks, nor multifunctional crosslinking points where the

number of added crosslinks would be proportional to the filler surface area.

To investigate whether the observed reinforcement arises from a mechanism spe-

cific to the agarose-filler composite, we use a different physical hydrogel, gelatin [238],

and a chemical hydrogel, polyacrylamide [239], with which the polystyrene fillers

exhibit attractive electrostatic interactions [240–243]. In both cases we find a similar

reinforcement upon addition of fillers, with only a weak dependence on the nature of

the polymer matrix, as shown in Fig. 4.3 (a). The increase of G′ and G′′ with filler

volume fraction is again independent of the filler radius, as illustrated for gelatin gels

with fillers of radii rf = 20 nm, 100 nm, and 250 nm.

The robustness of our experimental results points towards a general reinforce-

ment mechanism with a common microscopic origin. To access the changes to the
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Figure 6.2: Reinforcement in experiments and simulations. (a) Reinforcement
of the storage modulus G′ of agarose (blue), gelatin (green) and polyacrylamide (wine)
hydrogels by polystyrene fillers of radius rf = 20 nm (H), 100 nm (N), 250 nm ( ), and
500 nm (�). Fit lines predicted by the Guth-Gold model (dashed line), the Krieger-
Dougherty model (dotted line) and two-step model (solid lines). (b) Reinforcement
obtained in simulations for attractive fillers (black) of attraction strengths ε (I) and
0.1ε ( ), and for repulsive fillers (gray, �). Inset: Snapshot of the simulation for
φf=0.017. The blue spheres represent the fillers, the gray segments denote the gel
network.

microscopic structure and dynamics of the gel network occurring upon the addi-

tion of fillers, we perform three-dimensional molecular dynamics (MD) simulations

of spherical filler particles embedded in a model coarse-grained gel matrix composed

of gel particles. We systematically vary the interactions between the fillers and the

gel matrix, which allows us to probe the role of the attractive interactions for the

reinforcement. For attractive filler-gel systems, the simulations confirm the strong

reinforcement at low filler volume fraction observed in the experiments. The filler

volume fraction denoting the onset of the reinforcement systematically shifts to higher

values as the attraction strength decreases, as shown in Fig. 6.2 (b) for composites

of filler-gel attraction strength of 1ε and 0.1ε, where ε is the unit energy in the simu-
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lations corresponding to the attraction strength between gel particles in the network

(see simulation methods). For repulsive filler-gel systems, in contrast, the composite

gel exhibits a weaker reinforcement occurring at larger filler volume fractions that is

well-described by the Guth-Gold model and by the extension of Krieger-Dougherty’s

equation to gels (Fig. 6.2 (b)). Importantly, neither the attractive filler-gel systems in

the MD simulations, nor the experimental results, can be described by these models.

These findings not only confirm that the attractive interaction between the fillers

and the gel matrix is key for the low volume fraction reinforcement observed here,

but also strongly suggest that the attraction changes the nature of the reinforcement

mechanism.

Local gel density and characterization of densified shell

Figure 6.3: Local gel density and characterization of shells. (a) Simulation
snapshot indicates the regions where the gel density is higher than the average density
(red segments) and fillers (blue). (b) The variation in gel density with distance to filler
surface is similar for gels containing fillers at a volume fraction higher than the onset
of reinforcement, φf = 0.017 (black, .), for gels with a volume fraction of fillers lower
than the onset of reinforcement, φf = 0.00164 (black, ×), and for repulsive filler-gel
systems at φf = 0.017 (gray, .). Inset: Schematic denoting the filler of radius rf and
surrounded by its shell of thickness δ.
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To probe the local changes in the gel matrix induced by the attractive fillers, we

measure the local gel density around each filler of radius rf in layers of thickness ∆R

varying between 0.8rf and 1.6rf . When the filler-gel interactions are attractive, we

indeed observe a densification of the gel around the filler, characterized by a region

where the density is higher than the average gel density, as shown in Fig. 6.3, which

we denote as "shell". The maximum thickness ∆Rmax, beyond which the gel density

approaches that of the average gel density, provides an estimate of the shell thickness

δ, which we find to be δ ∼ 1.4rf . The shell forms at any filler volume fraction,

including at filler fractions below the onset of reinforcement, and its thickness is

independent of φf (Fig. 6.3 (b)). For repulsive filler-matrix interactions, however,

such densification does not occur and we observe a slight depletion of the gel close

to the fillers (Fig. 6.3 (b)). This confirms the presence of a shell in the attractive

composites at low filler volume fractions.

In a different class of composite materials, filler-reinforced rubbers, an interphase

of stiffer elastomer has been shown to form around fillers, and the reinforcement

in these cases was successfully described by an effective medium model accounting

for this stiffer region [244]. Remarkably, such a model accurately captures the rein-

forcement of our soft composites, both in experiments and simulations, as shown in

Fig. 6.2. How does the local modification to the gel structure induced by the fillers

lead to the global strengthening of the entire composite material?

Percolation of effective fillers and stress coupling throughout the

composite material

With increasing filler volume fraction, an increasingly larger fraction of the composite

material is occupied by the effective fillers. We hypothesize that the onset of the rein-

forcement occurs as the effective fillers percolate to form a space-spanning cluster,
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which alters the microscopic dynamics and mechanical properties of the composite.

To compute the probability for a percolating cluster of effective fillers to form, we

consider any two effective fillers to be part of the percolating structure if the dis-

tance between their centers is equal or less than a connectivity distance l (see inset

in Fig. 6.4 (b)). The percolation probability P is the probability that 50% of 60

independently generated samples feature a percolating cluster. We measure P for dif-

ferent connectivity distances l for various filler volume fractions (Fig. 6.4 (a)). For a

fixed value of l, we then determine the critical volume fraction at which percolation

occurs. The natural first choice is to probe the percolation threshold for l = 4.8rf

corresponding to two times the radius of the effective fillers estimated from the local

density analysis. This leads to percolation at a filler volume fraction that is reason-

ably close to (but slightly larger than) that denoting the onset of reinforcement, as

shown in Fig. 6.4. We find that the onset of percolation and the onset of reinforcement

occur at the same filler volume fraction for l ∼ 6.4rf , which would correspond to a

shell thickness of δ ∼ 2.2rf , of the same order as that obtained from the local density

measurement. This analysis supports the hypothesis that the onset of the reinforce-

ment occurs when the densified regions induced by the fillers percolate throughout

the composite material.

To probe the implications of the percolation for the microscopic dynamics of the

composite, we measure the displacements of the particles that form the model gel

matrix. We obtain the displacement distributions from the long-time microscopic

dynamics due to thermal fluctuations (see Methods). The thermal fluctuations are

weak enough to not induce significant changes in the gel topology via breaking and

reforming the gel network within the time window of the simulations, but strong

enough to govern the microscopic motion of the gel components [41]. As discussed in

chapter 3 (see section 3.3), we compute the gel displacement ∆i = ||ri(τ +τ ′)−ri(τ)||
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Figure 6.4: Percolation of effective fillers, composed of the fillers and their
reinforced shells, in the attractive filler-gel system with attraction strength
ε. (a) Snapshots of composites with the lowest (left) and highest volume fraction of
fillers φf considered. The fillers are colored blue, the gel network is colored gray. (c)
Normalized storage modulus versus φf . (c) Percolation probability P of effective fillers
versus φf for different connectivity distances l = 4.8rf , 5.6rf , 6.4rf and 7.2rf (right to
left). In the snapshot, the particles in red belong to a single percolating cluster for
φf = 0.03 and 2δ = 4.8rf .
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from the particle position ri(τ) ≡ (x(τ), y(τ), z(τ)) of particle i at time τ , where x, y

and z represent the Cartesian coordinates, τ represents the waiting time and τ ′ the

lag time.

The waiting time τ is chosen in the vicinity of the plateau in the particle mean-

squared displacement(MSD) as shown in Fig. 6.5 (a). We use the waiting time τ =

104τ0 and lag time τ ′ = 104τ0 in the MSD plateau.

Figure 6.5: Mean-squared displacement (MSD) and examples of time series
of normal stress fluctuations. (a) MSD of gel particles versus waiting time τ for
different filler volume fractions φf . (b) Time series of normal stress fluctuations, δσ(τ)
for filler volume fractions φf = 0.00164 (b), φf = 0.008 (c) and φf = 0.03 (d).

The probability distribution function (PDF) of the gel particle displacements ∆

is identical to that of the gel network without fillers for φf below the onset of rein-

forcement, as shown in Fig. 6.6 (a). For φf beyond the onset of reinforcement, how-

ever, the PDF shifts towards increasingly smaller displacements. The displacement

corresponding to the maximum of the distribution, ∆max, normalized by the max-

imum of the displacement distribution of the gel without fillers, ∆0
max, mirrors the

φf-dependence of the storage modulus, as shown in Fig. 6.6 (c). A localization of

the microscopic dynamics with increasing amount of fillers has also been observed in

133



uncrosslinked polymers matrices filled with nanoparticles [218, 220, 221]. Here, it sug-

gests that the presence of a percolating cluster of effective fillers connected through

the gel matrix is associated with a reduction of the soft modes of the gel which leads

to an effective stiffening of the gel matrix.

Figure 6.6: Reduced gel displacements and enhanced stress coupling
beyond the onset of percolation. (a) Probability distribution functions of gel
displacements versus the gel displacement ∆ for different φf . (b) Auto-correlation
function of stress fluctuations versus waiting time τ for different φf . (c) The onset
of reinforcement of the storage modulus G′ (I) coincides with the onset of increase
of the inverse peak gel displacement, ∆0

max/∆max ( ) and the plateau of the stress
fluctuation auto-correlation reaching a value of unity (�).

To investigate how this stiffening affects the stress transmission throughout the

composite material, we measure the microscopic stress fluctuations in the simulations.

We compute the time correlations of the microscopic stress fluctuations by slightly

perturbing the gel network through randomly removing bonds, as described in [41]

(see Methods). While the use of the bond removal dynamics allows us to efficiently

sample stress fluctuations over the simulation time window, we have verified that

the bond removal rate is low enough to not change the network topology and its

mechanical properties significantly, and that the intrinsic dynamics of the gel domi-

nated by thermal fluctuations and solvent damping are not significantly perturbed.

We compute the instantaneous internal normal stresses as σn = 1
3
(σxx + σyy + σzz),

where each stress component is calculated using virial formalism [161]. From the time
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series of the fluctuating microscopic normal stress σn(τ), we compute the temporal

auto-correlation function of the stress fluctuations δσ shown in Fig. 6.5 (b-d) as

Cδσ(τ) =
1

k−kτ+1

∑tk−τ
t=0

(
σn(t+ τ)− 〈σn〉

)(
σn(t)− 〈σn〉

)
1

kτ+1

∑τ
t=0

(
σn(t)− 〈σn〉

)(
σn(t)− 〈σn〉

) (6.2)

where k is the total number of data points in the time series (t0, t1, .., τ, ..., tk), kτ

represents the number of data points in (t0, t1, .., τ), and δσ = σn− 〈σn〉 is computed

at waiting time τ [41]. If the microscopic stresses independently fluctuate over time

across the gel matrix, we expect the correlation function to gradually decay to zero.

If long-range spatial correlations are present in the gel, however, the temporal auto-

correlation function does not fully decay over a large time window. For all gels with

filler volume fraction below the onset of reinforcement, the stress fluctuations time

auto-correlation function initially decays, suggesting that the thermal fluctuations

enable the internal normal stresses to partially decouple, as shown in Fig. 6.6 (b).

Cδσ(τ) then reaches a plateau, indicating that the stresses are correlated in space and

time.With increasing filler volume fraction, the height of the plateau increases and

reaches Cp
δσ ≈ 1 for φf > 0.006. The microscopic stresses throughout the network

remain increasingly coupled in time, indicating enhanced solid-like behavior and stiff-

ening of the material. Remarkably, we find that the volume fraction above which the

stress fluctuations remain fully correlated corresponds to the volume fraction denoting

the onset of reinforcement of the storage modulus and the percolation threshold, as

highlighted in Fig. 6.6 (c). An increase in the filler content thus leads to an exceed-

ingly stronger coupling of the stress fluctuations across the composite material, and

to a full coupling as the effective fillers percolate. It is interesting to note that a sim-

ilar increase in the stress fluctuation auto-correlation function has been observed in

polymer melts with increasing filler volume fraction [220] and in biopolymer networks

in the presence of stiff cells [225, 226].
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The physical mechanism for the reinforcement in our attractive filler-gel compos-

ites relies on a volume of reinforced gel around the fillers. This very general and does

not require sophisticated engineering of the filler-matrix interactions, since a wide

range of non-specific attractive interactions can lead to such a shell formation. It is

thus distinct from the idea, successfully used in other systems, that the fillers may act

as additional crosslinking sites [26–29, 217]. Indeed, the independence of the reinforce-

ment on filler size in our experiments suggests that the fillers are here not acting as

crosslinkers. Additional evidence is provided by the magnitude of the shell thickness,

which is of the order of the filler radius rather than being strictly localized to the

filler surface. This rules out the surface area of the fillers as the important param-

eter governing the reinforcement as it could be in the case of a crosslinking effect.

In the simulations we have further directly verified that the reinforcement induced

by the fillers is not equivalent to that obtained by adding a similar number of addi-

tional crosslinks in the gel matrix. The mechanism we identify here thus complements

strategies based on multifunctional crosslinks. It provides the opportunity to reach a

strong reinforcement without needing to precisely tune the filler surface chemistry to

match that of the polymer.

6.2.4 Conclusions of mechanical reinforcement of gel by fillers

Our combined experimental and computational study demonstrates the strong rein-

forcement at low filler volume fraction in hydrogels with attractive fillers. Through

rheological measurements and molecular dynamics simulations, we show that the

filler-induced reinforcement of the hydrogel storage modulus is independent of the

filler size, polymer type and polymer concentration and that it originates from a

generic microscopic mechanism. The attraction between the two components causes

a local densification of the gel around the fillers, leading to the formation of a shell
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that is stiffer than the gel network without fillers, in agreement with an effective

medium model originally introduced for rubbers. With increasing volume fraction,

the effective fillers, composed of the fillers and their surrounding reinforced shells,

form a percolating cluster that couples the stress propagation throughout the system

and restricts the microscopic fluctuations of the gel matrix, and ultimately induces

a global stiffening of the composite. Key elements for the strong reinforcement are

the attractive interactions between the two components and the capability of the

gel to reorganize itself around the fillers. As these properties are largely independent

of the molecular details of the components, this mechanism can guide future design

of reinforced gels to create materials that exhibit both increased mechanical prop-

erties through attractive filler-gel interactions, and tailored functionalities including

electrical conductivity or transparency inherent to the selected components.

The design method of composite gels extends beyond the simple incorporation of

nanofillers in the gel networks described above. Another method to tailor mechanical

properties is to combine components with competitive associations i.e. one strongly

connected network and another weakly associating network. Such composites can lead

to different mechanical properties compared to the two individual networks [32, 33]. In

the next section, I will describe one such composite system based on supramolecular

associations in the experiment and its microstructural understanding with the model

described in chapter 4.

6.3 Binary gel networks with different interaction strengths

The rheology experiments on supramolecular hydrogels were performed by Emmanouil

Vereroudakis under the direction of Dimitris Vlassopoulos at FORTH, Greece. This

section is organized as follows: First, we provide the background and motivation of
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the study of binary gel networks and of our collaboration with experiments. Followed

by this, we will describe the simulation methods of preparation and rheology. We

will then discuss the results from experiments and simulations. Then, the simulation

study of microstructural analysis in simulation is presented to describe the micro-

scopic origin of mechanical changes in the binary networks. Finally, we present the

conclusion.

6.3.1 Background and motivation

Particulate gels are formed by attractive interparticle interactions between constituent

units. As discussed in chapter 1, the stength of the interactions can be controlled

through parameters such as pH, depletant concentration or through surface modifica-

tions. Combining components with different interactions present an interesting com-

posite network structure whose mechanical properties differ from those of single com-

ponents. Ever since their discovery, supramolecular polymers [245, 246] have received

a great deal of attention because of the reversibility and dynamic nature of the sec-

ondary bonds that govern their self-organization. These dynamic bonds dictate the

macroscopic properties and enable applications in various fields ranging from bioma-

terials to microelectronics [15–17]. Supramolecular chemists have worked for years on

fine-tuning the molecular structure to obtain macroscopic properties that for a long

time were reserved for macromolecules only [247]. On the other hand, a grand chal-

lenge from the standpoint of materials design is the fundamental understanding of the

dynamic assembly of supramolecular gelators and the role of competitive associations

which may often be present.

In conventional synthetic or biological polymers, where monomeric constituents

are connected through covalent bonds, their physical properties such as viscoelas-

ticity can be tuned by blending different polymers, adding molecular solvents, or
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by copolymerization of two or more different monomers. An additional possibility

with ample implications in tailoring their properties is introducing physical interac-

tions (e.g., hydrogen bonds) which lead to the formation of dynamic networks. For

example, interacting polymer blends or copolymers typically exhibit a non-monotonic

dependence of segmental dynamics and viscosity on composition [248–252]. This has

important consequences on the tunability of the mechanical [253–255] and thermal

properties (e.g., gelation temperature) [256]. For materials based on supramolecular

polymers, the additional challenge and at the same time design parameter is the fact

that the viscoelasticity of their transient networks depends on the average lifetime

of the secondary interactions associated with their self-assembly. The most widely

explored example of this category of molecules is wormlike micelles where the relax-

ation time of the material is related to the breaking time of the associating units [257].

Thus, the relaxation time of the materials can be tuned by controlling the length of

the polymer as well as the association strength. A mixture comprising an entangled

aqueous solution of wormlike micelles and hydrophobically modified polymers was

also found to exhibit a non-monotonic dependence of the plateau modulus and ter-

minal relaxation time on composition, due to the synergistic interactions of the two

components [208, 209]. Along the same lines, entangled wormlike micelles mixed with

short telechelic chains formed a transient network with monotonic dependence of vis-

coelastic properties on composition [210]. It should be noted, however, that in these

surfactant micelle composites the motifs for self-assembly are different (surfactant

molecule and hydrophobic unit in a covalently bonded chain in the presence of salt

ions [208] or telechelic polymer bridging the surfactant micelles [210].

In the present study, a two-component hydrogel system, comprising two different

supramolecular molecules based on the same hydrogen bonding motif, is shown to

exhibit a non-monotonic dependence of modulus and viscosity on composition. This

139



binary hydrogel consists of fibrillar supramolecular polymers formed from two com-

pounds, 1,3,5-benzene-tricarboxamide decorated with aliphatic chains terminated by

tetra(ethylene glycol) (BTA) and a 20 kg/mol telechelic poly(ethylene glycol) deco-

rated with the same hydrogen bonding BTA motif on both ends (BTA-PEG-BTA).

These mixtures form stable hydrogels whose viscoelastic properties and structure

are investigated by means of shear rheology and cryogenic transmission electron

microscopy (cryo-TEM). Molecular dynamics (MD) simulations were performed to

elucidate the interplay of two different interactions between the compounds and its

implications on the dynamics of the mixed network.

6.3.2 Simulation method

In the simulation, each component is made of self-assembling units (particles) that

interact with potential described for model particulate gels in chapter 4. We fix all

the potential parameters except A in the two-body term,

u2(r) = A
(
ar−18 − r−16

)
. (6.3)

We then consider two different values of A to describe the two components in the

experimental systems. The choice A = 6.27 allows us to obtain, by decreasing the

ratio kBT/ε in the simulations, a percolated network of semiflexible fibers, where

the association energy of the particles in the fibers is +ε and each fiber is composed

by particles with coordination number 2. While the term u2 in the potential energy

drives the self-assembly, the term u3 and its strength relative to u2 limit the self-

assembly of the initially free particle units to fibers and allow for the presence of

branching points (or crosslinks, i.e., particles with coordination number 3) among

them to form a percolated network. The coordination number is defined by counting

the number of neighbors, for a given particle, within a distance close to the minimum
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of the attractive well (1.3d). The linear rheology of this network well matches the

experimental rheology of the BTA fibrillar network, as discussed in the following, in

the range of frequencies where the entanglements can be considered comparable to the

branching points, as also shown in Fig. (6.11 d). Hence, we use the choice A = 6.27 to

model the first component (BTA). We model the second component by keeping the

other parameters constant and changing instead A = 0.5, which changes the depth of

the potential well to 0.1. With this choice of A, upon decreasing the ratio kBT/ε in the

simulations, the particles spontaneously self-assemble into small aggregates between

which bonds can break and reform easily, whose structure is shown in Figure 5d. We

therefore use A = 0.5 to model the BTA-PEG-BTA component of the experimental

system. We then consider various compositions by mixing the two species into various

network structures for different mixing ratios (see snapshots in Figs. 6.11 (b) and (c).

In all calculations discussed here, we start from network configurations of N particles

initially prepared at kBT/ε = 5.10−3 and quench them to kBT/ε ≈ 0 by using the

dissipative dynamics.

The configurations quenched to kBT/ε ≈ 0 are mechanically stable and represent

the gel structures at a local minimum of potential energy, or inherent structure. The

mechanical tests are performed on these configurations. All the data refer to gel

networks consisting of N = 32000− 64000 particles in a cubic simulation box of size

L = 54d. All simulations have been performed using a version of LAMMPS [154]

suitably modified by us to include the interaction potential. For each data point, we

have run simulations over 5 independently generated samples and used sample-to-

sample fluctuations to obtain error bars. In all plots, error bars are smaller than the

symbol size used.
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Mixed systems and conversion of fraction of each component into

approximate weight fractions in the experiment

In the simulations we study various mixtures of the particles that represent the BTA

fibrillar network (component-I) and the BTA-PEG-BTA (component-II) components

as in the experiments. Each of the two components in the numerical model, however,

is made of particles (coarse-grained units) of same size (diameter) d and the mixture

composition can be at first just characterized in terms of the fraction of each particle

type used, f = N2/(N1 + N2), where N1 indicates the number of particles used for

the BTA component and N2 the number of particles used for the BTA-PEG-BTA

component. This corresponds to volume fractions φ1 and φ2, where for each species

φi = Niπd
3

6(Ld)3
, having considered our particles as spheres, d as our unit length and Ld

the simulation box size.

To convert the compositions used in the simulations to the mixture composi-

tions used in the experiments, we consider that the self-assembling units of the pure

component-II are heavier and have a bigger linear size (≈ 4 times bigger). To under-

stand to which value of wBTA-PEG-BTA our f may correspond to, and compare it to

the experimental weight fractions (Fig. 6.8), we first consider that the same φ2 can

be thought of as made of N ′2 particles that have the right size ratio with respect to

pure component-I (d2 ≈ 4d). Then we use N ′2 to compute the corresponding weight

fraction. That is,

φ2 =
N2πd

3

6(Ld)3
=
N ′2π(d2)3

6(Ld)3
(6.4)

which for d2 ≈ 4d gives us N ′2 = N2/64. Considering that pure component-II has also

a bigger mass (m2) compared to the pure component-I (m1), we obtain the conversion

of f in terms of weight fraction of component-II:

wII =
N ′2m2

N ′2m2 +N1m1

=

m2

m1

f
64(1−f)

1 + m2

m1

f
64(1−f)

(6.5)
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If we use this relationship, varying f in the range 0.1 − 0.9 and using m2 ≈ 20m1

(as in the experiment) corresponds to wII varying in the range 0.03 − 0.76 in the

experiment. We use this conversion scheme when comparing the simulations data to

experiments throughout the paper, in Figs. 6.12 (b), 6.13 (a,b).

Mechanical tests (linear viscoelasticity)

For each of the samples with various mixing ratios, prepared by following the pro-

cedure just described above, we use a computational scheme, inspired by a recently

developed experimental technique [131], to obtain the full linear viscoelastic spec-

trum by applying an optimally windowed chirp (OWCh) signal [43]. We employ this

method over the traditional discrete frequency sweeps because it is computationally

faster and has relatively higher signal-to-noise ratio, making the measurement more

accurate at low frequencies. The computational details of the method is described in

chapter 3. Here we choose the drag coefficient ζ = 10m/τ0 to make sure we are well

in the overdamped limit of the dynamics and set the thermal fluctuations to be much

smaller than the physical interactions in the fibers of component-I, (kBT/ε = 10−4).

6.3.3 Results

Using oscillatory shear rheology, we have characterized the mechanical properties of

the two pure components (here described as BTA and BTA-PEG-BTA) and their

mixtures at several mixing ratios. The total concentration of the hydrogels, for both

pure components and mixtures, was always kept at 5 wt %. We observe that the

linear viscoelastic spectra of these materials depend non-monotonically on the mixing

ratio. The frequency-dependent storage (G′), loss (G′′) moduli, and tan δ obtained

over a large range of frequencies for the pure components as well as the mixtures,

are shown in Fig. 6.7. The viscoelastic spectrum of the pure BTA self-assembled
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Figure 6.7: Linear viscoelastic spectra. Linear viscoelastic spectra of the pure
components, BTA (blue) and BTA-PEG-BTA (red) and two characteristic composi-
tions of their mixtures, BTA/BTA-PEG-BTA 50/50 (purple) and BTA/BTA-PEG-
BTA 75/25 (green) at 5 wt %. Closed circles correspond to the storage moduli, while
open squares correspond to loss moduli. The lines represent the dynamic moduli
obtained from creep measurements, which are inverted to yield the storage (solid
lines) and loss (dashed lines) moduli. Reprinted from [63] with permission.

network is characterized by an extended entanglement-like plateau region followed

by an almost Maxwellian relaxation, reminiscent of that of living polymers (blue

symbols and lines in Fig. 6.7 (a). The plateau modulus (Gp) has a low value (10

Pa) and extends over almost 7 decades, indicating a persistent network made by

highly entangled supramolecular polymers. On the other hand, the pure BTA-PEG-

BTA telechelic system exhibits a more complex viscoelastic response (red symbols

and lines in Fig. 6.7 (a). The high-frequency plateau modulus exceeds that of pure

BTA hydrogel by almost three decades, and there is a fast moduli crossover, with

G′′ > G′, afterwards. This BTA-PEG-BTA system exhibits a slow relaxation process

before eventually reaching terminal flow below 0.01 rad/s, much before that of the

BTA-based network.
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Figure 6.8: Low frequency plateau modulus Gp. Plateau modulus for the high-
frequency (fast) and low-frequency (slow) relaxation modes presented in the vis-
coelastic spectra of the mixtures of Fig. 6.7 a, plotted against the weight fraction of
the telechelic component BTA-PEG-BTA. The values were extracted at the minima
of the loss factor tan δ. Lines are drawn to guide the eye. Reprinted from [63] with
permission.

We now discuss the non-monotonic dependence of the plateau modulus on the

composition of the mixture (here represented by the weight fraction of the telechelic

component BTA-PEG-BTA), as shown in Fig. 6.8. Similar findings have been observed

by the group of Messersmith [207], who used similar materials for tissue engineering. In

their work, they observe the non-monotonicity of mechanical properties with mixing

ratio but do not elucidate its origin. Here, we try to shed light as to why this non-

monotonicity is observed in such systems.

To rationalize these findings, we first examined whether the supramolecular struc-

tures formed at different mixing ratios can provide insights into the variations in

moduli and dynamics. Specifically, a pertinent question is whether the lengths of the

supramolecular structures (which will ultimately dictate the relaxation time of the
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Figure 6.9: Cryo-TEM images of the pure components and different mix-
tures. (a) The fibers formed from the pure BTA and (e,f) show the micellar fluid
formed from the pure BTA-PEG-BTA. Images at different compositions BTA/BTA-
PEG-BTA are shown: (b) 90/10; (c) 75/25; (d) 50/50 mixture with white arrows
indicating short fibers. In images (a-d) the scale bar is 100 nm; in (e) and (f), it is 50
nm. The concentrations are low for the images (a-d): 582 µ M for image (a), 250 µ
M for images (b,c), 500 µ M for image (d), and refer to nondilute regime (2.2 mM)
for images (e.f). Reprinted from [63] with permission.

network) as well as the characteristic size of the network (which will ultimately dictate

the shear modulus) vary with mixing ratio, and therefore, we performed cryo-TEM

experiments at concentrations below 1 wt %, i.e., well below the concentration used

in the rheological measurements, since in these conditions, the much lower viscosity

of the samples facilitates the blotting step needed in the sample preparation. Indeed,

one can observe a non-monotonic evolution of the characteristic lengths, starting from

Figure 3a which depicts the network formed by the pure BTA even in these more dilute

solutions (due to the long size of the fibers).

The cartoons of Fig. 6.10 illustrate the changes in the network structure of the

binary hydrogels diagnosed by the rheological measurements (Fig. 6.7) and supported

146



Figure 6.10: Cartoon representations of the supramolecular networks. The
hydrophobic part of both molecules colored in gray, the BTA in cyan, and the BTA-
PEG-BTA in red. The PEG-chains of BTA-PEG-BTA that form bridges are colored
orange. In the pure BTA network, (a) there is no bridging between the fibers due to the
absence of BTA-PEG-BTA. The BTA-PEG-BTA (d) does not form a cohesive network
but loosely connected micelles. The mixtures with BTA/BTA-PEG-BTA 90/10 (b)
and 50/50 (c) are characterized by cross-linking between the fibers Reprinted from
[63] with permission.

by the cryo-TEM images at lower concentrations (Fig. 6.9). To test the idea that

the structural changes illustrated in Fig. 6.10 can be at the origin of the rheolog-

ical behaviors observed upon varying the relative composition of the binary gels, the

experimental system was modeled as a mixture of two different coarse-grained associ-

ating units (beads of diameter d with different association strengths), and an angular

potential was applied that dictates the angle formed by three bonded beads depending

on the size of the beads using an approach previously developed for colloidal gels. By

changing the association strength, the model comprises two species that, as pure com-

ponents, self-assemble respectively into a percolated network of semiflexible fibers (I)

and small aggregates between which bonds can break and reform easily (II). Fig.

(6.11) shows snapshots from the configurations obtained through self-assembly in the
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molecular dynamics simulations for the pure components (Figs. (6.11 (a) and (d))

and for the mixed systems (Figure 5b and c) in the nondilute regime and at the

same relative compositions, as suggested in Fig. (6.10) (here the composition in the

numerical simulation samples is expressed in terms of the number fraction of asso-

ciating units that belongs to the strongly associating component I). The snapshots

show only portion of the simulation box to make distinctive features visible (see scale

bar corresponding to 4d in Fig. (6.11)) and demonstrate how the model self-assembled

structures, while not including all the complexity of the experimental system, well

capture the essential ingredients of the association in the pure components and mixed

systems.

Furthermore, as discussed in the following, having used nonequilibrium molecular

dynamics to compute the viscoelastic spectra of the pure components, we could also

establish the correspondence between the rheological behavior in simulations and

experiments, and therefore used the model to gain insight into the rheological response

of the mixed systems. With small amounts of the weaker component (II), we observe

additional bridges between the fibers of the main network (Fig. 6.11 (b)), formed by

the strongly associating units. Once the fraction of the weakly associating units is

increased, the bridging of the fibers is more pronounced and a more tightly connected

network seems to develop (Fig. 6.11(c)). The networks of the mixtures shown in Fig.

6.11 are reminiscent of double or interpenetrating networks investigated in different

contexts, [34, 35] which, however, are usually permanently cross-linked, rubber-like

materials with extra reversible interactions such as metal-ligand complexes. Here,

instead, all the interactions in our materials are transient, which makes the system

very dynamic.

All structures were sheared in silico [40, 43] to obtain the viscoelastic spectra of

the simulated networks which are shown in Fig. 6 (a). To convert the compositions
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Figure 6.11: Simulation snapshots of self-assembled structures in the
molecular dynamics simulations. Gray indicates the strongly associating (entan-
gled) units (pure BTA fibrillar network), while orange indicates the weakly associating
units (BTA-PEG-BTA micellar fluid). The entangled network with long fibers formed
from the pure model BTA is shown in (a), and the small aggregates obtained from
pure model BTA-PEG-BTA in (d). The structure in (b) is obtained with a ratio 90/10,
defined by the number fraction of pure BTA units, where the micelles of BTA-PEG-
BTA form additional connections in the first network and (c) corresponds to a 50/50
mixture with even more connections and effectively shorter fibers. In all subfigures,
the scale bar is 4d, with d the diameter of the beads that are used as associating units
in the model. Reprinted from [63] with permission.

of the mixtures in the model, expressed in terms of the number fraction of the com-

ponent I associating units, into a weight fraction as used for the experiments, we

have to consider that in the real material the self-assembling units of the pure com-

ponent II are heavier and have a bigger linear size (∼ 4 times bigger). Considering

the same proportion of two components as in the experiments, we obtain an equiv-

alent weight fraction for each numerical composition, for both components I and II

(see section 6.3.2). Here and in the following, we use the converted weight fraction

wII, expressed in terms of component II, consistently with the experimental data of

Fig. 6.8, to rationalize the non-monotonic dependence of the rheological response on

the mixture compositions. The spectrum for the pure component II (in red) exhibits
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Figure 6.12: Viscoelastic spectra obtained from numerical simulations.(a)
For the model mimicking pure BTA and for the model mimicking pure BTA-PEG-
BTA, as well as for the mixed networks. Closed symbols indicate the storage modulus
(G′) and open symbols the loss modulus (G′′). Here and in the following plots, error
bars are smaller than the symbol size used. The spectrum for the pure component I is
shown in blue and has a low-frequency plateau in the storage modulus (indicated by a
blue arrow), corresponding to the presence of entanglements in the pure BTA network.
(b) The low-frequency plateau modulus Gp has a non-monotonic dependence on the
mixing ratio wII, as also found in experiments. Gp has a maximum wII,max ∼ 0.25.
Reprinted from [63] with permission.

two characteristic relaxation modes, indicated by the red arrows, similar to the pure

BTA-PEG-BTA network. The simulations indicate that the high-frequency mode cor-

responds to the relative motion of the nearest-neighboring units in each micelle (or

aggregate), while the low-frequency mode corresponds to the relaxation of the whole

aggregate. In the mixed networks, G′ and G′′ vary non-monotonically with increasing

the weight fraction wII, in analogy to the mixing ratio in the experiments. To map

the simulation time scales to the experimental results, we compare the corresponding

higher-mode relaxation with the experiments and estimate that the highest ωτ0 in the

simulations should correspond to 102 rad/s. By analogy, the range of [10−4−1] ωτ0 in

the simulations should then correspond to [10−2−102] rad/s for ω in the experiments.
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This allows a fair comparison between the experimental and simulated viscoelastic

spectra (Figs. 6.7 (a) and 6.12 (a), respectively).

In Fig. 6.12, the moduli are plotted using the reduced units of the simulation

model, i.e., ε/d3, where ε is the interaction strength between units of component I

and d is the diameter of the coarse-grained associating units. To convert the modulus

units to real units, we consider that the modulus at crossover frequency of the pure

component II in the simulations is approximately equal to that of the pure BTA-

PEG-BTA in the experiment, i.e., we can set 101ε/d3 ≈ 103 Pa (see Figs. 6.7 (a)

and 6.12 (a)). This would correspond, for example, to d ≈ 10 nm and ε ≈ 10kT

(considering kT ≈ 10−20 J, with k being Boltzmann’s constant and T the absolute

temperature). For the size of coarse-grained units, d ≈ 10nm seems also a reasonable

length-scale, since the average mesh size of the pure BTA network in the experiment

is about 7 nm and the average mesh size of the entangled network of component I

in the simulation is about 2d [39]. With this conversion, the values of the moduli

obtained in the simulations of the model systems would vary between 1 Pa and 104

Pa, which is consistent with the experiments (see Figs. 6.7 a and 6.8).

From the analysis of the linear viscoelastic spectra obtained by simulations, we

extract the dependence of the moduli on the fraction of components. As shown in

Figure 6b, the plateau modulus from simulations exhibits a non-monotonic behavior

with the mixing ratio as well. Indeed, the plateau modulus reaches a maximum at 0.25

weight fraction. While the simple coarse-grained model used in the simulations cannot

capture the full chemical complexity of the experimental system, the results obtained

do capture qualitatively the rheological response of the mixtures, and therefore give

the opportunity to investigate its microscopic origin, offering a potentially powerful

tool for designing materials described with this kind of interactions. In fact, more

information regarding the non-monotonicity can be obtained from the simulations by
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Figure 6.13: Fraction p(z) of units in the two components with a specific
coordination number (z) as a function of wII. (a) Fraction of particles forming
fibers (z = 2). (b) Fraction of particles forming cross-links (z = 3). The units with z
= 2 are those that only participate in fibers (component I) or small linear aggregates
(component II). The units with z = 3 in component I correspond to entanglements,
while units with z = 3 in component II correspond to bridges between the fibers of
component I in the mixed network. We use blue circles for the fraction in component
I, red squares for the fraction in component II, and black diamonds for their sum for
a specific z. Reprinted from [63] with permission.

assessing how the additional bridges formed by the BTA-PEG-BTA in the pure BTA

network vary with the mixing ratio. We do this by computing the number of first

neighbors of particles (coordination number) in the simulation box, for each particle,

and track how many of them have a coordination number of 2 (meaning that they

are embedded in a fiber) or coordination number of 3 (i.e., forming entanglements or

bridges) as we vary the mixing ratio. In Fig. 6.13 (a), we show the total number of

particles with a coordination number of 3 normalized by the total number of particles

and the same is done for their presence in each component separately. The fraction of

units forming entanglements and bridges between the fibers increases with increasing

wII and has a maximum at wII,max ∼ 0.25, where the maximum in the modulus is

observed. When further increasing wII, component II (pure BTA-PEG-BTA) plays a
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dominant role in the structure of the mixture and there are fewer and fewer fibers

available from component I (pure BTA) to form additional bridges. As a consequence,

the modulus of these mixed networks is mainly (or only) due to the entanglements

in component I, which progressively decrease with increasing wII (see Fig. 6.13 (a)).

Consistently, with increasing wII, the fraction of units forming fibers of component

I continuously decreases (Fig. 6.13 (b)), while the respective fraction for component

II that goes into small aggregates (i.e., that do not form bridges with component I)

continuously increases. One can see from the plot that the latter increase faster with

wII for wII > wII,max, and therefore, the sum of the units that do not participate in

entanglements or bridges has a non-monotonic dependence on wII. At large wII, the

mixture consists mainly of small linear aggregates of component II, which reduces the

modulus.

These results elucidate well how the competitive association of the BTA-PEG-

BTA micelles in the pure BTA fibrillar network depends on the relative composition

and therefore controls the resulting non-monotonic dependence of the viscoelastic

response on the mixing ratio.

6.3.4 Conclusion of binary gel network with different interactions

In conclusion, by using state-of-the-art chemistry and a powerful combination of

dynamic experiments (rheology) and simulations, we have proposed a two-component

hydrogel system, comprising two different supramolecular molecules based on the

same hydrogen bonding motif, that exhibits a non-monotonic mechanical and struc-

tural response by changing the mixing ratio. Our study sheds light on why such

two-component supramolecular systems, based on the same motif with different

internal structure, forming long topologically entangled fibrils (BTA) and short
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bridged fibrils (BTA-PEG-BTA), can exhibit a non-monotonic evolution of mechan-

ical properties upon mixing. This bears similarities to wormlike micelles mixed with

hydrophobically modified polymers [258] and differs from wormlike micelles mixed

with amphiphilic chains [210]; however, both systems are very different from the

present binary hydrogel. With the help of simulations, we have shown that the com-

petitive interactions (making the structure more dynamic and essentially weakening,

on average, the association between units), as well as the varying connectivity of

the network formed from component I and of its organization in space with varying

the mixture composition, lead to the non-monotonicity in the modulus. By simu-

lating these systems in the simplest possible way as a mixture of two species, one

strongly associating into network forming (entangled) semiflexible fibers and one

weakly associating into small micelles, we are able to reproduce the main rheological

features and the non-monotonic evolution of the viscoelastic shear modulus with

mixing ratio. Our results illustrate how a counterintuitive increase in the modulus

can result from the addition of a weakly interacting supramolecular motif to a more

stable entangled network of polymers. The fact that this feature is captured by a

simple coarse-grained model suggests that the association strength and the ability

to create additional bridges can be the main characteristics to focus on for material

design in a variety of different chemical compounds, although more work will be

needed in this direction (for example, to examine the role of the internal flexibility of

the motif). In particular, our findings point to the fact that not only the interactions

between the single associating units, but also their changing organization in space

with changing relative composition, play a role in the emerging mechanics of binary

and multicomponent gels. There is an interesting analogy with mixtures of colloidal

particles of different sizes and interactions, where the smaller particles can act as

depletants [259, 260] or mixtures of microgels with tunable interaction sites where
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one can tailor the self-assembled structure formed [261, 262] . Along the same lines,

it has been shown that the organization in space of binary colloidal dispersions where

the particles are coated with DNA, can be tailored by varying the specific motifs

on the surface of the particles (where the interactions can vary with relative compo-

sition due to different organization in space) [263]. Hence, the approach developed

here, combining macroscopic (rheology) and microscopic (cryo-TEM) experiments

with appropriate coarse-grained simulations, can elucidate the origin of the reported

non-monotonicity in viscoelastic properties and help identify which ingredients are

the most important for material design and help further guide the chemical synthesis

or the exploration of new compounds. With this in mind, the present work could

inspire new ways to carefully tune the properties of multicomponent gels based only

on the binding strength of the units, e.g., in mixed networks based on peptides, block

copolymers, or DNA origami rods with telechelic connectors, for the design of bioma-

terials, [207, 263] or to understand similar processes in nature, e.g., the cross-linking

of macromolecular F-actin chains, composed of G-actin monomers, by actin-binding

proteins, such as α− actinin [264, 265]. The noncovalent interactions of these proteins

promote their hierarchical organization into kinetically trapped gel-like materials in

cytosol. Intriguingly, assemblies of actin filaments have been observed at exceedingly

low molar ratios of cross-linker protein, such as 1:90 in α− actinin/G-actin.

6.4 Summary

In this chapter, I described the methods for tuning the mechanical properties in com-

posite gels and their microcopic insight gained from the numerical simulations. In the

first method, the fillers are added to the hydrogel which results in reinforcement of

the elastic modulus. Numerical simulations demonstrated that a strong reinforcement
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at low filler volume fraction in hydrogels can be achieved with fillers that are attrac-

tive to the network. This attraction leads to a local densification of the gel close to

the fillers, thereby forming a shell with higher elastic modulus than the gel network

without fillers, in agreement with an effective medium model originally introduced

for rubbers. We find that these effective shells form a cluster and the clusters perco-

late with increasing the volume fraction of fillers. This percolating cluster couples the

stress transmission throughout the system while slowing down the gel dynamics, and

ultimately leading to the global mechanical stiffening of the composite.

The second method proposed a two-component hydrogel system, made of two dif-

ferent supramolecular molecules which shows a non-monotonic dependence of elastic

modulus with the mixing ratio. In the simulations, the inclusion of competitive inter-

actions, one with stronger association between units and the other weakened asso-

ciation producing more dynamic structure, produced the non-monotonicity in the

modulus with varying the mixture composition. The structural analysis of composite

system by computing the local coordination number in the simulation demonstrated

that the fraction of components with coordination number = 3 (which would corre-

spond to the entanglements or cross-links in supramolecular hydrogels and would con-

tribute to the elastic modulus) also has the non-monotonic dependence on the mixing

ratio. This observation from a simple model suggests that the non-monotonicity in

the mechanics is related to the non-monotonicity of the network connectivity.

In the next chapter, I will discuss the mechanical stiffening within the same net-

work due to change in the properties of the network strands and architecture of the

network at large deformations. The gels with biological significance, and even protein

and colloidal gels show significant strain stiffening at larger deformations leading to

adaptive mechanics.
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Chapter 7

Non-linear mechanics of gel networks

7.1 Introduction

Gel networks, especially biopolymer and protein gels exibit intriguing mechanical

properties that they are soft at small deformation and stiffen significantly at high

deformations [8, 62, 73, 74, 118]. This adaptive feature under external deformations

have important biological and technological implications. Biopolymer gels are com-

prised of cross-linked semiflexible filaments (e.g. actin, collagen and fibrin) which are

important constituents of cellular cytoskeleton and extracellular matrices, providing

the mechanical integrity during biophysical processes such as cell motility, cell division

and cell migration. In this chapter, I will discuss the implications of the change in the

network architecture, and of the change in the properties of network strands (bending

stiffness and presence of prestresses) in the context of biopolymer networks. The first

part of this chapter contains parts of the preprint titled Separating network response

from single fiber mechanics in the Non-linear Regime of Type-I Collagen Networks by

with collaborators Kara Googins and Daniel Blair. The second part of this chapter

contains parts of the originally published article [62] with collaborators Di Feng, Jacob

Notbohm, Ava Benjamin, Shijie He, Minxian Wang, Lay-Hong Ang, Mehdi Bouzid,

Ramaswamy Krishnan, and Martin R. Pollak, titled Disease-causing mutation in α

actinin-4 promotes podocyte detachment through maladaptation to periodic stretch in

Proceedings of the National Academy of Sciences.
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7.2 Role of network topology in semiflexible networks

The confocal microscopy and rheological measurements in the experimental collagen

gel were conducted by Kara Googins under the direction of Daniel Blair at Georgetown

University. This section is organized as follows: First, we provide the background

and motivation of the study of non-linear mechanics gel networks in the context of

collagen biopolymer gels and of our collaboration with experiments. Followed by this,

we will describe the simulation methods of preparation and rheology. Then, we will

then discuss the results from experiments and simulations. Finally, we present the

conclusion.

7.2.1 Background and motivation

Particulate gels whose strands are semiflexible [42] show strong strain-stiffening sim-

ilar to adaptive mechanics of biopolymer gels found in cells and extracellular matrix.

For example, collagen is a main component of the extra-cellular matrix (ECM) within

biological tissues such as breast, tendon, and bone. The structure and mechanical

properties of ECM networks are crucial to cell motility and adhesions [12]. When

polymerized in vitro, Type-I collagen self-assembles into a branched, athermal net-

work that exhibits a non-linear response to shear deformations. Small strain deforma-

tions result in a stress response that is linearly related to the shear modulus G of the

network. For large deformations the network stress response is no longer linear with

respect to G, indicating the network has stiffened substantially. This strain-stiffening

is a property shared among many biological semi-flexible polymer networks, including

collagen and fibrin [266].

Collagen gels prepared in vitro are athermal due to the stiffness of fibers com-

pared to the characteristic mesh size of the network. When an external shear strain is
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applied to a collagen gel, the network of interconnected fibers responds enthalpically,

resulting in rheological transitions that are determined by the specific mechanical

state of the network when polymerized. At small applied strains, the bulk rheology

is linear and elastic with a shear modulus G that originates from locally non-affine

transformations as the inherent curvature of fibers between network junctions is dis-

torted [9, 124]. Over a narrow range of applied strain, just beyond linear response, the

gel transitions to a configuration where an increasing fraction of the fibers become

oriented in the direction of the applied shear, leading to a nonlinear stiffening that

reveals a rheological response that is dominated by fiber stretching [9–11]. At strains

beyond the nonlinear transition, nearly all remaining fibers are stretched in the direc-

tion of shear, resulting in a non-linear response with a much higher effective mod-

ulus. Concomitant to the stretching of fibers with an applied shear deformation is the

increase of tensile stresses, resulting in negative normal stresses that act to stabilize

the network and contribute to the network stiffness [125, 267].

Figure 7.1: Confocal reflectance images of 2mg/mL collagen. Type-I collagen
polymerized at (a) 22◦C and (b) 37◦C. Scale bar = 25µm.

This complex mechanical response, which is crucial to the biological function of

the tissue and can inspire the design of adaptive synthetic materials, clearly depends
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on the specific mechanical features of the collagen fibers, through the hierarchical

organization of the molecules into fibrils bundled together [8]. The addition of chem-

ical cross-linkers post-polymerization, for example, which can create additional bonds

both intra- and inter-fiber, can limit the slipping of fibrils and lengthening of fibers,

increasing both their tensile and bending moduli [268, 269] and eventually change

the rheology of the whole network. Polymerization conditions can also dramatically

influence the bulk rheological response of collagen gels by changing the network archi-

tecture [266, 270, 271]. In particular, temperature can dramatically alter the nascent

structure of the network, determining the average coordination number 〈z〉, defined as

the number of branch points within the gel, which is found to decrease with increased

temperature (Fig. 7.1)[124]. The rheology of networks is strongly coupled to the coor-

dination number, for collagen networks 〈z〉 ranges from three to four [123–125, 272].

The relationship between network connectivity and structure plays a role in the non-

linear stiffening response, supporting the idea that strain stiffening occurs when fibers

align in the shear direction and transition from non-affine bending to affine stretching

[273, 274]. In general, the overall mechanical behavior of these complex networks

emerges from the interplay between the single fiber mechanics and network spatial

organization. Designing specific mechanical responses, in natural or synthetic fiber

networks, requires therefore disentangling the role of the two.

In an attempt to do so, here we use in vitro collagen gels as an experimental model

system to quantify the response to shear deformations of branched networks within

the stretch-dominated non-linear regime. By changing polymerization conditions and

through the addition cross-linking in the experiment, we are able to distinguish char-

acteristics of the non-linear rheological response that are controlled by single fiber

mechanics from those controlled by the network architecture. We test the general

validity of our insights in numerical simulations of a fiber network model [40, 42] where
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we can change the network architecture and the fiber mechanics independently. We

find that the strain values that determine the onset of the stretch-dominated non-

linear regime, γc are essentially controlled by the structure of the network, which

is set by polymerization temperature. In contrast, the stresses within the network

during the stretch-dominated regime are set by the mechanics of the single fibers,

more specifically the tensile modulus of the fibers, which we are able to modify via

additional cross-linkers post-polymerization.

7.2.2 Simulation method

We use a model gel network formed by particles (coarse-grained units) interacting

via a short-range attractive interaction u2 and a three-body term u3 which limit the

particle coordination during their aggregation and choose the potential parameters so

that particles self-assemble into semi-flexible fibers (coordination number 2) connected

into a network by branching point (coordination number 3) as described in detail in

chapter 4 and used in other works [2, 39, 40, 42].

We modify the network architecture by simply varying the solid volume fraction of

branching points or nodes φbr in the simulation which in the experiment is achieved

by changing the polymerization temperature. A section of a simulation box with

dimension 30d × 30d × 30d for φbr = 0.02 is shown in Fig. 7.2(a). The network

nodes are represented by red dots and the bond between neighboring particles is

represented by segments in grey. When the volume fraction of branching points is

increased to φbr = 0.045 (Fig. 7.2(b)), it is clearly visible that the length of the fibers

or average mesh size seem to decrease which is consistent with increase in the number

of network nodes [42]. All data discussed here refer to the total number of particles,

N = 16384 and simulation box sizes, L = 42.72 − 47.8d with corresponding volume

fraction of branching points φbr = 0.045− 0.02. For each φbr, we generate 5 different

161



Figure 7.2: Simulation snapshots of gels with different network topology.
Snapshots of the cubic simulation box with dimension 30d for an initial configuration
at a volume fraction of branching points φbr ≈ 2% (a) and φbr ≈ 4.5% (b). The bond
between two particles i and j is represented by a segment in grey and the branching
points (particles with coordination number z = 3) are indicated by red dots.

configurations independently and each data point in the simulation is based on their

average.

In order to produce networks with the same connectivity, i.e. same amount

branching points or network nodes (i.e. particles with z = 3), but are made of stiffer

fibers in analogy to post-polymerization cross-linking of collagen gel in the exper-

iment, we take the stable configuration at θ̄ = 65◦ and change θ̄ to 70◦ [62]. The

stiffer network obtained by this modification is again relaxed to kBT/ε ≈ 0 by using

the dissipative dynamics before performing mechanical tests.

Rheological characterization

Rheology in experiments was performed with an Anton Paar 301 and 302 rheometer

(Graz, Austria) using a parallel-plate geometry, and the stress-strain curves were
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Figure 7.3: Stress, and its first and second derivatives as a function of
strain. (a) The shear stress σ plotted against the accumulated strain γ for a model
gel network in the simulation. (b) First derivative δσ/δγ: the strain corresponding to
the maximum represents the yield strain γy. (c) The second derivative d2σ/dγ2: the
strain at its maximum denotes the critical strain γc.

obtained by applying steady shear with a shear rate of γ̇ = 5 · 10−4s−1 as discuused

in chapter 2. Rheology in numerical simulations was performed by using an start-

up shear protocol described in chapter 3 and other works [40, 42] under athermal

conditions. In all the simulations, we apply an incremental strain δγ = 1%, and

choose the relaxation interval δt that corresponds to a relatively small shear rate of

γ̇ = 4 · 10−5τ−1
0 . The stress-strain curve for the semi-flexible gel network in the sim-

ulation (Fig. 7.3(a)) display qualitatively similar features with the collagen network.

The response is linear elastic for small strains, followed by a non-linear stiffening

before yielding. It is well known for these systems that the strain stiffening regime

is dominated by the stretching out of gel fibers and a progressive stress localization
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in fibers leads to yielding [40, 42, 125]. Stress and strain at the critical and yield

points in both experiment and simulation are found by using the first and second

derivatives of stress-strain curve. We define the yield strain γy as the maximum of the

first derivative of stress w.r.t. strain, δσ
δγ
|max in Fig. 7.3(b). The yield stress σy is the

shear stress corresponding to the yield strain. The critical strain γc is defined as the

inflection of the first derivative, or the maximum of the second derivative, δ2σ
δγ2
|max in

Fig 7.3 (c). The critical stress σc is defined as the shear stress at the critical strain.

7.2.3 Results

The shear modulus G defines the linear constitutive relationship between stress and

strain and is often considered a measure of the elastic energy stored per unit volume.

Increasing collagen concentration leads to an increase in G (Fig. 7.4 (a)), with an

approximate power law dependence on concentration G ∝ c2 produced by the rela-

tion between network mesh size and fiber diameter [10, 275]; power-law dependencies

are also observed in other biopolymer networks such as actin with G ∝ c2.5 [276].

At lower polymerization temperatures (T = 22◦C) thicker fiber bundles form with

a characteristic fan-like structure and large pore sizes (Fig. 7.1(a)). It is hypothe-

sized that fiber thickness is the primary mechanism for the observed growth of G at

low temperatures [10], whereas at higher polymerization temperatures (T = 37◦C),

increasing concentration reduces the average mesh size, thus increasing G. The addi-

tion of chemical cross-linking serves to increase the linear elastic modulus by an order

of magnitude for all polymerization temperatures (Fig. 7.4 (a)). It is important to

note that cross-linking is performed post-polymerization using crosslinker glutaralde-

hyde (GA) and does not alter the network structure while only creating additional

covalent bonds between collagen fibrils and fibers.
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Figure 7.4: Elastic modulus G of collagen gels in the experiment and model
gel network in the simulation. (a) Elastic modulus G as a function of collagen
concentration for plain (open) and cross-linked (closed) networks polymerized at 22◦C
(blue) and 37◦C (red). (b) Dependence of the elastic modulusG on the volume fraction
of branching points φbr in the simulation. Open symbols represent the original network
while the closed symbols represent stiffer gel networks.

We use the numerical simulations to change the network architechture and bending

stiffness of fibers independently. The architechture in model semiflexible networks

can be modified by changing the amount of branching points φbr which have similar

effect of changing the polymerization temperature and/or collagen concentration in

the experiment. The bending stiffness of the fibers can be changed by changing the

bending interaction in the model without modifying the topology as described in

simulation method. The shear modulus or the linear elastic modulus G determined

at small applied strains, of the gel network depends on the local connectivity and its

spatial organization [42]. Increasing the volume fraction of branching points results

in stronger increase of G (Fig. 7.4 (b)), with a power law dependence G ∝ φ3.5
br as also

seen in chapter 5 for different volume fractions or preparation protocol. This stiffening
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is consistent with the stiffening in collagen network where the archtecture changes due

to change in the polymerization temperature or increase in collagen concentration.

At higher volume fraction of branching points, the network is more densely connected

which reduces the mesh size (Fig. 7.2(b)). The shorter fibers tend to have a stronger

topological constraint and less floppy modes which makes the network more rigid.

The modulus G also increases approximately by a factor of 2 − 5 when the bending

stiffness of individual fibers is increased without altering the network structure. This

observation is consistent with the stiffening due to post-polymerization cross-linking

in collagen (Fig. 7.5).

Figure 7.5: Critical strain γc and fiber stress σc · c−1 of collagen in the
experiment. The colors and symbols are as follows: polymerization temperatures
22◦C (blue) and 37◦C (red) and concentration for native (open) and cross-linked
(closed) networks. Critical strain as a fucntion of polymerization temperature (a)
and collagen concentration (b). Critical fiber stress as a fucntion of polymerization
temperature (c) and collagen concentration (d).
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The critical strain γc defines the onset of the stretch-dominated regime as the

network transitions out of the linear regime. For strains γ < γc both bending and

stretching are present [125, 267, 277]. Above the critical strain, deformations in the

network are dominated by the stretching of fibers as they become aligned in the

shear direction [125]. The critical strain is primary controlled by the polymerization

temperature of the network (Figure 7.5(a)), and are consistent for a given polymeriza-

tion temperature, remaining unchanged with the addition of cross-linking. Networks

polymerized at 37◦C have larger critical strains than those polymerized at 22◦C,

as the network undergoes more strain before fibers are fully straightened and begin

stretching in the shear direction. This agrees with the confocal images for the two poly-

merization temperatures, 22◦C networks have large, elongated fiber bundles that are

mostly straight, whereas 37◦C networks fibers lack fiber bundling and appear to have

more homogeneously distributed branching points (Fig.7.1). Collagen concentration

weakly controls the critical strain (Fig. 7.5(b))[278]. Increasing collagen concentra-

tion decreases the mesh size of the network. With shorter distances between network

junctions, there is less space for fibers to bend and reorient prior to stretching, which

decreases the critical strain values. Changes to either the network branching or mesh

size control the critical strain, supporting that the onset of the stretch-dominated

non-linear regime is set by the network structure. The simulation results support the

idea that the critical strain γc is controlled by the network architecture or the volume

fraction of nodes (Fig. 7.6(a)) and has no clear dependence on the bending stiffness

of fibers. At small φbr, the fibers are longer and curved (7.2(a)) which allows them

to accommodate larger deformation before they are fully straightened out, therefore

leading to higher γc. Increasing the volume fraction of branching points decreases the

mesh size of the network. As the fibers become short (Fig. 7.2(b)), the tendency to

reorient under deformation consequently decreases [42]. This results in reduction of
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Figure 7.6: Critical strain γc and stress σc per fiber as a function of φbr

in the simulation. (a) Critical strain γc as a function of volume fraction φbr. (b)
Critical stress σc per fiber as a function of φbr. Open and filled symbols respectively
represent the original and stiffer gel networks.

γc. However, changing the bending stiffness of the individual fiber, does not change

γc significantly. This indicates that γc does not depend on the individual fiber prop-

erties, rather it is controlled by the network architecture which is consistent with the

experimental observation.

In contrast, critical stress of the network has no clear dependence on the polymer-

ization temperature and collagen concentration. The critical stress appears to only

depend on the single fiber mechanics and the addition of cross-linking. Scaling the bulk

stress by the concentration of collagen, σc · c−1 serves as a simple way to quantify the

amount of stress within the network fibers at the onset of the stretching regime. This

fiber stress shows no dependence on the polymerization temperature (Figure 7.5(c))

or the network concentration (Figure 7.5(d))[279]. The networks formed at 22◦C look
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much different than those formed at 37◦C, but have similar stress responses within

the non-linear regime. The addition of cross-linkers increases the fiber stress by over

an order of magnitude, as the additional bonds within the fibers act to prevent fibril

slip. For strains γ > γc the response of the network is dependent on individual fiber

mechanics, as aligned fibers are stretched in the shear direction, with minimal struc-

tural contributions. Simulation allows to measure the stress within each fiber in the

network directly from the interaction between the particle units that constitute a

fiber. The critical stress σc per fiber has a weak dependence on the volume fraction

of branching points (Fig. 7.6(b)). Increasing the bending stiffness of individual fibers

however increases the fiber stress. This provides an evidence that σc is indeed con-

trolled by the single fiber mechanics which is consistent with increase in fiber stress

with addition of cross-linking.

Figure 7.7: Non-linear stiffness normalized by linear elastic modulus, Ys/G.
(a) Experimental Ys/G with Ys = σy−σc

γy−γc , as a function of collagen concentration c for
plain (open) and cross-linked (closed) networks polymerized at 22◦C (blue) and 37◦C
(red). (b) Ys/G as a function of the volume fraction of branching points φbr in the
simulation. Open and filled square symbols respectively represent the original and
stiffer gel networks.

Within the non-linear regime ( γ > γc), fibers are primarily stretching in response

to deformation [267]. We use the non-linear modulus Ys to quantify the stretching
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modulus of the fibers, much like G within the linear regime is used to interpret the

bending modulus of the fibers. The non-linear stiffness of the network is found by

a simple slope approximation in the non-linear regime (region between γc and γy in

Fig. 7.3) as

Ys =
σy − σc
γy − γc

. (7.1)

The non-linear stiffness is directly controlled by the cross-linking, indicating that the

primary contribution to the stiffness within the non-linear regime is the individual

fiber mechanics. When normalized by the linear elastic modulus G the ratio Ys/G

provides a simple connection between the linear elastic modulus and the non-linear

modulus. For low collagen concentrations (c < 3mg/mL) the non-linear modulus

is linearly proportional to the linear elastic modulus and controlled by temperature

and cross-linking. Networks polymerized with low collagen concentrations at 22◦ C

have Ys ≈ 2.5G (Fig.7.7(a)), whereas networks polymerized at 37◦C have Ys ≈ 8G

(Fig.7.7(b)). The addition of cross-linking increases Ys/G by almost an order of mag-

nitude for both 22◦C and 37◦C networks. This increase with addition of cross-linking

suggests that the bonds created by the cross-linker work to increase the tensile mod-

ulus of individual fibers, which in turn is the primary control for the non-linear stiff-

ness without changing the scaling relation of Ys/G. The addition of cross-linking

also increases G through the bending modulus of individual fibers but its affects are

competing against the network structure. Once the collagen concentration is suffi-

ciently high enough, Ys/G collapses for all temperatures and loses dependence on

cross-linking, suggesting that there is a point at high concentration in which the net-

work branch points are so closely packed that the non-linear regime loses its complete

dependence on individual fiber stretching and gains a strong dependence on the net-

work structure. We also compute the non-linear elastic modulus Ys in the simulation,

and the dependence of Ys/G on the volume fraction of branching points φbr is shown
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in Fig. 7.7 (b). We can see that at low φbr, for network of stiffer fibers is higher than

the original network suggesting that the nonlinear elastic modulus is controlled by the

bending stiffness and is consistent with the cross-linked collagen network. However, at

higher φbr, the elastic modlulus G and the network achitecture changes significantly,

from long and curved fibers to short and straight fibers, thereby losing the nonlinear

dependence on the fiber stretching. This results in loss of a clear dependence of Ys/G

on the bending stiffness at high φbr.

7.2.4 Conclusion of nonlinear mechanics for changing the topology

Bulk rheology contains information about the network mechanics, which is directly

related to individual fibers as well as their organization within the network and the

nonlinear mechanical regime dominated by the fiber stretching. Setting specific poly-

merization conditions and the cross-linking status of individual fibers, allows for the

prediction of the onset of non-linear behavior and associated fiber stresses for the

network in experimental collagen gel. The numerical simulations allow to study the

effect of change in network achitecture and bending stiffness of fibers independently.

We find both in the experiment and the simulation that in the onset of the non-linear

stretch regime, critical strain γc is set by the architecture of the network which is set

by the polymerization temperature in the experiment. In contrast, the critical stress

σc is set by the individual fiber mechanics or the bending stiffness of the fibers and

is controlled by the post polymerization cross-linking in the experiment.

The stresses within the network during the non-linear regime are the result of

aligned fibers stretching. The average stress a fiber can accumulate is set by the

bending stiffness of the fibers or the amount of cross-linking present within the fibers

in the experiment i.e. fibers with higher bending stiffness accumulate higher stress

when it reaches γc. Higher bending stiffness or an additional cross-linking changes
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fiber mechanics (bending and tensile modulus) such that more stress is required to

reorient and stretch fibers, regardless of the overall network structure. The non-linear

modulus Ys defined within the non-linear regime as the approximate slope between γc

and γy, is comparable to the stretching modulus of individual fibers, as the primary

mode of deformation within the non-linear regime is fiber stretching. We find that

the non-linear elastic modulus is directly related to the linear elastic modulus of the

network and depends on the bending stiffnes of the fibers.

It is interesting also to understand how the non-linear mechanics changes for the

same gel network (same topology) but when subjected to other conditions such as

mutations or diseases. In the following section, I will discuss how the change in the

properties of gel network change the non-linear mechanics, in particular the yielding

and failure.

7.3 Role of bending stiffness and pre-stresses in semiflexible net-

works

The experiments on kidney podocytes were carried out by Di Feng, Ava Benjamin and

Lay-Hong Ang under the supervision of Ramaswamy Krishnan and Martin R. Pollak

at Harvard Medical School, Boston, MA. This section is organized as follows: First,

we provide the background and motivation of the study of non-linear mechanics gel

networks in the context of actin biopolymer network and of our collaboration with

experiments. Followed by this, we will describe the simulation methods of preparation

and rheology. Then, we will then discuss the simulation results. Finally, we present

the conclusion.
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7.3.1 Background and motivation

As discussed in section 7.2, our model particulate gels capture the non-linear mechan-

ical behavior of biopolymer networks. We can use this model to understand the change

in nonlinear mechanics of biopolymer networks under different conditions, for example

mutation or disease. We collaborated with experiments from Harvard Medical school

to study the disease causing mutation in actin cytoskeleton. Point mutations in α

actinin-4 (ACTN4), cross-linking points in actin network, cause a form of kidney

disease in humans. Although we know these mutations affect kidney podocytes, the

mechanism by which they lead to podocyte dysfunction remains unclear. The experi-

ment by our collaborators show that homozygous mutant Actn4 podocytes developed

irrecoverable reductions in their contraction and irreparable disruptions in their actin

cytoskeletons when subjected to periodic stretch. This maladaptive response is akin

to failure of a brittle material under deformation. These results suggest that the

mechanism by which mutations in ACTN4 leave the podocyte more vulnerable to

detachment in the progression of kidney disease. We use numerical simulations to

test whether the brittleness is related to the change in the mechanics of the mutant

actin network.

Podocytes are an essential component of the kidney glomerular filtration bar-

rier, maintaining its structural integrity and regulating the slit diaphragm through

cellular contractile forces [280–282]. Podocyte contraction is mediated by the actin

cytoskeleton connected by cross-linking proteins, including α-actinin-4 [ACTN4

(human gene or protein); Actn4 (mouse gene or protein)]. Mutations in the actin-

binding domain of ACTN4 cause podocyte dysfunction and progressive kidney disease

in humans [283]. All of the disease-causing mutations localize to the actin-binding

domain of ACTN4 and increase the binding affinity between ACTN4 and actin
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filaments in vitro [283–286] . The biophysical properties of this actin network are

sensitive to changes in the binding affinity of ACTN4 to F-actin [287]. Studies using

reconstituted actin filaments show that mutant ACTN4 stiffens and solidifies the

actin network [287, 288]. Mutant ACTN4 makes the actin network more brittle

with a lower breaking strength [288]. While these biophysical measurements provide

insight into how mutant ACTN4 affects the actin cytoskeleton in vitro, how they

contribute to podocyte dysfunction and in vivo biophysical changes remains unclear.

Figure 7.8: Response of WT and mutant podocytes to stretch. (a)
Representative images of actin filaments of actin of WT (Upper) and mutant
Actn4K256E/K256E (Lower) podocytes before and after one stretch cycle. Mutant
podocytes demonstrated visible cytoskeletal breakages after stretch that did not repair
during the 3-min recovery period (red arrow), whereas WT podocytes demonstrated
small areas of actin breakages that were largely repaired. (Scale bar: 20µm) (b) After
repeated stretches, mutant podocytes were more likely to detach from their substrates
than WT when subjected to a spinning-disk detachment assay. Blue indicates the
number of cells that remain adherent to their substrate after three stretches, and red
indicates the number of cells that detached from their substrate after three stretches.
Reprinted from [62] with permission.

Podocytes in vivo are routinely stretched due to expansion-retraction of glomerular

capillaries [289, 290]. In response to stretch, podocytes reorganize their cytoskeleton

[291–293]. Cells across a wide range of organs including lung, bladder, and blood
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vessels, respond by promptly ablating and then slowly restoring their contraction

consistent with the physical mechanisms of fluidization and resolidification [294–298].

This fluidization-resolidification process appears to be mediated by actin disruption

and repair [294, 297].

The primary podocytes were isolated from wild-type (WT) and homozygous

mutant Actn4 knockin (Actn4K256E/K256E) mice. The podocytes were subjected to

a periodic stretch [294, 295, 297] and traction force microscopy [299] was used to map

the spatiotemporal changes in contraction, manifested as traction on the substrate.

These tractions must be balanced by intracellular stress [300–305] that was quantified

using stress microscopy [303, 306]. Under stretch, mutant podocytes showed impaired

recovery of contraction and irreparable breakages in their actin cytoskeletons, akin to

breaking of a brittle cytoskeleton. This failure was directly attributable to the ability

of the Actn4 mutation to induce a stiffer and more spatially aligned cytoskeleton as

well as to enhance spatial correlation of intracellular stress. Taken together, exper-

imental findings suggest a mechanism by which mutant Actn4 disrupts the internal

biomechanics of the podocyte, leaving it vulnerable to detachment when faced with

the mechanical challenges of its environment.

This finding poses the following clarifications: What is the specific contribution of

(i) actin material properties and (ii) the tension it bears, in mediating mutant stretch

responsiveness? We used a computational model of a disordered network of semiflex-

ible fibers to simulate the mechanics of the actin cytoskeleton. Using this model, we

independently varied either the fiber bending stiffness or the network tension and, in

each case, performed a simple shear tests.
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7.3.2 Simulation method: Preparation protocol

We prepare a gel network following the protocol described in chapter 4, which involves

cooling the system to kBT/ε = 0.05 from a gas phase until particles self-assemble

into a persistent network, which is relaxed to mechanically stable configuration at

kBT/ε = 0 by applying dissipative dynamics. The parameters of the potential are

chosen so that a semiflexible network of one particle thick fibers are formed. To test

the mechanical response of networks that have the same topology, but are made of

stiffer fibers (in terms of their bending stiffness), we change the parameter θ̄ in three-

body angular interaction term introduced in chapter 4 from 65◦ to 75◦ to increase

the fiber persistence length in the already self-assembled and quenched network, and

we quench again the modified network to kT/ε = 0 with viscous damping. We have

verified that through this procedure we only modify the fiber persistence length with

no change in the network topology, before applying the mechanical deformation. The

bond angle distribution of the softer and stiffer network is shown in Fig. 7.9 (a).

The relative increase in the fiber persistence length induces a slight increase of the

fraction of fibers that are more stretched-out, as shown in Fig. 7.12(a), where we have

computed the fraction of the fibers stretched-out from the distribution of the angles

between interparticle bonds along each fiber. The fiber persistence length is obtained

by computing the correlation, along each fiber, of the bond-bond angle [39].

To test the effect of additional stresses initially present in the model network on

their mechanical response, we have subjected them to a pre-strain (shear) to generate

shear stresses (and tensile stresses) in the structure before starting the mechanical

tests. The bond angle distributions in Fig. 7.9 (b) shows that the fibers are more

stretched out and aligned for prestrained networks. We characterized this initial state

in terms of the total shear stress in the new initial configuration, normalized by the
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Figure 7.9: Bond angle distributions for network fibers. (a) increasing the
fiber bending stiffness and (b) increasing prestrain (as a means to increase network
tension). Reprinted from [62] with permission.

shear stress τref in the networks before pre-straining them. Fig. 7.12(c) shows how

an increasing pre-stress is associated to an increase of the fraction of fibers that are

significantly stretched out. In particular, the snapshot in Fig. 7.10 (right) also shows

that local tensions concentrate in the more stretched out and aligned fibers in the

pre-stressed samples.

7.3.3 Non-linear mechanics for different bending stiffness and pre-

stress

The mechanical tests are performed by following the start-up shear protocol as

described in chapter 3. We compute the fraction of the initial bonds that are broken

or reformed under deformation, as a function of the imposed strain. The load curve of

all the networks studied here features a linear regime followed by a strain stiffening,

typical of semiflexible networks, until the material starts to yield or fracture [40, 42].

In fact, at the low shear rate considered here, the yielding can be accompanied by a
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Figure 7.10: Network structures with and without pre-stresses. Left: A sim-
ulation snapshot of the softer material used with γ = 0 (no tensile stress). Right: A
simulation snapshot of the model material subjected to tension by applying a pre-
strain before the mechanical test. This material bears more aligned and spatially
correlated tension. The thickness of the fibers is proportional to the value of the local
tension in the network. Reprinted from [62] with permission.

significant strain localization and damage of the gel structure, as described in [40].

We identify the end of the stiffening regime (and the onset of the yielding or failure)

in terms of the strain γmax where the slope of the stress-strain curve (or differential

modulus K = dσ/dγ) is maximum. Fig. 7.12 (b) shows that γmax decreases upon

increasing the fiber persistence length (and hence their bending stiffness). Such

finding is associated to a dramatic reduction of the network capability to reform new

bonds while yielding (see Fig. 7.11 (a)), indicating a more brittle failure. The stiffer

fibers reduce the network capability to adjust to the increasing strain by relaxing

stresses through conformational changes, leading to higher tensile stresses on the

network connections. The pre-stressed samples tend to fail at lower strains (Fig. 7.12

178



Figure 7.11: Load curves and fraction of bonds with different bending
stiffness and pre-stresses. (a) Increasing fiber bending stiffness lowers the yield
strain. More dramatically, it lowers the capability to reform bonds as the material
starts to yield. This implies a more catastrophic and brittle failure of the networks.
(b) Increasing prestrain drastically lowers the strain at which yield starts.

(d)), although the failure appears to be still relatively ductile since the capability to

reform new bonds upon yielding is not compromised as we can see in Fig. 7.11 (b).

7.3.4 Conclusion of bending stiffness and prestresses in actin net-

work

Altogether, this study shows that the Actn4 mutation leads to a brittle podocyte

whose structure and function fail under stretch. The presence of a K255E mutation

in the actin-binding domain increases the affinity of the ACTN4 dimer to actin fil-

aments. We now know that this not only alters the ACTN4-actin interaction and

the behavior of cross-linked actin filaments in vitro but also alters the biomechan-
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Figure 7.12: Fiber alignment and yield strain with different bending stiff-
ness. (a) Fraction of fibers in which bond-bond angles are close to 180◦ as a function
of the persistence length of the network fibers. (b) The strain value γmax at which
the network starts to yield or fail, as a function of the fiber persistence length. (c)
Fraction of stretched out fibers as a function of the prestresss (d) γmax as a function
of the amount of tension.

ical behavior of glomerular podocytes in a well-defined manner. Podocytes expressing

these mutant forms of Actn4 are brittle and demonstrate cytoskeletal failure after

exposure to repeated stretch. The use of a point mutant mouse model confirms that

these observations reflect the biology of native Actn4 rather than the effect of overex-

pression this protein. Thus, we can now make a direct connection from DNAmutation,

to altered protein behavior, to a corresponding change in the podocyte’s response to

a mechanical challenge.

The experimental finding is supported by numerical simulations of semiflexible

networks. The nonlinear mechanics and failure of the network with different fiber prop-

erties were studied. In particular, the increased bending stiffness of fibers make the

fiber mechanically stiffer and result in a dramatic reduction in bond-reforming capa-

bility after yielding suggesting a more brittle mechanical failure. The increased pre-
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stresses in the fibers promote earlier failure. Altogether, the increase in fiber bending

stiffness as well as prestresses promote a brittle failure consistent with the mechanical

modification in mutant podocyte.

7.4 Summary

In this chapter, I discussed the non-linear mechanics of gel networks in the context of

biopolymer gels. The numerical simulations of semiflexible networks were performed

using start-up shear protocol to understand the non-linear mechanics and failure in

biopolymer networks. First, the role of network achitecture and bending stiffness on

the mechanical transition from the linear to non-linear response in gel networks was

investigated, complementing with experiments on collagen gels. The non-linear regime

is dominated by the stretching of fibers. At the critical strain at the onset of non-linear

regime is set by the architecture of the network while the critical stress is determined

by the property of the fiber e.g. the bending stiffness of the fiber. The non-linear

elastic modulus obtained as a simple slope of a stress-strain curve in the non-linear

regime is found to be directly proportional to the linear elastic modulus when the

network structure does not change significantly. This finding can inspire to the design

of adaptive synthetic materials that can be used for the biological functioning of the

tissue.

In the second part of this chapter, the mechanism of brittle failure of mutant actin

network in the kidney podocytes was investiagted by considering the role the bending

stiffness and the prestresses would play in the way network yields. The simulation

suggests that the increased bending stiffness of fibers make the overall network stiffer

while also significantly reducing the bond-reforming capability of broken bonds. On

the other hand, the increased prestresses in the fibers yields the material at small
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strains. The combined effect of increased bending stiffness and increased prestresses

therefore leads to a brittle failure which is consistent with the mechanical modification

in mutant podocyte.
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Chapter 8

Conclusion and outlook

The goal of this dissertation was to investigate the microscopic origin of linear vis-

coelasticity and non-linear mechanics in soft particulate gels. The work done addresses

these fundamental problems from a microscopic perspective, thanks to numerical sim-

ulations having access to the full microstructural information, which is difficult to have

in experiments. The insights gained from this dissertation therefore complement the

experimental observations further providing microstructural mechanisms. The disser-

tation also highlights emerging questions to be investigated in the future in order to

understand these interesting materials better. In this chapter, I summarize the main

results obtained, their potential impact in the field of rheology of particulate gels and

future works that are motivated by the work done so far.

In the first three chapters, I provided a background on microstructure and rheology

of particulate gels and, research methodologies which constitute the basis for my

research. In chapter 4, I have described the numerical model for particulate gels

previously formulated by Del Gado and collaborators [36–43] and that I used and

expanded. As explained in chapter 4, I have expanded the understanding of this

model by quantifying the role of each parameter and demonstrated that a wide variety

of morphologies can be produced by varying model parameters that resemble gel

structures observed in many experiments [3, 4, 19, 44, 50, 51, 57, 181–183]. The

overall gel elasticity was predicted by using the analytical form of the interaction

potential for local elementary structures and their contribution in the self-assembled
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network structure was computed by adding them up. The modulus estimated in this

way and the one measured through computational rheology agree well at low particle

volume fractions. However, the discrepancy at high particle volume fractions points

to a significant mechanical coupling between the locally connected structures, which

is determined by their organization within the network topology. The open question

that emerges is how to incorporate this coupling correctly. The results of this work

led to a published article [156] with collaborators Wayan A Fontaine-Seiler and Peter

D. Olmsted.

Having understood the numerical model better and estimated the elasticity of the

network from microscopic interactions, I focused on a specific set of parameters that

produces a gel network with local connectivity characterized by the local coordination

number 2 for particles in strands and 3 for particles in branching points. In chapter 5, I

analyzed the role of the gel connectivity in the linear viscoelastic spectrum by varying

the volume fraction and the preparation protocol in the numerical simulations. The

analysis performed indicates that the power law viscoelasticity in particulate gels

is related to the fractal nature of the rigid backbone which is formed close to the

gelation threshold. The fractal nature of this backbone becomes hidden in the denser

and more connected gels, but is revealed by the rheological spectrum. My results also

show that the elastic modulus and the relaxation timescale are controlled only by

the volume fraction of branching points φbr rather than just the volume fraction of

particles or by the gel age. Therefore, the quantity φbr should represent the parameter,

in a percolation theory description, that controls the rigidity and the elasticity of

the network. A correlation length ξ that samples the disorder within the material

was obtained from the fluctuations of mesh sizes (topological distance between two

branching points) of the gel networks, leading to the idea that fractal mechanical

elements of size ξ are arranged in the gel network providing an elastically active path
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that produces a hierarchy of relaxation processes. The results of this chapter provide

a new perspective for understanding the elasticity and the microstructural relaxation

in particulate gels, in connection to the percolating theory previously only used for

polymer gels. These results led to a manuscript to be submitted for publication with

collaborators Bavand Keshavarz, Michela Geri, Mehdi Bouzid, Thibaut Divoux, and

Gareth H. McKinley.

With the insight gained in chapter 5, a question that emerges is how the linear vis-

coelastic response changes if the system is more complex i.e. in the case of composite

gels consisting of different components. In chapter 6, I discussed two design methods

of tuning the linear elastic modulus in composite gels inspired by experiments. Com-

posite gels are fascinating materials for their versatality and excellent mechanical

properties compared to single network gels. The first method used incorporation of

fillers in the gel network which results in an increase of the elastic modulus with

increasing the volume fraction of fillers. This study was motivated and complemented

by experiments by the group of Prof. Irmgard Bischofberger at MIT on nanofiller

hydrogel networks. A strong reinforcement at low filler volume fraction was achieved

in both simulations and experiments with fillers that are attractive to the network.

The simulations reveals that the filler-gel attraction leads to a local densification of

the gel close to the fillers, thereby forming a shell with higher elastic modulus than

the gel network without fillers. These effective shells percolate with increasing the

volume fraction of fillers and the percolating cluster couples the stress transmission

throughout the gel network while limiting the gel fluctuations, and ultimately leading

to the global mechanical reinforcement of the composite. Such reinforcement mech-

anism is generic and robust since it only requires an attractive interactions between

fillers and gel matrix, and the capability of the gel strand to organize itself around

fillers, which can be applied to any system with these key ingredients. These results
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led to a manuscript submitted for publication with collaborators Ippolyti Dellatolas,

Brian Damerau, Ming Guo, Thibaut Divoux, and Irmgard Bischofberger. The second

method used a binary network with different interaction strengths where the elastic

modulus was found to depend non-monotonically on the fraction of each component.

The numerical simulations were motivated and complemented by the experiments by

our collaborators at FORTH (Greece) in the group of Prof. Dimitris Vlassopoulos and

Prof. E. W. Meijer at TU Eindhoven on binary supramolecular networks with the same

dependence of the elastic modulus. The structural analysis of the composite gel config-

urations performed in the simulations helped elucidate the non-monotonic dependence

of the elastic modulus on the mixing ratio of the two components, revealing that the

topology of the network produced by one component can change the way the other

component contributes to the mechanics. The results of the binary gel networks led

to an article [63] with collaborators Emmanouil Vereroudakis, Rene P. M. Lafleur,

Daniele Parisi, Nicholas M. Matsumoto, Joris W. Peeters, E. W. Meijer, and Dimitris

Vlassopoulos.

Finally in chapter 7, I have discussed the non-linear mechanics of gel networks,

and primarily the non-linear stiffening and failure in the context of biopolymer gels.

Motivated by the experiments on collagen networks performed in the group of Prof.

Daniel Blair at Georgetown University, the role of network achitecture and gel strands

properties on the mechanical transition from the linear to non-linear response were

investigated. Both my simulations and the experiments performed by Kara Googins

indicate that the critical strain at the onset of the non-linear regime is set by the

architecture of the network while the corresponding stress (critical stress) is rather

determined by the bending stiffness of the gel fibers. These findings can help design

adaptive synthetic materials that can be used to provide properties similar to biolog-

ical tissues. These outcomes led to a manuscript to be submitted for publication with
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collaborators Kara Googins and Daniel Blair. In the second study, the experiment on

podocyte (kidney) cells by our collaborators at Harvard Medical School found that

the mutant actin cytoskeleton in podocyte cells under deformation fails in a brittle

manner compared to the wild type podcyte. I investigated the role the change in

bending stiffness and the prestresses in mutant actin of the cells would play in the

way the actin network yields. The simulations results suggest that the combined effect

of increased bending stiffness of the strands and increased prestresses in the network

leads to a brittleness consistent with the mechanical modification in mutant podocyte.

The major significance of this finding is that it clarifies the mechanism through which

mutations in the actin network may leave the podocyte more vulnerable to detach-

ment. These results led to a published article [62] with collaborators Di Feng, Jacob

Notbohm, Ava Benjamin, Shijie He, Minxian Wang, Lay-Hong Ang, Mehdi Bouzid,

Ramaswamy Krishnan, and Martin R. Pollak.

A broader implication of this dissertation based on the results summarized above

is that I have managed to some extent in understanding the interplay between struc-

ture, dynamics and rheology in soft particulate gels. It is remarkable that relatively

simple computational studies can qualitatively capture well the linear and nonlinear

mechanics of complex systems including colloidal gels, supramolecular polymer net-

works and biopolymer networks. The numerical model and computational tools devel-

oped and investigated in this dissertation will serve as useful tools to further eluci-

date the microscopic understanding of macroscopic properties of particulate gels from

fundamental perspective as well as in better material designing for specific function-

alities/applications.

There are a number of questions which emerge as a result of this dissertation

which could guide future work.
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• Chapter 4 provides a way to estimate the elasticity of particulate gels directly

from the microscopic interactions and the local elementary elastic structures

(strands and branching points). However, the discrepancy of the estimated mod-

ulus with the one measured from computational rheology at higher particle

volume fractions suggests that there should be a mechanical coupling between

the local elastic structures in the denser networks. This leads to the open

question of how to incorporate the coupling between local elementary

elastic structures in gels for the correct estimation of elastic modulus.

• In chapter 5, I used the small amplitude oscillatory shear (SAOS) to investigate

the linear rheology while in chapter 7, I implemented steady shear deformations

up to large strains to study non-linear deformations. Since the structures can

change drastically at large deformations, the non-linear behavior may depend

on the type of deformations imposed. Therefore, it would be worthwhile

investigating the nonlinear response with large amplitude oscillatory

shear (LAOS) which can disintangle phenomena such as yielding,

thixotropy, plasticity and fatigue. Work in this direction is currently in

progress.

• In chapter 6, the viscoelastic properties discussed in composite gels are limited

to the linear response regime. To understand these materials better, a deep

knowledge of their nonlinear rheology is important, providing information about

extensibility, toughness, and fracture. Therefore, a question that needs to

be addressed is how the nonlinear rheology changes with the relative

composition of the different constituents in composite gels.

• In chapter 5, the gel microstructure was varied by changing the volume frac-

tion of particles and the preparation protocol, which produce strcutures with
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different connectivities. This method of changing microstructure should also

change the amount and distribution of internal stresses frozen-in during solid-

ification, hinting to the fact that these stresses may have an impact on the

gel rheology. Demonstrating a correlation between the stress heterogeneities in

particulate gels and their linear and nonlinear rheology would play a key role

in better understanding the mechanics of disordered amorphous materials in

general. Therefore, an interesting question for future studies is how to

directly link the impact of internal stresses accumulated during the

preparation in particulate gels to their rheological response.

• Finally, in my dissertation I did not touch the response of gels under an applied

load or creep [157–159, 307]. For example, colloidal and protein gels under con-

stant imposed stress deform to large strains (or creep) before they rupture

irrevesibly, a phenomenon also called delayed yielding [159, 307]. New studies

that can investigate these phenomena and identify their microscopic

precursors would be extremely interesting and timely.
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