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Abstract

The fast development of time resolved photoemission (TRPES) techniques allow

us to discover the rich features of nonequilibrium phenomena which may not appear

in equilibrium. One of the most explored topics is the nonequilibrium behavior of a

charge density wave (CDW) material. Being an ordered phase at low temperature,

the CDW state provides a fertile ground to study electron-electron and electron-

ion interactions. By driving this material out of equilibrium and taking ultrafast

time resolution snapshots of its behavior, TRPES helps us understand these interac-

tions and sheds light on the mechanisms behind these and other complex material

properties, such as metal-insulator transitions, high temperature superconductivity,

and magnetic phenomena. Recent experiments on TRPES in CDW materials show

an ultrafast CDW gap closure in systems such as 1T − TaS2 and TbTe3 and the

subsequent separation of time scales for the electron-electron interaction and the

electron-lattice interaction. But it is still not clear what happens during the ultra-

short period (in �rst 100 femtosecond). In this dissertation, we solve a two band

model describing this ultrafast process in a CDW system. By �xing the lattice dis-

tortion e�ect in the CDW, we studied the nonequilibrium excitations of the electrons

under a strong electric �eld. This research is performed by calculating nonequilib-

rium Green's functions (NGF) along the Kadano�-Baym-Keldysh contour. We solved

this nonequilibrium problem exactly. We show non-perturbative results and explore

the nonlinear electronic behavior under an ultrashort light pulses. In addition to the
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TRPES problem, we also examined the behavior of Bloch oscillations under a large

DC �eld, the response to an AC electric �eld, high harmonic generation from solids,

and the crossover between frequency-driven excitation and amplitude-driven excita-

tion.

Index words: Dissertations, CDW, TRPES, Nonequilibrium,Green's
function,Time-dependent
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Chapter 1

Introduction

1.1 Time resolved photoemission experiment

Time resolved measurements, which involve capturing snapshots of an event as it

happens, were �rst performed in the late 19th century by Eadweard Muybridge in

order to study whether a trotting horse named Occident ever had all four feet in the

air simultaneously when running. This story starts with a bet of $25, 000 between

Leland Stanford and John Isaac. Stanford said that his trotter horse Occident always

had at least one foot on the ground when running. Leland Stanford was very wealthy

and would later found Stanford University. He hired Muybridge to settle this bet.

Muybridge used a dozen cameras spaced 21 inches apart and each camera had a

shutter speed of 1/1000th of a second and all of these cameras were connected with

a trip wire. Pictures were taken every 21 inches the horse moved. The result of this

study is shown in Fig. 1. The truth is that the horse did ��y�.

In history, research on time resolved phenomena was always of great interest. There

have already been two Nobel prizes for time-resolved work. In 1967, Manfred Eigen,

Ronald G.W. Norrish, and George Porter were awarded the Nobel Prize �for their

studies of extremely fast chemical reactions, a�ected by disturbing the equilibrium

by means of very short pulses of energy� [2]. At that time, the words �extremely fast�

meant time scales of a microsecond and nanosecond. Later a second Nobel prize for
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Figure 1.1: The Horse in Motion by Eadweard Muybridge. "Sallie Gardner," owned by
Leland Stanford; running at a 1:40 gait over the Palo Alto track, 19th June 1878.Taken
from [1].

chemistry was awarded to Ahmed H. Zewail for �for his studies of the transition states

of chemical reactions using femtosecond spectroscopy� [3].

Now one hundred years after the Muybridge experiment, people are able to take

videos of electrons in their energy band at a time scale of femtoseconds or even

attoseconds [58] through a technique called time resolved photo-emission (TRPES).

This technique relies on the development of controllable ultrafast laser pulses with

controllable time delays. Photoemission plays the role of the �camera� in these experi-

ments and the ultrafast laser pulses play the role of the "shutters" as well as providing
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the initial excitation energy source. Before going to the details of TRPES, we have

to talk about conventional angle resolved photoemission method (ARPES) which has

become an important experimental tool in the past two decades. By applying an

ultraviolet or extreme ultraviolet probe laser light, electrons are photo-emitted and

collected as a function of the emission angle. Using a photoelectron analyzer, one

can measure the electron distribution in the electronic band structure for part of the

Brillouin zone. Details about ARPES can be found in Ref [4].

Figure 1.2 shows a schematic for the experimental angle resolved photoemission

system in a synchrotron radiation laboratory. The photons generated in the undu-

lator are directed toward a monochromator. Then the monochromatic photon beam

is focused on to the sample to emit photoelectrons. Finally the photoelectrons are

collected by the photoelectron analyzer. Through collecting photoelectrons only in

a certain solid angle, angle resolution is added to the experiment. This system is

operated in a vacuum with a pressure typically less than 5 × 10−11 Torr. TRPES

Figure 1.2: State of the art ARPES system. Taken from [4]
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was developed after ARPES, similar to how the video recorder was developed after

the conventional camera. In a TRPES experiment, an intense infrared laser pulse is

focused onto the sample to drive the system out of equilibrium, then time delayed

ultrashort probe pulses are used to photoemit electrons and the kinetic energy of

these photoemitted electrons and their angle of emission are measured. This experi-

ment is called time resolved ARPES, because the delay between pump and the probe

pulse is easily controlled by the modi�cation of the light path. The main challenges

in a TRPES experiment are the generation of the short laser pulses with precise time

delays and the measurement of the small signals that come from each pulse. This tech-

nology is widely used in studying many new nonequilibrium features in solid state and

surface science including charge transfer, charge screening, electron collective mode

dynamics, electron-electron scattering and etc. Among them, one of the most investi-

gated topics is the ultrafast dynamics in a charge density wave material (CDW). The

following sections in this chapter will discuss the recent experiments on this topic.

1.2 TRPES on CDW materials

1.2.1 Charge density waves

CDW materials have been widely studied with TRPES. The CDW state was �rst

described by Peierls in 1955 [11]. He found that a one-dimensional metal coupled

to lattice vibrations is not stable at low temperature. This instability is later called

the CDW. Peierls' argument is as follows: consider a one-dimensional metal with

one conduction electron per lattice site and with a lattice constant a at T = 0.

Without the electron-electron and electron-phonon interaction, the ground state is a

non-interacting metal with Bloch states �lled up to the Fermi level. When electron-

phonon coupling is present, introducing a periodic lattice distortion with a wave vector

4



equal to the Fermi wave vector, reduces the overall energy of the system. This occurs

because the electronic energy is reduced more than the lattice energy is increased due

to a logarithmic singularity in the electronic response function. The size of the gap

that forms at the Fermi energy is proportional to the amplitude of the periodic lattice

distortion. Here we de�ne kF as the wave vector at the Fermi surface. Then the lattice

Figure 1.3: Schematic picture of the Peierls' transition of a charge density wave in a
1D system.

distortion period satis�es λ = π/kF . In a half �lling case, the lattice distortion would

double the periodicity of the system and is also called a dimerization transition. More

information about the CDW can be found in Ref. [32].

1.2.2 TRPES experiment on CDW 1T − TaS2

The material TaS2 is among the �rst 2D CDW materials discovered [6]. This material

contains S−Ta−S sheets in a sandwich structure. Layers are loosely bound together

by Van Der Waals forces. Such a weak interlayer coupling makes the material have a
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quasi two dimensional character. There are many kinds of possible sandwich stacking

structures for TaS2. In pump-probe experiments, the material most commonly used

is trigonal 1T − TaS2 as shown in Fig. 1.4(b), because of its CDW phase at room

temperature.

According to measurements of the conductance of 1T − TaS2 as a function of

temperature (see Fig 1.5), phase transitions occur at several critical temperatures.

This material has a commensurate CDW phase at low-temperatures (<180 K), a

quasi (or nearly) commensurate CDW phase at intermediate temperature (180K-

350K), an incommensurate CDW phase (350K-550K), and a metallic phase, which is

not shown in Fig 1.5, at high temperature (>550K). Here commensurate CDW means

a CDW state that has a periodicity which is an integer times the periodicity of the

underlying crystal lattice.

In the commensurate CDW phase, Ta atoms are grouped into a star-of-David

shape cluster which includes 13 atoms. These atoms are divided into two 6-atoms

rings contracted towards the central atom . Experimental measurements tell us that

this CDW structure has a large amplitude and roughly 0.4 electrons are transferred

from the atoms in the outer ring to the inner atoms [34]. In the commensurate CDW

phase, the original band structure is naturally modi�ed into a series of manifolds.

As shown in Fig 1.6(a), at 300 K, the CDW phase splits the band structure of Ta

three-fold corresponding to the three groups of Ta atoms in the lattice with the

highest manifold half-�lled and metallic. At a lower temperature, a metal-insulator

transition occurs and a Mott gap is opened at the Fermi surface. The Mott gap is

created when the intra-atomic Coulomb interaction favors localization of the valence

electrons at the atomic sites. The ARPES intensity in Fig 1.6(b) shows the electron

distribution near the Fermi surface for these two di�erent cases. The commensurate

CDW state of 1T − TaS2 coexists with a Mott insulator phase. Hence complicated
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Figure 1.4: (a) Taken from [77]. Ta layer in the 1T − TaS2 material. The symbols a1

and a2 denote the basis vectors for the unit cell. When a commensurate CDW phase
is formed, Ta atoms are divided into three subgroups. These subgroups are shown as
three di�erent colors. Ta atoms form a star-of-David shape structure. The new unit
cell with the CDW is shown by the two basis vectors and the green line. The high
temperature metallic phase has its unit cell shown by the red line. (b) Taken from
[7]. The sandwich structure of 1T-TaS2 with the Ta ions represented in black and the
S ions in white.

electron-electron and electron-phonon interactions exist in this material. In order

to completely understand the interplay between the CDW and the Mott insulator

phase, we must disentangle the electron-electron interaction and the electron-phonon

interaction. Driving the system out of equilibrium and monitoring the response of

this correlated system is the only way to do this.

Perfetti and collaborators performed time resolved photo-emission studies and

measured the total photoemission signal in these two phases [64][65]. They used a

1.5eV laser beam with FWHM of 125 fs to pump the system and a 6 eV near UV

pulse to probe the process. First of all, by comparing two spectra in the metallic

phase and Mott phase, Perfetti provided solid evidence that the commensurate CDW
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Figure 1.5: Abrupt changes in the resisitivity show the di�erent phases of 1T−TaS2 at
di�erent temperatures.(Taken from Ref [33]). Here we denote the commensurate CDW
state as CCDW , the near commensurate CDW state as NCCDW and incommensu-
rate CDW state as ICCDW . The arrows in the map show the transition temperatures
of the system.

1T − TaS2 is a Mott insulator and the gap on the Fermi surface has a completely

electronic origin. They observed the quasi-instantaneous collapse of the Mott gap

and its recovery on a subpicosecond time scale in this Mott insulator phase. This

is shown in Fig. 1.7. They also observed coherent oscillations with a �xed period in

the photoemission signal. This speci�c frequency comes from the phonon mode that

is responsible for forming the CDW. The 6 inner lattice sites (except for the central

site) couple with the outer lattice sites and produce a �breathing� mode. This mode is

usually called the CDW amplitude mode. The charge redistribution of the CDW, or
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Figure 1.6: (a) Sketch of the Ta d-like electronic states in the CDW phase. (Taken
from [64].) At 300 K, the band is split three fold due to the CDW and the system
is in a metallic phase. At 30 K, the upper subband splits into two Hubbard bands
in the Mott phase. (b) Photoemission spectra for the metallic phase (300 K) and the
insulator phase (30 K)

equivalently, the CDW order parameter, can be directly measured by the magnitude

of the shift of energy of photoemission spectra for the Ta 4f core level. Rossnagel

and collaborators measured the core level time resolved photoemission for 1T −TaS2

by applying a probe pulse at 156 eV.And their pump pulse is with a photon energy

of 1.55eV and 120 fs (FWHM). This pump pulse is the same as that in the regular

TRPES. The di�erence is that the probe pulse is not generated from the pump pulse.

It is generated from the free-electron laser at Hamburg. As shown in Fig. 1.8(a), the

Ta 4f level is split into two peaks in the commensurate CDW phase of 1T − TaS2 at

9



Figure 1.7: Time resolved photoemission intensity for 1T-TaS2 at 30 K (Normalized
with the maximum intensity.). Intantaneous collapse of the Mott gap and its recovery
excited through a 1.5eV pump pulse and 6eV probe pulse. The oscillation in the band
comes from the CDW amplitude mode arising from the electron-phonon coupling.

a low temperature. The peak corresponding to the central site is missing because it

is not resolved in this signal or it is hidden within one of the two peaks..

Fig 1.8(b) shows the snapshots of the time resolved photoemission intensity of

the Ta/4f bands with an overall e�ective time resolution of 700 fs including instru-

mental resolution, space-charge broadening, and temporal jitter [63]. These plots show

that the charge density wave order is suppressed in less than 300 fs and later slowly

recovers. Here we need to be careful about the e�ective time resolution since appar-

ently their experiment took a time step 250fs which is the time delay between probe

pulse. The peak separation ∆CDW is an indication of the CDW order parameter.

Rossnagel shows that ∆CDW as a function of temperature could mimic the resistance

10



Figure 1.8: Time resolved core level photoemission signal. (Taken from [63].) (a) The
Ta 4f level is split into two peaks associated with sites b (inner sites) and c (outer
sites). Here the peak associated with the central site a is not seen because it is too
weak to resolve; (b) time resolved Ta 4f photoemssion of 1T −TaS2 for selected time
delays. The pump pulse is chosen to be centered at time 0. The solid vertical line
indicates the energy shift induced by the pump laser.

map (Fig 1.5) as a function of temperature. They measured this ∆CDW as a function

of time in the time resolved core level photoemission and their result is shown in Fig.

1.9. In response to the electric pulse, the ∆CDW drops sharply and then recovers after

900fs but at a level lower than the original level. We believe it is still far away from 0

and from Fig 1.8(b) the width of the two peaks doesn't decrease signi�cantly, so here

11



Figure 1.9: Taken from [63]. The time dependent separation of peaks ∆CDW .

we believe that the data shows that the CDW order is not completely suppressed to

zero in this process.

Cavalleri and collaborators achieved much better time resolution by applying an

extreme ultra-violet pulse (30 fs comparing to 100 fs with a UV light probe pulse) to

measure the electron distribution near the Fermi surface. This development enabled

them to access time scales less than the phonon response time and to map the elec-

tronic structure over portions of momentum space. The ARPES measurement shows

the splitting due to CDW order and shows the position of the CDW gap and the

Mott gap in Fig. 1.10. Their time resolved measurement shows that an infrared pump

pulse not only closes the Mott gap at the Fermi level but also the CDW gaps at �nite

binding energy in an ultrashort time period. Fig 1.11 shows some snapshots describing

this ultrafast process. All these results on 1T − TaS2 show that the gaps (both Mott

12



Figure 1.10: Structure and false colored photo-emission intensity maps of 1T −
TaS2.Taken from [61], (a)ARPES intensity from center to center of the �rst Bril-
louin zone, measured with a helium lamp (21.2 eV).The solid line here shows the
Fermi level. The dashed lines indicate the approximate band structure for the low
temperature phase, showing the lower Hubbard band (LHB) and one of the CDW
manifold bands U1.(b) Low-temperature lattice distortion of the Ta plane. Dashed
lines indicate the high temperature unit cell (small) and low temperature unit cell
(big). (c) Photo-emission spectra with the laser harmonic extreme-ultraviolet (20.4
eV) source.
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Figure 1.11: Snapshots of the momentum-dependent photoemission intensity at dif-
ferent time delays on 1T −TaS2 at 20 K. Taken from [61].The CDW gap collapses at
the zone boundary on an ultrashort time scale.

gap and CDW gap) which originated from the CDW ordering, melt promptly after

the photo excitation. The charge and lattice order must decouple at early times and

it is necessary to go beyond the phase and amplitude mode of the CDW dynamics

to understand the ultrafast processes in this system. This is what this thesis is all

about.

1.2.3 TRPES experiments on RTe3

In addition to TaS2, the CDW gap collapse process has also been observed in rare

earth tritellurides which have a 1D stripe shape CDW. This kind of material has a

structure consisting of doubled sheets of nearly square planar tellurium (Te) atoms

separated by a R − Te slab as shown in Fig.1.12. The Te plane is where the CDW

is formed. The di�erence between the lattice constant a and c is very small, and for

example the di�erence is around 0.13% in TbTe3, which is the most widely investigated

with TRPES. Fig 1.13 shows the STM scan on the stripe shape CDW phase in TbTe3.

It is interesting that though the Te layer where the CDW is located has a typical

quasi 2D structure, this material forms a stripe CDW along the c direction instead of

14



the 2D checkerboard one. The explanation about this can be found in Refs. [36] and

[73] .

Figure 1.12: Sandwich structure of RTe3.(Taken from [60].) The two Te layers nearly
form a square lattice with lattice constant c slightly bigger than a.

The ARPES experiment gives a photoelectron intensity measured at 300 K and

100 K for TbTe3 shown in Fig 1.14. At 300 K, the electron density is almost evenly

distributed on its diamond shaped Fermi surface. But at 100 K, which is a tempera-

ture lower than the CDW transition temperature, the electron distribution tends to

concentrate along one direction in momentum space. As indicated by the CDW vector

and the position of the red cut, the energy gap is opened on some part of the Fermi

surface due to the CDW order. Panels (B) and (B') in Fig. 1.14 show that along the

red line cut, the CDW gap opens when the temperature goes down. Time resolved

15



Figure 1.13: Topography of TbTe3 measured with STM at T ≈ 6K with a voltage
bias of +200mV . The stripe shape CDW shown along the c-direction. From [73]

ARPES is performed on the CDW phase of TbTe3 with a 1.5eV, 50− fs width laser

pulse pump and a 6eV, 90− fs width probe pulse by Z.-X. Shen's group at Stanford

University. With a time resolution of 100 fs, they observed a CDW gap closure at a

time scale of 100 fs after the infrared pump pulse is turned on in this system. The

detailed time resolved ARPES result is shown in Fig. 1.15. From Panel E-I in Fig

1.15, we can get a clear picture of this CDW gap closure process. At a time before the

pump pulse, the gap appears at the Fermi surface. In a time scale shorter than 100 fs

after the pump pulse center, the CDW gap has collapsed. This gap closure remains

at least until 500 fs.

16



Figure 1.14: False color picture for the photoelectron intensity. (Taken from [60].)
Black dotted lines show the band shape predicted by a tight-binding model and CDW
vector QCDW is also indicated. Here (B) and (B'), (C) and (C') show the positions of
the cuts marked as the red curve in (A) and (A'). Here panels (B) and (B') show the
measurement with regular ARPES with a photon energy of 23 eV. Panels (C) and
(C') are done using time resolved ARPES at probe photon energy of 6eV.

1.3 Short conclusion and outline of the dissertation

All these experiments tell a similar story that when a CDW material is pumped with

an infrared laser pulse, it disentangles the electron-electron interaction and electron-

lattice interactions and also has the gap formed from the CDW order �melt� in an

17



Figure 1.15: False colored time resolved ARPES result for TbTe3. Taken from [60].
Panel (B)(C)(D) shows the time resolved photoemission at momentum point B,C,D
shown in panel A. Panel E-I shows snapshots at di�erent time delays along the red
line in panel (A). The red spot shows the postion of the CDW gap.

ultrashort time scale (100fs) and later reform. Core level time resolved photoemission

results show that the CDW order is suppressed in this short period but may not com-

pletely �melt�. This dissertation is going to provide an exact solvable non-interacting

model to help understand what really happens in this ultrashort period driven by a

large �eld. Also with this model, we will discuss the electron excitation across the

band in a CDW system as a function of the pulse amplitude and frequency and the

nonlinear properties inside the pump-probe process. The rest of this dissertation is

organized as follows, in chapter 2, we are going to discuss the model and the methods

we use to solve it. Chapter 3 includes a discussion on the response to a constant DC
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�eld, a constant amplitude AC �eld and a light pulse, and shows the application of

this method to high harmonic generation in a two band material. Chapter 4 discusses

the transient �melting" of the CDW gap and what happens to the CDW electronic

order in this process. Chapter 5 includes a discussion about whether the frequency of

the driving �eld or its amplitude dominates the excitation. Chapter 6 gives a short

conclusion for the nonequilibrium study in a CDW system. Chapter 7 shows the paper

published during my internship at IBM Almaden Research Center, which is a part of

the Industrial Leadership in Physics program. Sample codes and the script used in

this research are included in the Appendix.
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Chapter 2

Model and method

2.1 Time dependent methods

2.1.1 Nonequilibrium Physics problems

Nonequilibrium problems in physics refer to problems in which time reversal sym-

metry is broken by a certain kind of disturbance such as an electric �eld or an inter-

action quench. Normally nonequilibrium problems could be divided into open and

closed systems. An open system basically refers to a nonequilibrium process where

the system is coupled to the environment and can dissipate energy to the outside. In

a closed system, however, we don't have a feature to release energy to the outside

system and we can use a time-dependent Hamiltonian H(t) to describe this system

completely. When solving these problems, we focus on the transient time evolution

near the perturbation or the stationary states that possibly develop. This thesis is

going to discuss the transient time evolution as well as the stationary states driven by

di�erent shapes of electric �eld in a CDWmodel. Quantum mechanics tells us that the

�rst step to solve a closed system is to write its time dependent Schrödinger equation.

Due to the fast development of the time resolved experiments, there is an urgent need

for this nonequilibrium theoretical method. However, exact nonequilibrium solutions

are still rare. The reason is that normally, the properties for equilibrium problems

depend on a fewer number of parameters. In this thesis, we use the nonequilibrium
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Green's function method (NGF). Other time dependent methods include time depen-

dent density functional theory as well as nonequilibrium dynamic mean �eld theory

which is outside the scope of this thesis. Introductory material for the TDDFT can

be found in [24][25][26][27] and for DMFT can be found in [28][29][30][31]

2.2 Nonequilibrium Green's function methods

A nonequilibrium problem in a closed system can be described completely by a time

dependent Hamiltonian H(t). The general way to solve such a problem is to �nd the

time dependent wave function |ψ(t)〉 that solves Schrödinger's equation

i
d

dt
|ψ(t)〉 = H(t)|ψ(t)〉. (2.1)

In nonequilibrium problems, an initial state must be prepared to describe the speci�c

starting condition. Keldysh proposed to have the system set up in equilibrium at a

temperature T when t→ −∞ and to turn a �eld on at a �nite time. So the initial state

is usually taken as |ψ(−∞)〉 = |ψ0〉. Here |ψ0〉 represents a pure ground state. We

assume the system can be described with an ensemble |ψλ〉. We can write the density

matrix for this system ρ =
∑

λ pλ|ψλ〉〈ψλ|. Now we would de�ne the expectation value

via 〈·〉 = Tr[ρ·]. In equilibrium, the density matrix is

pλ = e−βEλ/Z. (2.2)

Here Z is the partition function

Z =
∑
λ

e−βEλ , (2.3)

β = 1/kBT and kB is the Boltzmann constant. For a closed system, we will have a

unitary time evolution operator to evolve the system to time t, |ψ(t)〉 = U(t,−∞)|ψ0〉.

So the time evolution operator obeys the equation of motion, and we have

i
d

dt
U(t,−∞) = H(t)U(t,−∞). (2.4)
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The time evolution operator is solved by

U(t,−∞) = Tt exp{−i
∫ t

−∞
dtH(t)} =

∞∑
n=0

(−i)n

n!

∫ t

−∞
dt1

∫ t

−∞
dt2 . . . Tt{H(t1)H(t2) . . . }

(2.5)

which is a time-ordered product. Here the time ordering operator Tt is de�ned as

follows,

Tt{a(t)b(t′)} =

 a(t)b(t′) if t > t′

±b(t′)a(t) if t < t′
. (2.6)

Here a(t) and b(t′) are some operators at time t and t′, and the minus sign in the

above relation is for fermions while the plus sign is for bosons. Similarly we can de�ne

the anti-time-ordering operator T t

T̄t{a(t)b(t′)} =

 a(t)b(t′) if t < t′

±b(t′)a(t) if t > t′
. (2.7)

Our aim is to calculate the expected values of the correlation function of an observable

that is written as

〈Ô(t)〉 〈Ô(t)Ô(t′)〉 〈Ô(t)Ô(t′)Ô(t′′)〉, · · · (2.8)

The expectation value for an observable O can be written as

〈ψ(t)|Ô|ψ(t)〉 = 〈ψ0|U †(t,−∞)ÔU(t,−∞)|ψ0〉. (2.9)

So we �nd the time dependent operator in the Heisenberg picture is

Ô(t) = U †(t,−∞)ÔU(t,−∞). (2.10)

The most common mathematical treatment to calculate these correlation functions is

to calculate the real time Green's function, which is part of NGF. There are very clear

advantages to using NGF. First of all, it can be applied to arbitrary nonequilibrium
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Figure 2.1: Kadano�-Baym-Keldysh contour.

processes and is able to calculate the transient processes. Second, NGF can handle

strong external �elds nonperturbatively. Last, but not the least, the NGF naturally

reduces to the equilibrium Green's functions without external �eld, which provides

an appropriate benchmark. Introductory material for the NGF can be found in Refs.

[10][19][20][21][22][23][84]. In this thesis, we also brie�y discuss the NGF method along

the L-shaped contour which was �rst used by Kadano� and Baym [83]. As shown in

Fig. 2.1, the contour runs from time −∞ to∞ and back, and then extends downward

parallel to the imaginary axis for a distance of β. This L-shaped contour is usu-

ally called the Kadano�-Baym-Keldysh contour. The contour-ordered single-particle

Green's function along the Kadano�-Baym-Keldysh contour is de�ned as

Gc(r, r′, t, t′) = −i〈Tcc(r, t)c†(r′, t′)〉

= − i
h̄
θc(t− t′)〈c(r, t)c†(r′, t′)〉+ i

h̄
θc(t

′ − t)〈c†(r′, t′)c(r, t)〉.
(2.11)
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Here the contour-ordering operator Tc exchanges the order of two operators a(t) and

b(t′) in a product, and we have

Tc{a(t)b(t′)} =

 a(t)b(t′) t′ before t on contour

±b(t′)a(t) t′ after t on contour
. (2.12)

Here the minus sign applies to the case that a(t) and b(t′) are fermion operators and

the plus sign applies to bosonic operators. By selecting t and t′ at di�erent points

on the Kadano�-Baym-Keldysh contour, we can obtain ten di�erent kinds of Green's

functions. Seven of them are real time Green's functions. Their de�nitions are shown

in the following equations:

GA(r, r′, t, t′) =
i

h̄
θ(t′ − t)〈{c(r, t), c†(r′, t′)}+〉 (Advanced) (2.13)

GR(r, r′, t, t′) = − i
h̄
θ(t− t′)〈{c(r, t), c†(r′, t′)}+〉 (Retarded) (2.14)

G<(r, r′, t, t′) =
i

h̄
〈c†(r′, t′)c(r, t)〉 (Lesser) (2.15)

G>(r, r′, t, t′) = − i
h̄
〈c(r, t)c†(r′, t′)〉 (Greater) (2.16)

GT (r, r′, t, t′) = − i
h̄
〈Tc(r, t)c†(r′, t′)〉 (Time-ordered) (2.17)

GT̄ (r, r′, t, t′) = − i
h̄
〈T̄c(r, t)c†(r′, t′)〉 (Anti-time-ordered) (2.18)

GK(r, r′, t, t′) = − i
h̄
〈[c(r, t), c†(r′, t′)]−〉 (Keldysh). (2.19)

Here { }+ represents the anti-commutation relation and [ ]− represents the commu-

tator. We can directly �nd the position for two times t and t′ in the contour for the

following four real-time Green's functions.

G(r, r′, t, t′) =



GT (r, r′, t, t′) for t, t′ ∈ C1

G<(r, r′, t, t′) for t ∈ C2 t
′ ∈ C1

G>(r, r′, t, t′) for t′ ∈ C1 t ∈ C2

GT̄ (r, r′, t, t′) for t, t′ ∈ C2

. (2.20)
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There are actually just two independent Green's functions. For example, once GR and

G< are calculated, we can obtain the rest of the Green's functions. Also the following

relations hold,

GT (r, r′, t, t′)−GT̄ (r, r′, t, t′) = GR(r, r′, t, t′)−GA(r, r′, t, t′) (2.21)

GT (r, r′, t, t′) = θ(t− t′)G>(r, r′, t, t′) + θ(t′ − t)G<(r, r′, t, t′) (2.22)

GT̄ (r, r′, t, t′) = θ(t− t′)G<(r, r′, t, t′) + θ(t′ − t)G>(r, r′, t, t′) (2.23)

GR(r, r′, t, t′) = θ(t− t′)(G>(r, r′, t, t′)−G<(r, r′, t, t′)) (2.24)

GA(r, r′, t, t′) = −θ(t′ − t)(G>(r, r′, t, t′)−G<(r, r′, t, t′)) (2.25)

GK(r, r′, t, t′) = G>(r, r′, t, t′)−G<(r, r′, t, t′) (2.26)

Gc(r, r′, t, t′) = θc(t− t′)G>(r, r′, t, t′) + θc(t
′ − t)G<(r, r′, t, t′). (2.27)

The other three Green's functions have at least one time point on the imaginary time

axis.

GM(r, r′, t, t′) = Gc(r, r′, τ, τ ′) (Matsubara) (2.28)

Gd(r, r′, t, t′) = Gc(r, r′, τ, t′) (Mixed 1) (2.29)

Ge(r, r′, t, t′) = Gc(r, r′, t, τ ′) (Mixed 2). (2.30)

Here t→ −iτ when time t is on the imaginary time axis.

2.3 CDW model at T=0

Though the microscopic origin of the CDW order is still not clear, a CDW state is

described as a cooperative state in which the lattice and electrons together develop

a distortion to lower the total free energy of the material and form a stable state

below a critical temperature. In CDW materials, the same kind of atoms may have
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Figure 2.2: Examples of two sublattice systems in 1D and 2D.

di�erent amounts of charge due to the lattice-electron interaction. It is natural to

divide the original lattice into several sublattices according to the di�erent amount

of charge. A sublattice is derived from an original lattice by taking a subgroup of

translations. It has a larger unit cell than that of the original lattice. Examples of

two-sublattice systems in 1D and 2D are shown in Fig. 2.2. In a time resolved photo-

emission experiment, interesting features are observed after the short pump pulse due

to the electron-lattice interaction.(See Figs. 1.7-10,14,15) However, in this ultrafast

process, there is a time range when the lattice has no response to the electrons. This

time range is usually from the moment the pump pulse is turned on to hundreds
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of femtoseconds afterwards [67]. In this thesis, we study the electron behavior in

this short process when the lattice is frozen. A simple model to describe the CDW

material is a two sublattice system. In this model, the CDW system is composed

of two kinds of sublattices A and B of equal size. Lattice sites in the A sublattice

have nearest neighbors only from the B sublattice and vice versa. The e�ective lattice

distortion is �xed and described by an onsite potential U on the A sublattice and zero

onsite potential on the B sublattice. Hopping is allowed between nearest neighbors

with a hopping energy which is the same in each direction. We only consider spinless

electrons in this study. Adding spin is trivial to do because these electrons do not

interact with themselves. In the absence of an external �eld, our Hamiltonian is time

independent and can be written in a second quantization format,

H = −
∑
〈ij〉

tijc
†
icj +

∑
i∈A

(U − µ)c†ici +
∑
i∈B

(−µ)c†ici. (2.31)

Here c†i and ci are the creation and annihilation operators at site i for spinless elec-

trons. The operators satisfy the anti-commutation relation

{ci, c†j}+ = δij (2.32)

and

{ci, cj}+ = {c†i , c
†
j}+ = 0. (2.33)

Here µ is the chemical potential. This Hamiltonian shows that there is a site potential

U on sublattice A, zero potential on sublattice B, and electrons are allowed to hop

between nearest neighbors with a hopping matrix −tij. Re-expressing the Schrödinger

equation in Fourier space and analyzing it within the �rst Brillouin zone is the most

common way to study the electrons in a periodic lattice. We have the lattice vector

R =
∑

l nlal~el where nl is some integer, al is the lattice constant, and ~el is the basis

vector direction in the lattice. Mathematically, any function periodic on the lattice R
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has nonzero Fourier components only for certain vectors {K}. We know these vectors

{K} form a lattice in the momentum space called the reciprocal lattice. The reciprocal

lattice sites represent wave vectors that satisfy the condition eiK·r = eiK·(R+r) for any

real space vector r. Once the reciprocal lattice is de�ned, just as the way we select

the primitive unit cell in real space, the �rst Brillouin zone is de�ned as the Wigner-

Seitz primitive unit cell centered at the origin in reciprocal space [18]. We know that

the Wigner-Seitz unit cell about a lattice point can be constructed by drawing lines

connecting the origin to all others in the lattice and then bisecting each line with

a plane and taking the smallest polyhedron containing the point bounded by these

planes. An example of the Wigner-Seitz unit cell in a 2D square lattice is shown as

the area con�ned by the red lines in Fig. 2.3. Next we map all wave vectors into the

�rst Brillouin zone, so that energy levels originating from k + nK are now regarded

as belonging to the nth band. This is called the reduced zone scheme [9]. Another

way to study the problem is to let k range throughout all reciprocal space, which

is called the extended zone scheme. An example for the free electron case in these

two schemes is plotted in Fig. 2.4 for one dimension. In the reduced Brillouin zone

scheme, we have the transformation from real space to momentum space satisfying

c†i =
∑
k

e−ik·Ric†k, (2.34)

where k is summed over the �rst Brillouin zone. Here Ri is a lattice vector for site

i. In our model, the translational symmetry is partially broken, so that momentum

points k and k +Q are coupled, where Q = (π, π, . . . ). The transformation equation

to the reduced Brillouin zone becomes

c†i =
∑
k

(e−ik·Ric†k + e−i(k+Q)·Ric†k+Q). (2.35)
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Figure 2.3: Wigner Seitz unit cell in a 2D square lattice.

Since e−iQ·R is equal to one for lattice sites on the A sublattices and minus one on

the B sublattices, we have

c†i∈A =
∑
k

e−ik·Ri(c†k + c†k+Q); (2.36)

c†j∈B =
∑
k

e−ik·Rj(c†k − c†k+Q). (2.37)

The annihilation operator identities are found by taking the hermitian conjugate. If

we write the electronic band structure at U = 0 as εk,

εk = −
∑
〈ij〉

tij exp[−ik · (Ri −Rj)] = −2tij

d∑
l=1

cos(kla) = −
d∑
l=1

t∗√
d

cos(kla), (2.38)

then restricting k to the reduced Brillouin zone, is equivalent to having εk ≤ 0. In Eq.

2.38, l is the index for spatial component, a is the lattice constant, d is the number
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Figure 2.4: Free electron energy levels in the extended and reduced zone schemes.
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of spatial dimensions, t∗ is the rescaled hopping energy between nearest neighbors in

each dimension and tij = t∗/2
√
d. Note that we have rescaled the hopping t→ t∗/2

√
d

in the last equation which allows us to take the d→∞ limit. Because the periodicity

in real space is doubled due to the onsite potential, we have a smaller reduced Brillouin

zone which is half the size of the original one. We can write the Hamiltonian in a 2×2

(ck, ck+Q) basis,

H =
∑
k

(
c†k c†k+Q

) εk + U/2− µ U/2

U/2 −εk + U/2− µ

 ck

ck+Q

 . (2.39)

In equilibrium, we can diagonalize the Hamiltonian matrix with the following eigen-

function basis,

ck+ = αkck + βkck+Q (2.40)

ck− = βkck − αkck+Q. (2.41)

With αk and βk numbers, we can �nd that ck+ and ck− are annihilation operators for

the upper band and lower band eigenstate at the momentum point k in the reduced

Brillouin zone. Here αk and βk satisfy

αk =
U/2√

2(ε2
k + U2/4− εk

√
ε2
k + U2/4)

(2.42)

and

βk =
−εk +

√
ε2
k + U2/4√

2(ε2
k + U2/4− εk

√
ε2
k + U2/4)

. (2.43)

The Hamiltonian matrix is then diagonalized. We can rewrite the Hamiltonian in the

2× 2(ck+, ck−) basis as

Hk =
(
c†k+ c†k−

) εk+ 0

0 εk−

 ck+

ck−

 . (2.44)
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Here, εk+ and εk− are found to be

εk± =
U

2
− µ±

√
ε2
k +

U2

4
. (2.45)

From the energy spectrum, we can get the density of states for this system. For

example, in an in�nite dimensional case it is

A(w) = ρ(−
√
w2 − U2/4)

|w|√
w2 − U2/4

. (2.46)

Here ρ(ε) is U = 0 electron density of states in the in�nite dimensional limit, which

is

ρ(ε) =
1√
πt∗

exp(−ε2/t∗2). (2.47)

In this thesis, I only work on the in�nite dimensional case because of its simplicity

and we are able to extensively study this model. Also other equilibrium method such

as dynamic mean �eld theory achieve exact solution only in the in�nite dimensional

case, we will be able to make direct comparison with our results. The equilibrium

features provide a good check since our nonequilibrium method must reduce to the

equilibrium case when the �eld is o�.

2.4 Green's function method for an equilibrium CDW

Without an excitation, the NGF method results reduces to equilibrium. In the fol-

lowing, we calculate the two-time retarded Green's function and two-time lesser

Green's function de�ned earlier (See Eqs.2.14 and 2.15). Since we have a time-

translation invariant system now, the Green's functions only depend on the relative

time t− t′. The local retarded Green's function is directly related to the local density

of states in equilibrium with the following formula

Ai(w) = − 1

π
ImGR

i (w) = − 1

π
Im(

∫
eiw(t−t′)GR

i (t, t′)d(t− t′)) (2.48)
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The two-time retarded Green's function can be expressed using Eqs. 2.36 and 2.37 as

a sum over all k points,

GR
i (t, t′) = −iθ(t− t′)

∑
k

〈{ck(t)± ck+Q(t), c†k(t
′)± c†k+Q(t′)}+〉 (2.49)

where Ô(t) = eiHtOe−iHt for any operators when in equilibrium. The plus sign rep-

resents a local retarded Green's function on the A sublattice and the minus sign

represents that on the B sublattice. We can also write this Green's function in the

diagonalized basis. The local retarded Green's function on the A sublattice becomes,

GR
A(t, t′) = −iθ(t−t′)

∑
k

{(αk+βk)ck+(t)+(βk−αk)ck−(t), (αk+βk)c
†
k+(t′)+(βk−αk)c†k−(t′)}+.

(2.50)

The time evolution of the ck+(t) and ck−(t) operators is solved by solving their equa-

tions of motion to yield

c†k+(t) = exp(−iεk+t)c
†
k+(0) (2.51)

c†k−(t) = exp(−iεk−t)c†k−(0). (2.52)

The local density of states (LDOS) has an explicit form

AA,B(w) = Re

[√
w ± U/2
w ∓ U/2

]
ρ(
√
w2 − U2/4). (2.53)

It is easy to verify that the total DOS can be calculated by summing over the local

DOS for each sublattice with weight 1/2. Fig. 2.5 shows the density of states (DOS)

for U = 0.5 at equilibrium. At equilibrium, this two sublattice model represent a two

band structure with a band gap equal to the onsite interaction U . The LDOS on the

A sublattice (red line) has a divergence at w = U/2. The LDOS on the B sublattice

(green line) has a divergence at w = −U/2

Similar to the retarded Green's function, we have the imaginary part of the Fourier

transform of the lesser Green's function satisfying

1

2π
ImG<

i (w) = Ai(w)f(w) =
1

2π
Im[

∫
eiw(t−t′)G<

i (t, t′)d(t− t′)]. (2.54)
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Figure 2.5: Density of states at equilibrium for U = 0.5
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Fig. 2.6 shows the imaginary part of the lesser Green's function as a function of

frequency. The half-�lling case is taken in this calculation, so the imaginary part of

the lesser Green's function shows that the electrons �ll the lower band. This model

represents an insulator at half �lling. When taking t = t′, from the de�nition, we see

the imaginary part of local lesser Green's function corresponds to the number of local

electrons at time t. We have the local electron number density on each sublattice then

equal to

nA,B(t) = Im(G<
A,B(t, t)). (2.55)

The order parameter at equilibrium is the di�erence between the electron number

density on the A and B sublattice:

Ω(t) =
nB(t)− nA(t)

nA(t) + nB(t)
. (2.56)

Since there is a repulsive potential on the A sublattice, in equilibrium, there are

always more electrons on the B sublattice than on the A sublattice. The equilibrium

order parameter at zero temperature is plotted in Fig. 2.7 as a function of the onsite

potential U . Emprical �ts for small and large U are shown. This solves the equilibrium

problem. A short conclusion for the equilibrium case: this system has two bands and

the DOS has a divergence at ±U/2 in its DOS. In the half �lling case, the lower band

is �lled and the upper band is completely empty at T = 0; the larger the interaction

U, the stronger the CDW order is.

2.5 Nonequilibrium formalism

In the case of nonequilibrium, the Hamiltonian becomes time dependent due to the

presence of a time-dependent electric �eld. It is challenging to include electromagnetic

�elds into a lattice model. Without going into details, we give the common way to

include the time-dependent electric �eld via the Peierls' substitution [11], which is
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Figure 2.6: Imaginary part of the lesser Green's function as a function of frequency
for U=0.5

36



Figure 2.7: Equilibrium CDW order parameter as a function of U at T=0.
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a simpli�ed semi-classical treatment of the electromagnetic �eld that is exact and

nonperturbative. With the Peierl's substitution, the hopping matrix gains a phase

factor [14]

tij → tij exp

[
− ie
h̄c

∫ Rj

Ri

A(r, t)dr
]
. (2.57)

This result just follows from the phase a particle picks up when moving under the

in�uence of a vector potential. Also a scalar potential term −e
∑

i φ(ri, t)c
†
ici is added

to the Hamiltonian. Here A(r, t) is the vector potential and φ(ri, t) is the scalar

potential for the external �eld. In this thesis, we work in a gauge where there is zero

scalar potential and only a spatially uniform time-dependent vector potential. Hence,

we neglect the magnetic �eld e�ects. This gauge is called the Hamiltonian gauge.

From Maxwell's equations, the corresponding electric �eld E(t) is found from the

derivative of the vector potential A(r, t).

E(t) = −1

c

∂A(r, t)
∂t

. (2.58)

In a spatially uniform �eld A(t) = A(t)(1, 1, . . . , 1), the time-dependent band struc-

ture in momentum space for the U = 0 case then becomes,

εk(t) = −
∑
〈ij〉

tABij exp[−i(k− e

h̄c
A(t)) · (RiA −RjB)]. (2.59)

So the e�ect of the Peierls' substitution is to add a time-dependent shift to the

momentum in the non-interacting electron band structure at U = 0:

εk(t) = −
d∑
l=1

t∗√
d

cos

[
a

(
kl − eA(t)

h̄c

)]
. (2.60)

The time-dependent Hamiltonian for the CDW case becomes,

H(t) = −
∑
〈ij〉

tij exp

[
ie

h̄c
A(t) · (Ri −Rj)

]
c†i (t)cj(t)+

∑
i∈A

(U−µ)c†i (t)ci(t)+
∑
i∈B

(−µ)c†i (t)ci(t).

(2.61)
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By using the same transformation as in Eq. 2.35,

c†i (t) =
∑
k

[e−ik·Ric†k(t) + e−i(k+Q)·Ric†k+Q(t)] (2.62)

and its hermitian conjugate, we �nd the time-dependent Hamiltonian in momentum

space and in the Schrödinger representation satis�es�

HS(t) =
∑
k

(
c†k c†k+Q

) εk(t) + U/2− µ U/2

U/2 −εk(t) + U/2− µ

 ck

ck+Q

 .

(2.63)

The time-dependent band structure εk(t) at U = 0 can be expanded with the di�er-

ence formula of the cosine,

εk(t) = cos

(
eaA(t)

h̄c

)
ε(k) + sin

(
eaA(t)

h̄c

)
ε(k) (2.64)

which depends on the band structure at U = 0

ε(k) = −
d∑
l

t∗√
d

cos(akl) (2.65)

and the projection of the velocity along the �eld

ε(k) = −
d∑
l

t∗√
d

sin(akl). (2.66)

In the Heisenberg picture, we can write the equation of motion for the operators ck(t)

and ck+Q(t),

i
dck(t)

dt
= [HH(t), ck(t)] (2.67)

and

i
dck+Q(t)

dt
= [HH(t), ck+Q(t)] , (2.68)

where HH(t) is the Heisenberg representation for the Hamiltonian. If we substitute

in the time-dependent Hamiltonian and evaluate the commutators, we have

−idck(t)
dt

=
∑
k

[(εk(t) +
U

2
− µ)ck(t) +

U

2
ck+Q(t)] (2.69)
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−idck+Q(t)

dt
=
∑
k

[
U

2
ck(t) + (−εk(t) +

U

2
− µ)ck+Q(t)]. (2.70)

Then we have the time evolution for the creation and annihilation operators satisfy ck(t)

ck+Q(t)

 = Uk(t, t0)

 ck(t0)

ck+Q(t0)

 . (2.71)

The time-evolution operator Uk(t, t′) is a time ordered product for each momentum

Uk(t, t
′) = Tt exp

i ∫ t

t′
dt

 U
2
− µ+ εk(t)

U
2

U
2

U
2
− µ− εk(t)

 . (2.72)

Since there are time-dependent terms inside the exponential, we must numerically

calculate the time evolution Uk(t, t′). For a small time step ∆t at time t, we have

Uk(t, t−∆t) = exp

i∆t
 U

2
− µ+ εk(t−∆t/2) U

2

U
2

U
2
− µ− εk(t−∆t/2)

 .
(2.73)

This result is simpli�ed by employing an identity of the exponential of the Pauli spin

matrices. The Pauli matrices are

σx =

 0 1

1 0

 (2.74)

σy =

 0 −i

i 0

 (2.75)

σz =

 1 0

0 −1

 . (2.76)

Any 2 × 2 matrix can be expressed as a linear combination of the Pauli matrices

σx,σy,σz and the unit matrix I. This is because any 2× 2 matrix has four degrees of

freedom.

A = a0I+ ~a · ~σ =

 a0 + az ax − iay

ax + iay a0 − az

 . (2.77)
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We then can prove that if the matrix A has a0 = 0, or say when A = λ~a · ~σ, we have

the generalized Euler identity relation

eiλ~a·~σ = cos(λ)I+ i
~a · ~σ
λ

. sin(λ) (2.78)

Here ~a is chosen to be a unit vector and λ is the magnitude. A brief proof follows

[16]. In general, a matrix exponential has its Taylor expansion as

eA =
+∞∑
n=0

An

n!
. (2.79)

If we separate the odd and even order terms, we have

eiλ~a·~σ =
∑
n odd

(i)n
(λ~a · ~σ)n

n!
+
∑
n even

(i)n
(λ~a · ~σ)n

n!
. (2.80)

We also have one useful identity regarding the Pauli matrices,

(~a · ~σ)(~b · ~σ) = ~a ·~bI+ i~σ · (~a×~b), (2.81)

which includes the special case

(~a · ~σ)2 = I, (2.82)

since ~a is a unit vector. Then the even terms in the expansion are equal to the

expansion of the cosine and the odd terms are equal to that of the sine,

eiλ~a·~σ =

( ∑
n even

(i)n
(λ)n

n!

)
I+

1

λ

(∑
n odd

(i)n
(λ)n

n!

)
~a · ~σ = cos(λ)I+

1

λ
sin(λ)(~a · ~σ).

(2.83)

In this study, we work at half �lling with µ = U/2. So we use the above equations

taking

λ~a · ~σ = ∆t

 εk(t−∆t/2) U
2

U
2

−εk(t−∆t/2)

 , (2.84)

λ = ∆t

√
ε2
k(t−∆t/2) +

U2

4
, (2.85)
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and

~a = (0,
U∆t/2

λ
,
∆tεk(t−∆t/2)

λ
). (2.86)

We �nd the evolution operator matrix for one time step at time t is simply

Uk(t, t−∆t) = cos(∆t
√
ε2
k(t−∆t/2) + U2

4
)I (2.87)

+i

 εk(t−∆t/2) U
2

U
2

−εk(t−∆t/2)

 sin(∆t

√
ε2k(t−∆t/2)+U2

4
)√

ε2k(t−∆t/2)+U2

4

.(2.88)

In our calculations, we must start from a minimum time instead of the time at −∞,

so we calculate the time-evolution operator as,

Uk(t, tmin) = Uk(t, t−∆t)Uk(t−∆t, t− 2∆t) . . . Uk(tmin + ∆t, tmin). (2.89)

For each k, we can get the two-time evolution operator from the identity

Uk(t, t
′) = Uk(t, t0)U †k(t0, t

′). (2.90)

Once the time evolution at each time pair is found, we then calculate the nonequilib-

rium Green's functions to obtain the physical properties of the system.

2.6 Nonequilibrium Green's functions applications and gauge invari-

ance

As we discussed above, the retarded Green's function is directly related to the local

density of states in equilibrium. We can still de�ne the nonequilibrium local density

of states in the same way as in Eq. 2.48. Substituting into Eq. 2.49 with the time-

dependent creation and annihilation operators with operators at some early time t0
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and the time evolution Uk, the retarded Green's function becomes,

GR
ii(t, t

′) = −iθ(t− t′)〈{ck(t0)U11(k, t, t0) + ck+Q(t0)U12(k, t, t0)

±ck(t0)U21(k, t, t0)± ck+Q(t0)U22(k, t, t0),

c†k(t0)U †11(k, t0, t
′) + c†k+Q(t0)U †21(k, t0, t

′)

±c†k(t0)U †12(k, t0, t
′)± c†k+Q(t0)U †22(k, t0, t

′)}+〉.

(2.91)

We assume t0 represents a time far before the time that the external �eld is turned on.

The system is assumed to be in equilibrium at time t0. Here Uab(k, t, t′) and U
†
ab(k, t, t

′)

represent the elements at row a and column b in the Uk(t, t′) and U
†
k(t, t′) matrices.

With the anti-commutation relations for fermions, we simplify to

GR
ii(t, t

′) = −iθ(t− t′)
∑

k{(U11(k, t, t0)± U21(k, t, t0))(U †11(k, t0, t
′)± U †12(k, t0, t

′)))

+(U12(k, t, t0)± U22(k, t, t0))(U †21(k, t0, t
′)± U †22(k, t0, t

′))}.
(2.92)

Next, we �nd that the local retarded Green's function becomes just a function of the

elements of the time-evolution operator between the two times t and t′:

GR
ii(t, t

′) = −iθ(t−t′)
∑
k

{U11(k, t, t′)+U22(k, t, t′)±U12(k, t, t′)±U21(k, t, t′)}, (2.93)

which follows from the identity in Eq. 2.90. The plus sign is for i ∈ A sublattice,

while the minus sign is for i ∈ B sublattice because there is a phase shift e±i ~Q·RA = 1

and e±i ~Q·RB = −1 . From the above equation, we can see that the retarded Green's

function only depends on the two times t and t′ and not on the history of the evolution

of the system. This is because the retarded Green's function determines the character

of the quantum states of the system. Now we can introduce the average and relative

time coordinates which were �rst used by Wigner for NGF [15]. The relative and

average times are de�ned via,

trel = t− t′, tave =
t+ t′

2
. (2.94)
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The local retarded Green's function in the frequency domain is the Fourier transform

of the local retarded Green's function with respect to the relative time for a �xed

average time.

GR
ii(w, tave) =

∫
dtrele

iwtrelGR
i (trel, tave). (2.95)

This will yield the transient nonequilibrium LDOS. We can calculate the frequency-

dependent moments to check the validity of our retarded Green's function calculation.

The nth order moments are de�ned as follows:

µijn (tave) =

∫ +∞

−∞
dwwnAij(w, tave). (2.96)

Here w is the frequency. From Eq. 2.48, we can obtain the alternative derivative

format of the moments,

µijn (tave) = −Im[in
∂n

∂tnrel
GR
ij(tave, trel)]trel=0+ . (2.97)

Since the retarded Green's function equals 0 when trel < 0, the derivative is taken

when trel = 0+ in the above equation. We check the �rst three moments for our

retarded Green's function. In in�nite dimensions, the moments for the local retarded

Green's function in our inhomogeneous system satisfy the following [17]: (1) the zeroth

order moment is 1; (2) the �rst order moment is ±U/2; (3) the second moment is

1/2+U2/4 ; and (4) the third moment is ∓U/4∓U3/8. (The moments corresponding

to the A sublattice have a minus sign on the �rst and a plus sign in the third moments).

Since the retarded Green's functions are just linear combinations of the elements of

the time-evolution operators, we can directly calculate the �rst three derivatives of

the time evolution matrix. The �rst derivative is easy to write:

∂Uk(t, t
′)

∂trel
=
i

2

 εk(t)
U
2

U
2
−εk(t)

Uk(t, t
′) +

i

2
Uk(t, t

′)

 εk(t
′) U

2

U
2
−εk(t′)

 . (2.98)
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In the limit trel → 0+, the �rst derivative becomes,

∂Uk(t, t
′)

∂trel
|trel→0+ = i

 εk(t)
U
2

U
2

−εk(t)

 . (2.99)

So the �rst derivative of the retarded Green's function is

∂GRii(t,t
′)

∂trel
= −iθ(trel)

∑
k(
∂U11(k,t,t′)

∂trel
+ ∂U22(k,t,t′)

∂trel
± ∂U12(k,t,t′)

∂trel
± ∂U21(k,t,t′)

∂trel
)

= θ(trel)
∑

k(εk(t)− εk(t)±
U
2
± U

2
).

(2.100)

Here we sum over the reduced Brillouin zone, so we have
∑

k 2 = 1. Hence we prove

that the �rst moment is ±U/2 and here we use for Uk(t, t′) = I, when t = t′. The

second derivative of the retarded Green's function can be obtained by di�erentiating

the �rst derivative

∂2U(t,t′)
∂t2rel

= i
2

 ∂
∂trel

 εk(t)
U
2

U
2

−εk(t)

Uk(t, t′) + i
2

 εk(t)
U
2

U
2
−εk(t)

 ∂Uk(t,t′)
∂trel

+ i
2
Uk(t, t

′)

 ∂
∂trel

 εk(t
′) U

2

U
2

−εk(t′)

+ i
2
∂Uk(t,t′)
∂trel

 εk(t
′) U

2

U
2
−εk(t′)

.
(2.101)

We have the derivative for the matrix parts in the above equation as

∂

∂trel

 εk(t)
U
2

U
2

−εk(t)

 =

 −1
2
5k εk(t)

∂A(t)
∂trel

0

0 1
2
5k εk(t)

∂A(t)
∂trel

 (2.102)

and

∂

∂trel

 εk(t
′) U

2

U
2

−εk(t′)

 =

 1
2
5k εk(t

′)∂A(t′)
∂trel

0

0 −1
2
5k εk(t

′)∂A(t′)
∂trel

 . (2.103)

So we have the �rst and third terms in Eq. 2.101 cancel in the limit t = t′, and the

rest of the terms give

∂2U(t, t′)

∂t2rel
|trel→0+ = −(ε2

k(t) +
U2

4
)I. (2.104)
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So the second derivative of the Green's function is

∂2GR
ii(t, t

′)

∂t2rel
= iθ(trel)

∑
k

(ε2
k(t) +

U2

4
+ ε2

k(t) +
U2

4
± 0± 0) = i(

1

2
+
U2

4
). (2.105)

Here we use
∑

k ε
2
k(t)|trel→0+ = 1/4 for the in�nite-dimensional density of states. So

the second moment satis�es (1
2

+ U2

4
). The third derivative of U(t, t′) has many more

terms,

∂3U(t,t′)
∂t3rel

= i
2

 −1
2
5k εk(t)

∂A(t)
∂trel

0

0 1
2
5k εk(t)

∂A(t)
∂trel

 ∂Uk(t,t′)
∂trel

+ i
2

 ∂
∂trel

 −1
2
5k εk(t)

∂A(t)
∂trel

0

0 1
2
5k εk(t)

∂A(t)
∂trel

Uk(t, t′)
+ i

2

 −1
2
5k εk(t)

∂A(t)
∂trel

0

0 1
2
5k εk(t)

∂A(t)
∂trel

 ∂Uk(t,t′)
∂trel

+ i
2

 εk(t)
U
2

U
2
−εk(t)

 ∂2Uk(t,t′)
∂t2rel

+ i
2
∂Uk(t,t′)
∂trel

 1
2
5k εk(t

′)∂A(t′)
∂trel

0

0 −1
2
5k εk(t

′)∂A(t′)
∂trel


+ i

2
Uk(t, t

′)

 ∂
∂trel

 1
2
5k εk(t

′)∂A(t′)
∂trel

0

0 −1
2
5k εk(t

′)∂A(t′)
∂trel


+ i

2
∂2Uk(t,t′)
∂t2rel

 εk(t
′) U

2

U
2
−εk(t′)

+ i
2
∂Uk(t,t′)
∂trel

 1
2
5k εk(t

′)∂A(t′)
∂trel

0

0 −1
2
5k εk(t

′)∂A(t′)
∂trel

.
(2.106)

In the limit trel → 0+, only four terms do not vanish, then we have

∂3U(t,t′)
∂t3rel

= i
2

 ∂
∂trel

 −1
2
5k εk(t)

∂A(t)
∂trel

0

0 1
2
5k εk(t)

∂A(t)
∂trel

Uk(t, t′)
+ i

2
Uk(t, t

′)

 ∂
∂trel

 1
2
5k εk(t

′)∂A(t′)
∂trel

0

0 −1
2
5k εk(t

′)∂A(t′)
∂trel


+ i

2

 εk(t)
U
2

U
2
−εk(t)

 ∂2Uk(t,t′)
∂t2rel

+ i
2
∂2Uk(t,t′)
∂t2rel

 εk(t
′) U

2

U
2
−εk(t′)

.
(2.107)
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The �rst and second terms in the above equations actually won't make any con-

tribution. This is because when we calculate the third derivative, we add up

∂3U11(t, t′, k)/∂t3rel and ∂
3U22(t, t′, k)/∂t2rel. And with εk(t)

U
2

U
2
−εk(t)

 ∂2Uk(t,t)

∂t2rel
= ∂2Uk(t,t)

∂t2rel

 εk(t)
U
2

U
2
−εk(t)


= −(ε2

k(t) + U2

4
)

 εk(t)
U
2

U
2
−εk(t)

 ,

(2.108)

we �nd the third derivative of the retarded Green's function is

∂3G(t, t′)

∂t3rel
=
∑
k

θ(trel)(∓U(ε2
k(t) +

U2

4
)) = ∓(

U

4
+
U3

8
) (2.109)

So the third moment satis�es ∓(U
4

+ U3

8
). Hence, the three moments of the retarded

Green's function are now veri�ed. This is an important check that our formalism

is correct. The nonequilibrium lesser Green's function plays a more important role

than that in equilibrium. It is required to calculate many important quantities. With

the two-time lesser Green's function, we are able to study many transient properties

such as the current, the nonequilibrium CDW order parameter, the nonequilibrium

electron occupancy of the instantaneous bands, as well as the time-resolved photo-

emission signal. With the de�nition of the lesser Green's function in Eq. 2.15 and

taking the operators in one single sublattice, we can write the local lesser Green's

function by summing over momentum space as

G<
AA(t, t′) = i〈

∑
k(c
†
k(t
′)ck(t) + c†k+Q(t′)ck+Q(t) + c†k(t

′)ck+Q(t) + c†k+Q(t′)ck(t))〉

=
∑
k

i〈c†k(t0)ck(t0)〉[(U †11(k, t0, t
′) + U †12(k, t0, t

′))(U11(k, t, t0) + U21(k, t, t0))]

i〈c†k+Q(t0)ck+Q(t0)〉[(U †21(k, t0, t
′) + U †22(k, t0, t

′))(U12(k, t, t0) + U22(k, t, t0))]

i〈c†k(t0)ck+Q(t0)〉[(U †11(k, t0, t
′) + U †12(k, t0, t

′))(U11(k, t, t0) + U21(k, t, t0))]

i〈c†k+Q(t0)ck(t0)〉[(U †21(k, t0, t
′) + U †22(k, t0, t

′))(U12(k, t, t0) + U22(k, t, t0))]

(2.110)
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G<
BB(t, t′) = i〈

∑
k(c
†
k(t
′)ck(t) + c†k+Q(t′)ck+Q(t)− c†k(t′)ck+Q(t)− c†k+Q(t′)ck(t))〉∑

k

i〈c†k(t0)ck(t0)〉[(U †11(k, t0, t
′)− U †12(k, t0, t

′))(U11(k, t, t0)− U21(k, t, t0))]

i〈c†k+Q(t0)ck+Q(t0)〉[(U †21(k, t0, t
′)− U †22(k, t0, t

′))(U12(k, t, t0)− U22(k, t, t0))]

i〈c†k(t0)ck+Q(t0)〉[(U †11(k, t0, t
′)− U †12(k, t0, t

′))(U11(k, t, t0)− U21(k, t, t0))]

i〈c†k+Q(t0)ck(t0)〉[(U †21(k, t0, t
′)− U †22(k, t0, t

′))(U12(k, t, t0)− U22(k, t, t0))].

(2.111)

Unlike the local retarded Green's function, the local lesser Green's function does not

simply depend on the relative time evolution from t to t′, but also depends on the

history of the time evolution. Here we write down the four lesser Green's functions

for the momentum point k in the reduced Brillouin zone

G<
kk(k, t

′, t) = i〈c†k(t′)ck(t)〉

= U †11(k, t0, t
′)U11(k, t, t0)〈c†k(t0)ck(t0)〉+ U †11(k, t0, t

′)U12(k, t, t0)〈c†k(t0)ck+Q(t0)〉

+U †21(k, t0, t
′)U11(k, t, t0)〈c†k+Q(t0)ck(t0)〉+ U †21(k, t0, t

′)U12(k, t, t0)〈c†k+Q(t0)ck+Q(t0)〉
(2.112)

G<
kk+Q(k, t′, t) = i〈c†k(t′)ck(t)〉

= U †11(k, t0, t
′)U21(k, t, t0)〈c†k(t0)ck(t0)〉+ U †11(k, t0, t

′)U22(k, t, t0)〈c†k(t0)ck+Q(t0)〉

+U †21(k, t0, t
′)U21(k, t, t0)〈c†k+Q(t0)ck(t0)〉+ U †21(k, t0, t

′)U22(k, t, t0)〈c†k+Q(t0)ck+Q(t0)〉
(2.113)

G<
k+Qk(k, t

′, t) = i〈c†k(t′)ck(t)〉

= U †12(k, t0, t
′)U11(k, t, t0)〈c†k(t0)ck(t0)〉+ U †22(k, t0, t

′)U12(k, t, t0)〈c†k(t0)ck+Q(t0)〉

+U †12(k, t0, t
′)U11(k, t, t0)〈c†k+Q(t0)ck(t0)〉+ U †22(k, t0, t

′)U12(k, t, t0)〈c†k+Q(t0)ck+Q(t0)〉
(2.114)

G<
k+Qk+Q(k, t′, t) = i〈c†k(t′)ck(t)〉

= U †12(k, t0, t
′)U21(k, t, t0)〈c†k(t0)ck(t0)〉+ U †22(k, t0, t

′)U22(k, t, t0)〈c†k(t0)ck+Q(t0)〉

+U †12(k, t0, t
′)U21(k, t, t0)〈c†k+Q(t0)ck(t0)〉+ U †22(k, t0, t

′)U22(k, t, t0)〈c†k+Q(t0)ck+Q(t0)〉.
(2.115)
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We use these results below. With Eqs. 2.55 and 2.56, we will also be able to calculate

the nonequilibrium local electron number density and the order parameter.

The time-resolved pump-probe photoemission is an important experiment to study

ultra-fast behavior on a femtosecond time scale. The basic steps in time resolved (TR)

pump/probe photoemission spectroscopy (PES) starts with pumping the system with

a pulse to create an initial nonequilibrium state and then the probe pulse acts on this

excited system to generate the emitted photoelectrons. Freericks and collaborators

[81][77] have derived an expression for the time-resolved photoemission signal. We will

describe it in the following. When the angle resolution is incorporated, the TRPES

experiments measure the photoelectron number with a momentum ke collected at

a solid angle dΩk̂e
within an energy interval dE. Before the time point t0 when the

probe pulse is turned on, the system evolves from an equilibrium ensemble {|Φn〉} to

an ensemble {|Ψn(t)〉} excited by the pump pulse only. So we can write {|Ψn(t)〉} =

{U(t,−∞)|Φn〉}, where U(t,−∞) is the time evolution of the system including the

pump. When the probe pulse is turned on, the Hamiltonian is modi�ed as

H = Hsolid(t) +Hfree +Hc(t). (2.116)

The �rst term Hsolid(t) only contains the creation c†(t) and annihilation c(t) operators

of electrons in the solid. So this part is the Hamiltonian before the probe pulse is

turned on. The second term is for the free electron Hamiltonian Hfree and is written

as

Hfree =
∑
k

[E(ke) +W ]a†keake . (2.117)

E(ke) is the free electron kinetic energy, W is the work function, and a†ke(ake) is the

creation (annihilation) operator for a free electron with momentum ke. The third

term Hc represents the coupling between the electrons inside the solid and the free

electrons outside the solid via an injected photon with a wave number q. So naturally
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we have the coupling Hamiltonian as

Hc = s(t− tp)
∑
k

Mq(k,ke,q, t)e
i(h̄wq)ta†ke(t)ck(t)Aq. (2.118)

Here Aq is the annihilation operator for the photon. We use a matrix element

Mq(k,ke, q, t) to describe the absorption of a photon with energy h̄wq and ejection

of an electron with momentum k in the material and momentum ke outside. Here

the time dependence arises from the pump pulse. This matrix element depends on

the sample, especially its surface. Here we assume that the free electron leaves the

solid without having an interaction with the electrons in the solid. This is called the

sudden approximation. So with a modi�ed Hamiltonian, we have new time-evolution

operator Ũ(t, t0) and {|Ψp
n(t)〉} = {Ũ(t, t0)|Ψn(t0)〉}. By working in the interaction

picture, we can obtain the time-evolution operator with a probe pulse as

Ũ(t, t0) = U(t, t0)Tte
−i/h̄

∫ t
t0
dtU(t,t)ĤcU(t,t0) (2.119)

Here we don't have Hfree because it commutes with the matrix U(t, t0). At each

time t, when the probe pulse is turned on, we calculate the probability P (t) that an

electron transfers from the ensemble {|Ψp
n(t)〉} to a free electron state. According to

Fermi's golden rule, the probability is written as

P (ke, t) =
∑
n

|〈ke|Ĥc|Ψp
n(t)〉|2. (2.120)

Here the part that destroys a photon is omitted and |ke〉 represents the free electron

state with momentum ke. Actually here we can think of this as two steps for the

probe e�ect. First the electrons are pumped to some high energy state |Φm〉 with

momentum k, and second the system absorbs a photon of wave vector q and ejects

an electron with a wave vector k = (kxy, kz) inside the system and ke = (kexy, kez)

outside. For momentum conservation parallel to the surface in this process, we have
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kexy = kxy. With this assumption, we can �nd the matrix element of the perturbation

from Ĥc between the �nal state as a free electron with momentum ke and the initial

state |Ψn(t0)〉

|〈ke|Ĥc|Ψn(t)〉| = 1
h̄
|
∫
dkzMq(k,ke,q, t)×

∫ t
t0
dts(t)e−iwt

×〈ke|a†|Φm〉〈Φm|Ũ †(t, t0)ckŨ(t, t0)|Ψn(t0)〉|.
(2.121)

We will have 〈ke|a†|Φm〉 = 1 since we made the assumption that once the electron is

pumped to the state |Φm〉, which has momentum k, a free electron with momentum

ke will be generated through the matrix Mq. Here, we introduce w to be the energy

of the excitation left in the system and it satis�es h̄w = h̄wq − (h̄ke)
2/(2me) −W .

We can expand the time-evolution matrix Ũ as,

Ũ(t, t0) = U(t, t0)− i/h̄
∫ t

t0

dtU(t, t)ĤcU(t, t0) (2.122)

because the amplitude of the probe pulse is small. Also because the probe pulse is

much smaller than the pump pulse, we can just take the zeroth order in the time

evolution operator Ũ(t, t0) = U(t, t0). Then we obtain the probability

P (t,ke) '=
1

h̄2

∫
dk′z

∫
dkzI(t, w, êk; kz, k

′
z) (2.123)

with

I(t, w, êk; kz, k
′
z) = −i

∫ t
t0
dt′′
∫ t
t0
dt′Mq(kz, kez,kxy, t

′)Mq(k′z, kez,kxy, t
′′)

×s(t′′)s(t′)eiw(t′′−t′)G<
k,k′(t

′, t′′).
(2.124)

Here the G<
k,k′(t

′, t′′) is the two time lesser Green's function in momentum space with

time-dependent creation and annihilation operators at k′ and k. In order to compare

the theoretical and experimental data, we have to make further approximations. One

of the approximations we take is that the matrix element Mq is some constant, time

independent and only conserves the momentum in the plane of the surface. In this
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study, we calculate the time-resolved photoemission at site i and sum over all k. The

above equation for G<
k,k′(t

′, t′′) works for the momentum-diagonal Green's function

G<
k (t′, t′′) = G<

k,k(t
′, t′′) and further it works for the local lesser Green's function too,

since the local Green's function is calculated by summing over di�erent momentum

points

Pii(w, t) = −i
∫ t

0

dt′
∫ t

0

dt′′s(t′)s(t′′)eiw(t′−t′′)G<
ii(t
′, t′′). (2.125)

In this study, we take s(t) with a Gaussian shape,

s(t) =
1

σ
√
π

exp(−(t− tc)
σ2

). (2.126)

Here tc is the central time of the probe pulse. More details can be found in Ref [81].

In this Hamiltonian gauge, local observables which are calculated by summing

over all the k points in the reduced Brillouin zone and there are no extra momentum

dependent terms in the equation other than the time-dependent creation and anni-

hilation operator. In this case, these local quantities are gauge invariant and we can

directly calculate them in the Hamiltonian gauge [12] [13]. However, we need to be

careful for those non-local quantities which may vary in di�erent gauges. For any one

particle system, the gauge invariant Green's function can be written as,

G̃(w,k, rave, tave) =

∫
drrel

∫
dtrel exp[iW (k, w, rave, rrel, tave, trel)]G(rave, rrel, tave, trel).

(2.127)

Here we add the average and relative positions to the Wigner coordinates,

rrel = r− r′ (2.128)

rave = (r+ r′)/2. (2.129)

This gauge-invariant Green's function de�nition is universal and does not depend on

any speci�c model or gauge we pick. The de�nition of the gauge invariant Green's
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function gives that any gauge shift χ should not change its value. The arbitrary shift

χ has the following relation to the vector potential A and the scalar potential φ.

A(r, t)→ A′(r, t) = A(r, t) +5χ(r, t); (2.130)

φ(r, t)→ φ′(r, t) = φ(r, t)− ∂χ(r, t)

∂t
. (2.131)

The creation and annihilation operators will shift with the gauge shift χ,

ci(t)→ c′i(t) = eiqχ(ri,t)ci(t) (2.132)

c†i (t)→ c′†i (t)e−iqχ(ri,t)c†i (t) (2.133)

Here q is the amount of charge on the particle. So we have

G′(r, r′, t, t′) = [eiq(χ(r,t)−χ(r′,t′))]G(r, r′, t, t′). (2.134)

Of course, the W term also has a shift ∆W . So with such a shift, we construct the

gauge invariant Green function

G̃′(w,k, rave, tave) =
∫
drrel

∫
dtrel exp[iW (k, w, rave, rrel, tave, trel) + ∆W ]

G(rave, rrel, tave, trel)× [eiq(χ(r,t)−χ(r′,t′))]
(2.135)

We have to get G̃′(w,k, rave, tave) = G̃(w,k, rave, tave), which means ∆W = −q[χ(r, t)−

χ(r′, t′)]. We can prove that when taking W as the following formula, we can achieve

the cancellation of the shift

W (k, w, rave, rrel, tave, trel) =
∫ 1/2

−1/2
dλtrel[w + qφ(rave + λrrel, tave + λtrel)]

−rrel · [k+ qA(rave + λrrel, tave + λtrel)].
(2.136)

With this formula of W , ∆W is given by

∆W = −q
∫ 1/2

−1/2

dλ[trel
∂χ(rave + λrrel, tave + λtrel)

∂trel
+rrel ·5χ(rave+λrrel, tave+λtrel)].

(2.137)
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Since we have

dχ(r(λ), t(λ))

dλ
= trel

∂χ(rave + λrrel, tave + λtrel)

∂trel
+ rrel · 5χ(rave + λrrel, tave + λtrel),

(2.138)

∆W becomes

∆W = −q
∫ 1/2

−1/2

dλ[
dχ(r(λ), t(λ))

dλ
] = −q[χ(rave+

rrel

2
, tave+

trel
2

)−χ(rave−
rrel

2
, tave−

trel
2

)].

(2.139)

So the cancellation occurs. Hence, we proved here that Eq. 2.136 is the correct func-

tion to build a gauge invariant Green's function. In the Hamiltonian gauge, we have

φ(r, t) = 0 and also the vector potential A is not dependent on rave. The W function

now becomes,

W (w, trel, tave,k, rrel) =

∫ 1/2

−1/2

dλ{trelw − rrel · [k+ qA(tave + λtrel)]}. (2.140)

The k dependence in the gauge invariant Green's function is only from theW function

and it can take any value in the full Brillouin zone. When we solve the model in the

gauge, the Green's functions in momentum space and in the frequency domain are

calculated just as a Fourier transform

G(w,k, rave, tave) =

∫
drrel

∫
dtrel exp[itrelw− ik · rrel]G(rave, rrel, tave, trel). (2.141)

So in the case of a spatially homogeneous electric �eld and working in the Hamiltonian

gauge, we have the transformation between the gauge invariant Green's functions and

those in the gauge,

G̃(w,k, rave, tave) = G(w,k+

∫ 1/2

−1/2

dλ(qA(tave + λtrel), rave, tave)) (2.142)

In our calculation, we work in the reduced Brillouin zone and have a 2 × 2 Green's

function matrix.

G(w,k, rave, tave) =

 Gkk(w,k, rave, tave) Gkk+Q(w,k, rave, tave)

Gk+Qk(w,k, rave, tave) Gk+Qk+Q(w,k, rave, tave)

 (2.143)

54



with k restricted to be in the reduced Brillouin zone ε(k) < 0. So we rewrite Eq. 2.142

into the matrix format,

G̃(w,k, rave, tave) = G(w,k+

∫ 1/2

−1/2

dλ(qA(tave + λtrel), rave, tave)). (2.144)

Now the restriction for the gauge invariant Green's function matrix is shifted to

ε(k +
∫ 1/2

−1/2
dλqA(tave + λtrel)) < 0. When calculating the current, we use the gauge-

invariant Green's function. In the following, we apply the linear response case to derive

the gauge invariant Green's function and obtain the correct formula of the current.

This is because the linear-response current is independent of the vector potential.

The current density is de�ned as the commutator of the Hamiltonian and the charge

polarization

j(t) = i[H(t),
∑
j

Rjc
†
j(t)cj(t)]. (2.145)

So the current can be written as

j(t) = i[
∑

i,δ t
∗
i,i+δ(t)c

†
i (t)ci+δ(t),

∑
j

Rjc
†
j(t)cj(t)]

=
∑

i,j,δ(−it∗i,i+δ(t)Rj[c
†
i (t)ci+δ(t), c

†
j(t)cj(t)].

(2.146)

With the equation

[c†icj, c
†
kcl] = c†iclδjk − c

†
kcjδli, (2.147)

this current equation can be simpli�ed as

j(t) =
∑
i,j,δ

−it∗i,i+δ(t)Rj[c
†
i (t)cj(t)δj,i+δ − c

†
j(t)ci+δ(t)δij]. (2.148)

So the subscripts can only be chosen as j = i+ δ or j = i, then we have

j(t) =
∑
i,δ

−it∗i,i+δ(t)[Ri+δc
†
i (t)ci+δ(t)−Ric

†
i (t)ci+δ(t)]. (2.149)

Now we have the equation

j(t) =
∑

i,δ −it∗i,i+δ(t)(Ri+δ −Ri)c
†
i (t)ci+δ(t)

=
∑

i,δ −it∗i,i+δ(t)~δc
†
i (t)ci+δ(t).

(2.150)
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In linear response, we can simply omit the time dependence of the hopping term.

Next we can write the current by summing only over the A sublattice and because

we study a spatially uniform �eld problem, the current along each dimension can be

written as,

jα(t) =
∑
A,δ

−it∗δ[c†A(t)cA+δ(t) + c†A+δ(t)cA+2δ(t)]. (2.151)

Here we can see this current is independent of the �eld and is precisely the gauge-

invariant form of the current even in the case of nonlinear response. Next we sum

over momentum space,

jα(t) =
∑

A,δ −it∗δ[
∑

kk′ e
−ik·Ri+ik′(Ri+~δ)(c†k(t

′) + c†k+Q(t′))(ck′(t)− ck′+Q(t))

+
∑

kk′ e
−ik·(Ri+~δ)+ik′·(Ri+2~δ)(c†k(t

′)− c†k+Q(t′))(ck′(t) + ck′+Q(t))].

(2.152)

We have to set k = k′ in order to obtain
∑

A e
−i(k−k′)·Ri not to vanish. The equation

for the current becomes,

jα(t) =
∑

A,δ −it∗δ[
∑

k e
ik·~δ(c†k(t) + c†k+Q(t))(ck(t)− ck+Q(t))

+
∑

k e
ik·~δ(c†k(t)− c

†
k+Q(t))(ck(t) + ck+Q(t))].

(2.153)

As we know, the sum over the A sublattice yields 1/2, and in a spatially uniform

�eld, we have

jα(t) =
∑
δ,k

−it∗δeik·~δ[c†k(t)ck(t)− c
†
k+Q(t)ck+Q(t)]. (2.154)

Remember we have the U=0 band structure

εk = −
∑
δ

t∗eik·
~δ. (2.155)

Then the �nal formula for the current operator in a linear response case then is

jα(t) =
∑
k

5εk(c†k(t)ck(t)− c
†
k+Q.(t)ck+Q(t)). (2.156)
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Next we can write the current density with the gauge invariant Green's function

according to the de�nition

〈jα(t)〉 =
∑
k

5εk(G̃<
kk(k, t, t)− G̃<

k+Qk+Q(k, t, t)) (2.157)

with the transformation to the Green's function in the gauge,

〈jα(t)〉 =
∑

ε(k+eA(t))<0

5εk(G<
kk(k + eA(t), t, t)−G<

k+Qk+Q(k + eA(t), t, t)). (2.158)

When making the substitution k′ = k+ eA(t), the above equation becomes,

〈jα(t)〉 =
∑

ε(k′)<0

5ε(k′ − eA(t))(G<
kk(k

′, t, t)−G<
k+Qk+Q(k′, t, t)). (2.159)

This is the equation we use to calculate the current. The constraint ε(k′) < 0 is

critical to get the correct result. Actually, we can also derive the correct current

operator formula from Eq. 2.150 in this gauge. The nonequilibrium current operator

can be written as follows by summing over momentum space

jα(t) =
∑

A,δ −iδt∗ exp
[
− ie
h̄c
A(t) · ~δ

]
[
∑

kk′ e
−ik·Ri+ik′(Ri+~δ)(c†k(t

′) + c†k+Q(t′))(ck′(t)− ck′+Q(t))

+
∑

kk′ e
−ik·(Ri+~δ)+ik′·(Ri+2~δ)(c†k(t

′)− c†k+Q(t′))(ck′(t) + ck′+Q(t))].

(2.160)

Then again with k = k′ and
∑

A = 1/2, we have

jα(t) =
∑
δ,k

−it∗δei(k−
e
h̄c
A(t))·~δ[c†k(t)ck(t)− c

†
k+Q(t)ck+Q(t)]. (2.161)

We obtain the current by substituting the nonequilibrium band structure ε(k −

eA(t)/h̄c) for U=0

jα(t) =
∑
ε(k)<0

5ε(k − eA(t)/h̄c)(c†kck − c
†
k+Qck+Q). (2.162)

Then we have the expectation value for the current

〈jα(t)〉 =
∑
ε(k)<0

5ε(k − eA(t)/h̄c)(G<
kk(k, t, t)−G<

k+Qk+Q(k, t, t)). (2.163)
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So the two methods yield the same result, as they must.

Another interesting property to study is the total energy of the system. Monitoring

how the energy changes in such a transient process is important for understanding

what happens in this process. The total energy can be obtained directly from taking

the expectation value of the Hamiltonian

E(t) =
∑
k

{εk(t)(〈c†kck〉 − 〈c
†
k+Qck+Q〉) +

U

2
(〈c†k+Qck〉+ 〈c†kck+Q〉)}. (2.164)

We can write the above equation with Green's functions in momentum space

E(t) = −i
∑
ε(k)<0

[ε(k − eA(t)/h̄c)(G<
kk(k, t, t)−G<

k+Qk+Q(k, t, t))

+U
2

(G<
kk+Q(k, t, t) +G<

k+Qk(k, t, t))].

(2.165)

The power pumped into the system is due to the electron oscillation along the electric

�eld. This implies that
∂E(t)

∂t
= j · E(t). (2.166)

We can prove this by using the equation of motion of the Green's functions in

momentum space. In the reduced Brillouin zone scheme,

∂G<(k, t, t)

∂t
=
i

h̄
〈[HH(t),

 c†k(t)ck(t) c†k+Q(t)ck(t)

c†k(t)ck+Q(t) c†k+Q(t)ck+Q(t)

]〉. (2.167)

With the equations of motion, we have the derivative of each element of the Green's

function matrix in momentum space.

∂G<
kk(k, t, t)

∂t
=
i

h̄

U

2
〈(c†k+Q(t)ck(t)− c†k(t)ck+Q(t))〉 (2.168)

∂G<
k+Qk+Q(k, t, t)

∂t
=
i

h̄

U

2
〈(−c†k+Q(t)ck(t) + c†k(t)ck+Q(t))〉 (2.169)

∂G<
k+Qk(k, t, t)

∂t
=
i

h̄

U

2
〈(c†k(t)ck(t)− c

†
k+Q(t)ck+Q(t)) +

i

h̄
εk(t)(2c

†
k(t)ck+Q(t))〉 (2.170)

∂G<
kk+Q(k, t, t)

∂t
=
i

h̄

U

2
〈(c†k+Q(t)ck+Q(t)−c†k(t)ck(t))+

i

h̄
εk(t)(2c

†
k+Q(t)ck(t))〉. (2.171)
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Now the time derivative for the total energy becomes

∂E(t)
∂t

=
∑

k
∂εk(k−eA(t)/h̄c)

∂t
(Gkk(t)−Gk+Qk+Q(t))

+ε(k − eA(t)/h̄c)(∂tGkk(k, t, t)− ∂tGk+Qk+Q(k, t, t))

+U
2

(∂tGkk+Q(k, t, t) + ∂tGk+Qk(k, t, t)).

(2.172)

∂εk(k − eA(t)/h̄c)

∂t
= 5kεk(k − eA(t)/h̄c)× (−e/h̄c∂tA(t)). (2.173)

So the �rst term in Eq. 2.172 gives J(t) ·E(t), and the second and third term cancel,

yielding the desired result. This is a second stringent test that the formalism is correct.

In this transient process, to study how electrons hop between bands will help us

to understand the underlying behavior. We can obtain the time-dependent electron

occupancy in the upper and lower band. Similar to the equilibrium case, the creation

operators for upper band are written as,

c†k+(t) = αk(t)c
†
k(t) + βk(t)c

†
k+Q(t) (2.174)

c†k−(t) = βk(t)ck(t)− αk(t)ck+Q(t). (2.175)

And the annihilation operators are just the Hermitian conjugate. Now the electron

occupancy in the upper band is denoted by n+ and that of the lower band by n−.

n+(t) =
∑

k〈c
†
k+(t)ck+(t)〉 =

∑
k α

2
k(t)〈c

†
k(t)ck(t)〉+ β2

k(t)〈c
†
k+Q(t)ck+Q(t)〉

+αk(t)βk(t)〈c†k(t)ck+Q(t) + c†k+Q(t)ck(t)〉
(2.176)

and

n−(t) =
∑

k〈c
†
k−(t)ck−(t)〉 =

∑
k β

2
k(t)〈c

†
k(t)ck(t)〉+ α2

k(t)〈c
†
k+Q(t)ck+Q(t)〉

−αk(t)βk(t)〈c†k(t)ck+Q(t) + c†k+Q(t)ck(t)〉.
(2.177)

Here we have

αk(t) =
U/2√

2(ε2
k(t) + U2/4− εk(t)

√
ε2
k(t) + U2/4)

(2.178)
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and

βk(t) =
−εk(t) +

√
ε2
k(t) + U2/4√

2(ε2
k(t) + U2/4− εk

√
ε2
k(t) + U2/4)

. (2.179)

We also de�ne the momentum space electron occupancy as nk+(t) = 〈c†k+(t)ck+(t)〉

and nk−(t) = 〈c†k−(t)ck−(t)〉. Here we can perform a quick con�rmation. It is quite

easy to verify that

n+(t) + n−(t) =
∑
k

〈c†k(t)ck(t)〉+ 〈c†k+Q(t)ck+Q(t)〉 =
1

2
(2.180)

and ∑
k

[nk+(t)
√
ε2
k(t) + U2/4− nk−(t)

√
ε2
k(t) + U2/4] = E(t). (2.181)

The second equation is not that obvious and we can check it term by term. The

parameter for 〈c†k(t)ck(t)〉 is

(α2
k(t)− β2

k(t))
√
ε2
k(t) + U2/4 =

√
ε2k(t)+U2/4(U2/4−U2/4−2ε2k(t)+2εk(t)

√
ε2k(t)+U2/4)

2(ε2k(t)+U2/4−εk(t)
√
ε2k(t)+U2/4)

=
2εk(t)(ε2k(t)+U2/4−εk(t)

√
ε2k(t)+U2/4)

2(ε2k(t)+U2/4−εk(t)
√
ε2k(t)+U2/4)

= εk(t).

(2.182)

The parameter for 〈c†k+Q(t)ck+Q(t)〉 is just the additive inverse of the above equation.

The parameters for 〈c†k(t)ck+Q(t)〉 and 〈c†k+Q(t)ck(t)〉 are equal and yield

(αkβk(t))
√
ε2
k(t) + U2/4 =

U/2(−εk(t)+
√
ε2k(t)+U2/4)

√
ε2k(t)+U2/4

(ε2k(t)+U2/4−εk(t)
√
ε2k(t)+U2/4)

=
U/2(ε2k(t)+U2/4−εk(t)

√
ε2k(t)+U2/4)

(ε2k(t)+U2/4−εk(t)
√
ε2k(t)+U2/4)

= U
2
.

(2.183)

So Eq. 2.181 is proved.

2.7 Numerical implementation

We solve this model in the in�nite-dimensional case at half �lling with the units taken

as e = h̄ = a = c = t∗ = 1. In the limit of the in�nite dimension, we have the DOS

for the U = 0 case

ρ(εk) =
1√
π

exp
[
−ε2

k/t
∗2] . (2.184)
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We always have the identity
∫
dk =

∫
ρ(εk)dεk for spinless electrons. When calculating

a quantity F (k) that depends only on εk, we sum over εk by taking ρ(εk) as the weight,∑
k

F (k) =

∫
F (εk)ρ(εk)dεk. (2.185)

When the external �eld is turned on, this weight function is modi�ed to [17]

ρ(εk, εk) =
1

π
exp

[
−(ε2

k + ε2
k)/t

∗2] . (2.186)

Here the band structure εk and projection of the band velocity on the direction of

the �eld εk are functions of k. Note that we don't need to calculate the complicated

nonequilibrium density matrix but use that of a U = 0 case in equilibrium. Here

special attention needs to be paid to the point when εk = 0 where in the half �lling

case, we should only take 1/2 of the weight because half of the particles are entering

and half are leaving the reduced Brillouin zone.. We take our starting time t0 as a

time well before the time we turn on the electric �eld. We assume the system is in

equilibrium at t0 and start the evolution from there. So we take the equations for

αk(t0) = αk and βk(t0) = βk in Eqs. 2.42 and 2.43. The state at t0 is calculated as

〈c†k(t0)ck(t0)〉 = α2
k〈c
†
k+(t0)ck+(t0)〉+ β2

k〈c
†
k−(t0)ck−(t0)〉 = β2

k

〈c†k+Q(t0)ck+Q(t0)〉 = α2
k〈c
†
k−(t0)ck−(t0)〉+ β2

k〈c
†
k+(t0)ck+(t0)〉 = α2

k

〈c†k(t0)ck+Q(t0)〉 = αkβk(〈c†k+(t0)ck+(t0)〉 − 〈c†k−(t0)ck−(t0)〉) = −αkβk

〈c†k+Q(t0)ck(t0)〉 = αkβk(〈c†k+(t0)ck+(t0)〉 − 〈c†k−(t0)ck−(t0)〉) = −αkβk.

(2.187)

Here for T = 0 we used

〈c†k+(t0)ck+(t0)〉 =
1

1 + e(εk+−µ)/T
= 0 (2.188)

and

〈c†k−(t0)ck−(t0)〉 =
1

1 + e(εk−−µ)/T
= 1. (2.189)

This is how we prepare the initial state.
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In the following is a short discussion about the numerical algorithm. The �rst step

is to distribute the momentum space points evenly to the nodes. The total number

of points to distribute is N = (2εcutoff/dε)
2. Here εcutoff is the cut-o� energy, only

points with −εcutoff < εk < εcutoff are included. If we have M + 1 cores used in the

calculation, we set the �rst node as the master node. We distribute the momentum

points to the remaining M cores. So each node calculates N/M energy points. We

�rst calculate the vector potential on each node and save it for later calculation. Then

for each ε and ε pair (or a point), Uk(t, tmin) and U †k(t′, tmin) are calculated for all

time points t ∈ [tmin, tmax] and t′ ∈ [tmin, tmax] and stored into the local memory.

Then for each point, we calculate the Green's functions or other quantities for all

the time points we want to get. For each time point, a variable L is set to store the

sum over these Green's function at this momentum point weighted as in Eq. 2.186.

After all momentum points have been calculated, these variables L are reduced to

the master node to give us the time dependent local Green's functions or other local

quantities. So when running this code, the computer time taken depends inversely on

the time step and inversely quadratically on the energy step. The accuracy of this

calculation is both dependent on the time step dt and energy step dεk(dεk). The error

caused by dt can be evaluated with the accuracy of the moments of the retarded

Green's function. A numerical check in the retarded Green's function at equilibrium

is shown in the table. So the error is not that signi�cant when we take dt < 0.02. In

Table 2.1: Retarded Green's function moments check.
dt 0.002 0.005 0.01 0.02 Expected

Zeroth order 1.000000 1.000000 1.000000 1.000000 1.000000
First order -0.500000 -0.499994 -0.499975 -0.499900 -0.500000
Second order 0.750000 0.760000∗ 0.750000 0.748750 0.750000
Second order 0.312500∗ 0.380000∗ 0.375000 0.373437 0.375000

* Large error caused by too few digits in the data �le
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this thesis, all of the calculations are done with a time step ≤ 0.01. The error caused

by the energy step usually in�uences the maximum correct relative time we could

calculate. In the following, we compare the lesser Green's functions with di�erent

energy steps in equilibrium (the retarded Green's functions have exactly the same

kind of error). The size of the energy step strongly a�ects the maximum relative time

we can calculate. With dε =0.005, we can achieve an accurate lesser Green's function

as far as |trel| < 1300. With dε=0.01, we can get out to |trel| < 650. And with dε=0.02,

we can only get out to |trel| < 320. Here we always have dε =dε. Very roughly, we

can see the maximum relative time we achieve here is inversely proportional to the

size of the energy steps. Approximate we have |trel|max ≈ π/dε. See Figs. 2.9, 2.10 for

a plot of the di�erence between the case dε =0.02 and dε =0.005.

So when we increase dε, the lesser Green's function is still correctly calculated but

with a smaller correct maximum relative time. We can check that the nonequilibrium

case also follows the same rule. Figs 2.11, 2.12 show the comparison for the case with

a Gaussian shape pump pulse.

We can take advantage of this feature. When we calculate the time resolved pho-

toemission signal, we only require the Green's function with t and t′ near the probe

pulse center. We can take dε=0.02 in the TRPES calculation to achieve a better

speed without lowering the accuracy, while must take dε=0.005 when calculating the

retarded Green's function and lesser Green's functions since we require a much longer

relative time to properly �nd the frequency dependent functions.

The code is parallelized with MPICH library. Fig. 2.13 shows a strong scaling

analysis for the code. Clearly, the code is well parallelized until at least 5000 cores.

We safely run our code on 1000-5000 cores, using the super computer at NERSC.
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Figure 2.8: Equilibrium lesser Green's function with dE=0.02,0.01 and 0.005. Max-
imum relative time is inversely proportional to the size of the energy steps
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Figure 2.9: Di�erence of the lesser Green's function at dε=0.02 and dε=0.005. Top
panel shows the error in imaginary part while the bottom panel shows the error of
the real part. The errors for the imaginary and real part of the lesser Green's function
are almost equal at equilibrium. A larger dε doesn't change the accuracy for shorter
times.
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Figure 2.10: Gaussian pulse driven lesser Green's functions have a very di�erent shape
but still show the same maximum relative times for their accuracy as that in equilib-
rium.
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Figure 2.11: Di�erence of the nonequilibrium lesser Green's function driven by a
Gaussian pulse at dε=0.02 and dε=0.005. Top panel shows the error in imaginary part
while the bottom panel shows the error of the real part. The errors for the imaginary
and real part of the lesser Green's function with a gaussian pulse are almost equal
too. A larger dε doesn't change the accuracy for shorter times.
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Figure 2.12: Scaling plot of the lesser Green's function code for strong scaling.
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Chapter 3

Nonlinear response to an external electric field in a Charge

density wave lattice

3.1 Bloch oscillation in a CDW system

A Bloch oscillation describes the oscillation of a particle con�ned in a periodic poten-

tial when a constant force is acting on it [37][38]. A common force is the electric force

caused by a constant DC electric �eld. However, this phenomenon is extremely hard

to observe in a metal due to the scattering from both electrons and lattice defects. But

it is observed in semiconductor superlattices [41][42] [43], in cold atoms in an optical

lattice [40][39] and also in ultra-small Josephson junctions [44]. A tight-binding model

provides a clear picture for a single band system. Take a one-dimensional lattice as

an example. The energy spectrum can be written as

εk = −2t cos(ak). (3.1)

Here let's set the units such that a = e = h̄ = t = 1. In the presence of a uniform

electric �eld, one has

k̇ = −E → k = k(0)− Et. (3.2)

This leads to a velocity in momentum space that satis�es

v(k, t) = −5k εk(t). (3.3)
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In a single-particle model, the real space velocity is the sum over all of the momentum

points

V (t) =
∑
k

f(k, t)v(k, t) =
∑
k

f(k, t)[sin(k(0)) cos(Et)− cos(k(0) sin(Et)]. (3.4)

In a half-�lling case at T = 0, the momentum points satisfying εk < 0 are �lled. So∑
k f(k, t) sin(ak(0)) = 0 and

∑
k f(k, t) cos(ak(0)) = 1/π, then

V (t) =
2

π
sin(Et)→ r(t) = − 2

π
cos(Et). (3.5)

When a constant �eld is applied to a lattice, instead of a linearly increasing speed

of motion, the electrons perform oscillations with the mean position of the electron

�xed. In this thesis, we generalize the Bloch oscillation solution to the case where

the system is in an ordered CDW phase or a two band system where scattering can

be neglected. In this two band model, by including the feature of the band crossing

through the coupling between the points k and k+Q at the band edge crossing, this

becomes a more complicated and nontrivial problem. In this chapter, we study the

interplay between the gap and the Bloch oscillation. This problem is solved exactly

and we show the result for an in�nite dimensional hyper-cubic lattice. This result

can be used to help understand Bloch oscillations in more complicated systems. The

electric current represents the motion of the electrons in a system. A direct way to

study the Bloch oscillation is to calculate the electric current. From the previous

result, the current for a one dimensional case is

j(t) =
1

π
sin(Et). (3.6)

So for the single-band case, we would �nd a current with an amplitude around 1/π =

0.318 and a speci�c frequency w = E. Based on the theory shown in the last chapter,

we can calculate the current with a DC �eld using the NGF technique. In this study,
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Figure 3.1: Results for U = 0.01 in a DC �eld E = θ(t). Panel (a) shows the current,
which is very close to a sine wave with a frequency equal to the amplitude of the DC
�eld. Panel (b) shows the upper band electron occupancy under this electric �eld.
Panel (c) shows the total energy shift from the ground state energy.

we turn on a spatially uniform DC electric �eld abruptly at time 0, and calculate the

evolution of the system. The electric �eld can be described as E(t) = E0θ(t) and the

magnetic �eld is neglected. In a case with U = 0.01 and E0 = 1, the DC �eld is much

larger than the gap size, so the system should have the same behavior as the one band

tight-binding model. Fig 3.1 shows the current, upper band electron occupancy and

the total energy for the case U = 0.01 with a DC electric �eld E0 = 1.The current

shows the same frequency and its amplitude decreases slowly. Panel 3.1(b) shows the

upper band electron occupancy as a function of time. The electrons move between

the lower and upper bands without feeling the gap in this case. Panel 3.1(c) shows

how the DC �eld drives energy into and out of the system.
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Figure 3.2: Upper band electron �lling with di�erent U and E0 values. When E0 is
much larger than U as shown in top panel, the upper band electrons are pumped
up as if there is no gap. When U is much larger than E0 (bottom panel), very few
electrons are pumped to the upper band.
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Figure 3.3: Results for U = 1 in a DC �eld E(t) = θ(t). Panel (a) shows the current,
which has a mixed frequency and shows complex oscillations. Panel (b) shows the
upper band electron occupancy under this electric �eld. Panel (c) shows the total
energy.
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Next, let's have a look at what happens for a larger U that is closer to E0. In the

U = 1 case, the current is initially driven to a relatively large amplitude and then

stabilizes and shows complex oscillations. About 40% of the electrons are driven to

the upper band as the initial �eld is switched on. The upper band electron number

oscillates but keeps a level around 40% of the total number of electrons. So it turns

out that the system gets excited and reaches a quasi-steady state where as much

energy as is driven up to the upper band is subsequently driven down to the lower

band.

We can further study such complicated oscillations of the electrons by taking the

Fourier transform of the current. The Fourier transform of the current over the time

range [-40,80] with di�erent U values is shown in Fig 3.4. When the U is much larger

than the DC �eld amplitude, the electron oscillates at frequencies U ± E0 shown in

the U = 5 case in Fig. 3.4. When U < 2E0, peaks show up around E0 ± U/2 in the

Fourier transform of the current. In between, these two e�ects mix as indicated with

the U = 3 case. So in this two band system, when DC �eld is applied, the band gap

U and the electric �eld amplitude are the two main factors that a�ect the electron

oscillations and these two factors interact with each other to produce new oscillation

frequencies. Another useful quantity to study is the nonequilibrium LDOS. As we

discussed in the last chapter, the time-dependent spectral function is proportional

to the imaginary part of the retarded Green's function as a function of frequency.

We still work on a DC �eld turned on at t = 0 that has an amplitude E0 = 1. The

nonequilibrium LDOS at the A sublattice with U = 1.5 and U = 3 at di�erent average

times are shown in Fig 3.5 and 3.6. Unlike the single-band case, where delta functions

are built up at multiples of the electric �eld amplitude [45], more complicated features

show up in the nonequilibrium density of states. In the case U = 1.5 and E0 = 1, the

nonequilibrium LDOS shows a dramatic change when the �eld is turned on, as shown

74



Figure 3.4: Fourier transform of the current response to a DC �eld E = θ(t) for
di�erent U .
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Figure 3.5: LDOS for U=1.5 at di�erent average times with E = θ(t). Red arrows
show the positions of the electric �eld induced gaps.
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Figure 3.6: LDOS for U=3 at di�erent average times with E = θ(t).

in panel 3.5(b)(c). Finally, the system reaches a steady excited state which is shown

for the non-equilibrium LDOS with a large average time in panel 3.5(d). The lower

band is completely destroyed or shifted under this DC �eld. Field related gaps are

opened as well. The case U = 3 and E0 = 1 shows that the lower band can split and

be shifted. At tave = 0 (Fig. 3.6(b)), the nonequilibrium LDOS shows a split lower

band that eventually approaches a shift by ±E0. The upper band density of states

doesn't shift at all. No apparent �eld related gap is observed here. This also occurs

in the U = 1.5 case: the lower band also splits and gets shifted. But the reason why

those gaps open is not clear.
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Figure 3.7: U=1 tave = 300 at di�erent DC �elds. Red arrows show the positions of
the electric �eld induced gaps.

We can also compare steady excited states with di�erent E0 with the same U .

Steady excited states at U = 1 with di�erent electric �elds are shown in Fig. 3.7. All

these cases show gaps at w = E0/2+nE0, with n some integer. We can see this in the

U = 1.5 case too. The E0 = 1 case shows that the gap at w = 0.5 vanishes. We can

also see that when the �eld gets larger, the gap size also gets larger. In the E0 = 2

case, only the gap at w = 1 is clear, while the other gap edge is not easy to see. We

can still expect to see nonzero DOS peaks around multiples of the electric �eld, but

the peak is not sharply located at the integers but rather is shifted. So the Bloch
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Figure 3.8: Imaginary part of the lesser Green's function at U=1.5 and 3 compared
to the corresponding LDOS on the A sublattice.

oscillation is still there but its frequency is shifted because of the interplay between

the band gap and electric �eld.

The steady state lesser Green's function tells the same story. An example for the

U = 1.5 case is shown in Fig. 3.8. The imaginary part of the lesser Green's function

as a function of frequency (and in the steady state) shows that the electrons are

distributed into the new states created by �eld, in such a way that the upper band is

partially �lled.

In conclusion, driven by an abruptly turned on DC �eld, we still observe phe-

nomena similar to Bloch oscillations. We observe oscillations at frequencies near mul-
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tiples of the �eld amplitude. The LDOS plots show that these electronic states are

produced by splitting and shifting the original state in the lower band. When the

�eld amplitude and U are close, rich features such as the gaps created at E0/2 +nE0

emerge. The DC electric �eld introduces the Bloch frequency and the onsite potential

introduces a frequency at U . These two frequencies interplay in this excitation.

3.2 AC response of a CDW

If this CDW system is instead driven by an AC �eld, the problem is more complicated.

Now we have three factors to think about: the AC driving frequency w0, the amplitude

of the �eld and the band gap U . In this case, we still turn on the �eld at t = 0 and

the �eld goes as a sine wave with frequency w0. So the AC �eld can be written as

E(t) = θ(t)E0 sin(w0t). Fig 3.9 gives an example of the current response to an AC

�eld. The AC driven current shows a mix of di�erent frequencies.

Of course, the electrons must follow the AC �eld and oscillate at a frequency w0.

We examine the case with U = 1 and E0 = 1 for di�erent AC driving frequencies.

Fig 3.10 shows the Fourier transform of the current over time [-40,80] for this case.

We see that peaks are located at U and w0. When w0 is away from U , the signal at

U is more signi�cant. It is very interesting to see in the case w0 = U = 1, peaks are

observed at multiples of w0. These are obviously harmonics of w0. We examine the

case that �xes the onsite potential U and �eld frequency w0 and changes the �eld

amplitude. In Fig. 3.11, when the electric �eld is growing, we �rst observe an increase

of the signal. Then just as shown in the current plot, the electrons start to hit the

Brillouin zone boundary and we see the peaks of harmonics of U(or w0). Larger �eld

amplitudes generate higher maximum harmonic orders. It is very interesting to see

that the peak for those harmonics are not always increasing with the growing �eld.
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Figure 3.9: AC current with U=1, w0=2.5 and di�erent �eld amplitudes

For example, in Fig 3.11, the peak located at w = 5 in the case E0 = 10 has a smaller

peak height than that in the case E0 = 5.

We also calculate the case with U = 1 and w0 = 2.5. The result for this case

is shown in Fig. 3.12. In this case, harmonics do not show up under an AC �eld

with a small amplitude (E0=0.5,1,2). We see that from E0 = 0.5 to 2, there are only

peaks at U and w0. In this range, the larger AC �eld amplitude means a larger signal

amplitude. Now we start to see harmonics when E0 = 5. We de�nitely see harmonics

for both U and w0. With U and w0 di�erent, we observe smaller maximum harmonic

orders at the same AC �eld amplitude. For those frequencies which are harmonics of

both U and w0, it is very common to see cancellations as well.
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Figure 3.10: Fourier transform of the AC current for U=1 and E0=1 with di�erent
w0.
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Figure 3.11: Fourier transform of the AC current for U=1 and w0=1 with di�erent
E0.
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Figure 3.12: Fourier transform of the AC current for U=1 w0=1 with di�erent E0
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Figure 3.13: Fourier transform of the AC current for w0=1 and E0 = 1with di�erent
U .

Finally, we study the case with �xed E0 and w0, but changing U . When U

increases, we see the current amplitude decreases because of the growing insulator

gap size. Peaks are observed at frequencies w = U and w = E0. The �eld amplitude

is too small to generate harmonics.

3.3 High harmonic generation in solid by a pulsed field

Harmonic generation was �rst observed in crystalline quartz by Franken in 1961 after

the invention of laser [46]. In this experiment, a single color laser with a wavelength

of 694 nm was focused onto crystalline quartz, and ultraviolet light with a wavelength
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of 347 nm, which has a frequency twice as large as the original laser is created. The

mechanism of this phenomenon is quite well explained by nonlinear optics and is

widely used in modern laser technology. The Maxwell equation that describes this

nonlinear process is as follows:

∇2−→E − µ0σ
∂
−→
E

∂t
− µ0ε

∂2−→E
∂t2

= µ0
∂2−→P NL

∂t2
(3.7)

where we have µ0,ε,σ to be magnetic permeability, dielectric constant and conduc-

tance, respectively here we add the nonlinear polarization to the right side of the

equation, which can be expressed as a power series in the �eld strength
−→
E (t).

−→
P LN(t) = ε0[χ(1)−→E (t)+χ(2)−→E 2(t)+χ(3)−→E 3(t)+ . . . ] =

−→
P (1) +

−→
P (2) +

−→
P (3) + . . . (3.8)

The symbol χ(n) is the nth order non linear optical susceptibility. A laser beam is

represented as
−→
E (t) =

−→
Ee−iwt + c.c.. (3.9)

When the second order susceptibility is not zero, we can clearly see that the second-

order polarization yields a frequency at 2w, which makes the solution of the Maxwell

equation produce second-order harmonics. So the harmonic generation in nonlinear

crystalline quartz was due to the nonlinear response of the polarization. Further

details can be found in Ref. [50]. However, due to the limitation of higher order

nonlinear response of the polarization in nonlinear crystal (nonzero higher order sus-

ceptibility is hard to obtain), only low orders of harmonics can be produced in this

mechanism.

The �rst high harmonic generation was observed in plasma generated from solid

material in 1977 [47], and later HHG was also observed in a gas. High order har-

monic generation has di�erent features and is still not very well explained. One of the

prevailing theories for high harmonic generation is the re-collision model. This model

86



Figure 3.14: Three-step model for high harmonic generation in atomic gas. Taken
from [55]. With an external �eld, the electron �rst tunneling ionizes (panel a), and
then the electron is accelerated to higher energy in the �eld (panel b), �nally the
electron recombine to the parent ion and releases the energy (panel c). Ip represents
the ionization potential.

considers the nonlinear optical process in three steps: tunnel ionization of an electron,

electron acceleration in the laser �eld, and recombination to its parent ion with an

energy release in the form of higher energy photons [52][53] [54]. Recently Ghimire and

collaborators reported the observation of high-order harmonic generation in a ZnO

crystal, which is the �rst case to observe HHG in the bulk due to the development of

high quality laser pulse [48]. In their experiments, they focus linear polarized high-

power, 9 cycle mid-infrared laser pulses (3.2-3.7 µm) on a single-crystal ZnO wafer

near normal incidence. They observed high harmonic peaks beyond the band edge.

This observation is fundamentally di�erent from the gas-phase HHG. Instead of the

ionization and recombination of an electron, this phenomenon comes from the acceler-

ation of the electrons in the solid and electron-hole pair excitation and de-excitation,

essentially ocurring due to Bloch oscillations. Though the high harmonic generation

is hard to observe in the lattice, it is very natural to obtain the HHG in theory in
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the solid from these Bloch oscillation. When a time-dependent electric �eld E(t) is

applied to the system, the electrons accelerate in momentum space, and when elec-

trons reach the boundary of the Brillouin zone (BZ), Bragg re�ections occur to fold

them back into the �rst BZ. This acceleration process make electrons perform periodic

motions in momentum space. If the electric �eld is strong enough to have |aeE| large

compared to the width of the electronic band, we would observe a discrete energy

spectrum since the electron wave functions become localized. This kind of discrete

energy spectrum is called the Wannier Stark ladder. Rossi proved the equivalency of

the Bloch oscillation and Wannier-Stark ladder pictures [49]. These Bloch oscillating

electrons in an ultrashort pulsed electric �eld naturally lead to nonperturbative high

harmonic generation in bulk material simply by bouncing back electrons from the

boundary of the Brillouin zone.

In our model, we study the Bloch electrons in a two band model, which allows us

to model both excitaitons and acceleration of the electrons. As discussed before, the

Pierels' substitution includes the electric �eld e�ects to all orders. Also since we don't

have scattering in our system, we are able to study high harmonic generation in a two

band structure system with NGF in the Keldysh formalism. The classical picture for

the electromagnetic wave radiation comes from accelerating charges. Electromagnetic

waves are produced once the charge accelerates. The electron acceleration can be

described by the time derivative of the electric current. So the light spectrum is

proportional to ∣∣∣∣∫ dteiwt
d

dt
j(t)

∣∣∣∣2 = |wJ(w)|2. (3.10)

Our method can calculate the transient nonequilibrium current under a very strong

electric �eld pulse in a CDW system.

There is requirement for the pump pulse. In order to model cases with real optical

pulses, we have to make sure the integral of the electric �eld goes to zero, so it has
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no DC component. A typical pulse we use here is

E(t) = E0 sin(w0t) exp(−t2/t20). (3.11)

Here t0 is a constant to represent the pulse width. We can see that if t0 > 2π/w0, the

electric �eld pulse has a well de�ned frequency. Another pulse used in this study is

E(t) = E0 cos(3t) exp(−t2/t20). (3.12)

This pulse yields nearly a zero vector potential for long times. So both pulses represent

good light pulses.

3.4 High harmonic generation of a CDW

Figs. 3.15 and 3.16 show the electric �eld pulses we use and the typical currents in this

study. This current is calculated for the case U = 1. For a small amplitude (E0 = 1),

the current (the black line in the top panels) basically follows the vector potential,

which is the time integral of the electric �eld. The E(t) = E0 sin(2t) exp(−t2/25)

corresponds to a 7-cycle pulse (7 up and down) and E(t) = E0 cos(3t) exp(−t2/25)

corresponds to a 9-cycle pulse. This can be understood as the electron is acceler-

ating without hitting the Brillouin zone boundary. But when the �eld gets larger, the

current shows nonlinear oscillations. The current starts to split when the electrons

hit the Brillouin zone boundary. Following Eq. 3.10, we can produce high harmonic

generation for these two pulses by increasing the amplitude of the pulses. The Fourier

transform is performed with a cut-o� [-40,80]. Here due to the symmetry of a lat-

tice, the HHG plots only produce odd harmonics [51]. When the �eld amplitude gets

larger, we see more harmonics show up and the peaks corresponding to lower orders

split. It appears that the 9-cycle pulse case produces more recognizable peaks than

the 7-cycle pulse, as expected. But at E0 = 1, the 7-cycle pulse case produces a larger
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Figure 3.15: Electric current (top) under the electric �eld pulse E(t) =
E0 sin(2t) exp(−t2/25) (bottom).

maximum HHG order. As we discussed in the AC �eld response section, having the

U equal to the electric �eld driving frequency will enhance the generation of higher

order harmonics. The high harmonic generation for U = 3 with the 9-cycle pulse is

shown in Fig 3.19. It is very complicated how the onsite potential U a�ects the high

harmonic generation, as can be seen from a comparison between the U = 1 and U = 3

cases. By selecting this U equal to the frequency of the pulse, a larger maximum HHG

order emerges compared to the U = 1 case. The onsite potential U also a�ects the

splitting of the peaks. For example, at E0 = 20, a clear splitting is seen in the center
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Figure 3.16: Electric current (top) under the electric �eld pulse E(t) =
E0 cos(3t) exp(−t2/25) (bottom)

of each peak (at the low orders) for U = 1 case, but for the U = 3 case, the peaks

still have not split.

In conclusion, compared to recent reported result on high harmonic generations on

a single band case [56] [51], there is no signi�cant di�erence in the high harmonic gen-

eration. The gap U introduce small di�erences in peak splitting and an enhancement

of the high harmonic generation when selecting the driving frequency w0 = U .
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Figure 3.17: High harmonic generation for the pulse E(t) = E0 sin(2t) exp(−t2/25)
with U = 1.
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Figure 3.18: High harmonic generation for the pulse E(t) = E0 cos(3t) exp(−t2/25)
with U = 1.
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Figure 3.19: High harmonic generation for the pulse E(t) = E0 cos(3t) exp(−t2/25)
with U = 3.
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Chapter 4

Nonequilibrium �melting� of a charge density wave insulator via an

ultrafast infrared laser pulse

Work done in collaboration with Yizhi Ge, A. Y. Liu, H.R. Krishnamurthy, T. P.

Devereaux, and J. K. Freericks.

4.1 Introduction

In equilibrium, electrons interacting with lattice vibrations have a transition either

to a charge-density-wave phase (a static modulation of the electronic charge, like

on a checkerboard) or to a superconductor (electron pairs move without resistance).

If the coupling is weak, the system orders in the Bardeen-Cooper-Schrie�er scenario,

where the ordering occurs at some transition temperature Tc and a gap simultaneously

forms in the electronic density of states. In strong coupling, preformed pairs bind at

a high temperature, forming a gap in the density of states. The ordering only occurs

at a lower temperature. We employ an exact solution of a generic model for pump-

probe time-resolved photoemission spectroscopy in charge-density-wave systems to

show how, in nonequilibrium, a third possibility arises: the gap disappears in the

presence of a nonzero order parameter, and then reforms well after the pulse has

passed. This novel nonequilibrium scenario qualitatively describes all of the available

experiments that have previously been interpreted as the ultrafast �melting� of a

charge density wave, but is a new phenomenon, not directly related to the equilibrium

phase transition.

95



The theory of second-order equilibrium phase transitions has a long history and

is now well understood [57]. In the case of electronic phase transitions induced by

electron-phonon interactions, gaps in the electronic excitation spectrum typically

open up simultaneously with the formation of long range CDW or superconducting

order in weak coupling, and precede the formation of these orders in strong cou-

pling. The theoretical situation for nonequilibrium �phase transitions� is less clear

but needs to be developed to understand recent experiments in ultrafast pump/probe

spectroscopy that investigated chalcogenide-based CDW materials [58], and revealed

a new nonequilibrium paradigm where long-range CDW order persists but the local

electronic excitation spectrum becomes gapless for a transient period of time [59]-[70].

The similarity of these experiments to each other for quite di�erent materials points

towards a quasi-universal behavior in nonequilibrium, whose main features are cap-

tured with a simple exactly solvable model. (See chapter 1 for a review of the experi-

mental work.) Two materials have been the main focus of this experimental work. The

quasi two-dimensional material 1T − TaS2 orders in a three sublattice star-of-David

pattern, and develops an insulating gap that is believed to be due to strong electronic

correlations [71][72]. In TbTe3, the system condenses in unidirectional incommensu-

rate CDW stripes, and the order only partially gaps the Fermi surface, leaving the

system with metallic conductivity [59],[60],[73],[74]. In both materials, experiments

have clearly shown the transient collapse of the CDW gap as the system is pumped

into a nonequilibrium state by a large amplitude pulse [59]-[66] with a width on the

order of 50 fs. At picosecond times after the pump pulse, the density of states (DOS)

as derived from the time-resolved photoemission spectroscopy (PES) oscillates due to

coupling with the soft phonon that is involved in the CDW transition, before the gap

fully reforms at long times. In TaS2, a pump/probe core-level x-ray photoemission

spectroscopy experiment [63] further shows that the amplitude of the CDW order
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parameter is reduced by the pulse, but does not vanish; it eventually settles into a

long-time value that is reduced from the original size due to heating of the system

and relaxation back to equilibrium. The experiments clearly show that pumping a

CDW material leads to a transient �lling in of the gap and a reduction of the order

parameter, but never to zero. Hence, unlike in equilibrium, the CDW order parameter

and the gap in the electronic energy spectrum become partially decoupled.

This change in character of the many-body state has been named a nonequilibrium

melting (or phase transition) of the CDW and it has an inherently di�erent character

from the equilibrium phase transitions where there is a debate about whether CDW

formation is electron driven or phonon driven [75]. For example, the gap is initially

fragile (due to non-locality in time of the density of states) while the order parameter

is initially robust (due to the frozen in lattice distortion), so the behavior of the

system during the transient closing of the gap lies in a di�erent physical realm than

does the equilibrium phase transition.

Electrons interact on timescales on the order of a femtosecond (h/1eV = 4fs).

This motivates the notion of a hot-electron model [64]-[66],[76],[77], where the elec-

trons rapidly thermalize amongst themselves forming a hot quasi-thermal gas that

equilibrates with the phonons on longer (typically picosecond) time scales [68],[78].

The long-time behavior of our system resembles this hot-electron model before equili-

bration with the phonons, but the most interesting regime is the transient one where

properties change most rapidly in time and are not described by such simpli�cations.

4.2 Results for TRPES simulation

In a CDW system pumped by a laser pulse, the lattice distortion is frozen in at

short time scales and cannot relax [68]. Hence the electrons always see a corrugated
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potential due to the ordered arrangement of the ion cores [75] and respond to that

potential by modulating their charge distribution so that the order parameter does

not vanish. We illustrate this in Fig. 4.1, where we calculate the core-level x-ray

photoemission spectroscopy for TaS2 with the lattice distortion �xed at its T = 0

value, but the electrons raised to temperatures up to 4000 K. The core-level shift

is proportional to the order parameter of the conduction electrons, indicating that

the order remains for any �nite temperature, as seen in experiment [63]. Meanwhile,

the DOS is much more sensitive to the pump pulse, and it is easy to make the gap

in the DOS vanish for short times. To illustrate this, we examine an extreme case

of a CDW insulator, where the ordering is driven by a periodic potential which is

equal to zero on the B sublattice and equal to U on the A sublattice of a bipartite

lattice with equal numbers of A and B sites (the electrons are at half-�lling to form

an insulator). This is an extreme limit because the underlying potential due to the

lattice distortion never changes in the model. In equilibrium, the DOS develops a gap

of magnitude equal to U (we choose U = 1t∗ here with t∗ the renormalized hopping

for a hypercubic lattice in in�nite dimensions and the initial temperature before the

pulse equal to zero, as described in the chapter 2). The DOS is di�erent on the A and

the B sublattices. On one lattice, there is a pile-up of states which gives a divergence

that grows like the inverse square root at the lower gap edge, while on the other, the

singularity lies at the upper gap edge. The Fourier transform of such a DOS oscillates

with an amplitude that decays with an inverse square root of time.

The exact solution of this nonequilibrium CDW [including a solution for the pump-

probe PES signal [80]] requires one to use a Kadano�-Baym-Keldysh formalism [81]-

[83] on a contour that runs from t = −∞ to large positive time, returning back to

t = −∞. We solve for the retarded and lesser Green's functions which depend on

two times [83] (t and t′) using an exact evolution operator that can be expressed
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Figure 4.1: Calculated Ta 4f core-level photoemission spectrum for the commensurate
CDW phase of 1T −TaS2. (a) Dependence of the spectrum on electronic temperature
in the hot electron model. The spin-orbit interaction gives rise to a splitting of about 2
eV. The f5/2 and f7/2 levels are further split due to the existence of three inequivalent
Ta sites in the CDW phase. (b) Site-projected contributions to the f7/2 spectrum. The
4f levels on Ta a and b sites lie close in energy and combine into a single peak, while
the 4f level on Ta c sites lies about 0.5 eV lower in energy. (c) Electronic-temperature
dependence of the splitting between the a/b and c peaks in the 4f7/2 spectrum.

as a 2 × 2 matrix for each momentum point in the small Brillouin zone via the

Trotter formula [74]. We have to rede�ne the Green's functions in terms of the Wigner
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Figure 4.2: DOS calculated in nonequilibrium. (a) The equilibrium local DOS on the
A sublattice. (b) The nonequilibrium local DOS at an average time 40h/t∗. Subgap
states are present inside the gap for the nonequilibrium local DOS even for times well
before the pump pulse. (c) Imaginary part of the retarded Green's function in real
time. The inset shows that the retarded Green's function has a long temporal tail.
These e�ects are primarily due to the long temporal tail in the Green's function, and
are not as widespread in a PES experiment, where the e�ect is seen over a shorter
time range (see below).

coordinates corresponding to the average tave = (t+t′)/2 and relative trel = t−t′ times.

The transient DOS at average time tave is then found from the Fourier transform

of the retarded Green's function with respect to relative time [84]. Similarly, the

time-resolved PES response function is found from a probe-pulse-weighted Fourier

transform of the lesser Green's function [80]. The Green's functions are nonlocal in

time and in the ordered phase they have very long tails as functions of relative time,
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hence the e�ect of the pump pulse can modify them both at the time of the pulse,

and for long times before or after the pulse has ended. We illustrate this with the

DOS in Fig.4.2, which shows how the gap region can be signi�cantly changed even

for average times far before the pulse is turned on.

Figure 4.3: Time-resolved PES at T = 0 with E0 = 1.25, plotted in false color. During
and immediately after the electric �eld pump pulse (shown schematically above the
plot), the electrons �rst begin to occupy the energy band above the Fermi energy. For
the transient time from 15h/t∗ to 15h/t∗, the gap in the local DOS closes. For later
times, it reforms.

We model the laser pulse by a one and a half cycle electric �eld that approximately

runs from a time of 15h/t∗ to 15h/t∗ shown in �gure 4.4(d). The equilibrium DOS

on the A sublattice [Fig. 4.2(a)] has a well-de�ned gap, with a pile-up of the DOS at

the upper edge [84]. Even at a time 40h/t∗ before the center of the pulse acts on the

system (25h/t∗ before the pulse starts), we can see that the gap region of the DOS

is signi�cantly changed [Fig. 4.2(b)]. One can directly trace this to the change of the
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Green's function starting at a relative time of about 60h/t∗ and continuing to long

times. [Note that we �t and extrapolate the tail of the Green's function out to well

over 106h/t∗ to get a high-quality Fourier transform; the wiggles in the data in Fig.

4.2(c) are a real e�ect and not the result of a truncation of the Green's function in

the Fourier transform.] Now that we have established the fragility of the gap in the

Figure 4.4: (a) Time-resolved PES signal at the Fermi energy with di�erent probe
pulse widths. As the probe pulse width increases, the signal gradually converges,
illustrating the transient closing of the gap. (b) Conduction electron order parameter
for the charge density wave as a function of time for di�erent pulse amplitudes. (c)
Transient current for E0 = 0.75. The instantaneous frequency of the current response
is proportional to the electric �eld amplitude. With a small �eld, the current follows
the electric �eld movement. For time delays after the pump pulse, the oscillations in
the current have the same frequency as the order parameter has (2π/U). (d) Pump
pulse electric �eld used in the calculation with amplitude E0 = 1.

DOS and explained why this happens, we next show the time-resolved PES signal for
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a electric pulse amplitude E0 = 1.25 in Fig. 4.3 assuming a probe pulse that has a

Gaussian envelope with a width of 14h/t∗ (the �gap� in the time-resolved PES signal

is more robust than in the DOS due to the �nite width of the probe pulse which

limits the range in time for the Fourier transform, bypassing some e�ects due to the

long tails, and the fact that the PES signal is always manifestly nonnegative). The

cases with an amplitude 0.75, 1 and 1.25 have similar TRPES signal, we pick this

case for display. One can see that in the range of time from about −20h/t∗ up to

about 20h/t∗ the gap disappears, and then reforms for longer times. We also see a

signi�cant transfer of spectral weight from the lower to the upper band due to the

nonequilibrium pumping of energy into the system. The system does tend toward a

steady state at long times, which corresponds to the hot-electron model region, and

occurs even though there is no direct electron-electron scattering because there are

dephasing e�ects. We �nd that for long times after the pulse has stopped, the energy

is constant because there is no more energy dissipation.

Since the electrons do not interact with each other, the system has no dissipation,

and hence one might assume it cannot thermalize. Nevertheless, unlike the case of a

single band (U=0) where the current after a pulse remains �xed at the value it had

when the �eld was turned o�, in the CDW case, we see the current amplitude decay

with time. Furthermore, since the rate of change of the energy with respect to time is

the negative of the electric �eld dotted into the expectation value for the current, the

system has its energy change signi�cantly when the pulse is on, and then settle into a

constant value as the pulse decays (even though the current still changes as a function

of time, because the �eld now vanishes). This is illustrated in the top panel of Fig.

4.5, where one can see complex behavior while the pulse is on, eventually settling

down to a constant value for the energy. We can use the average energy to estimate

the e�ective temperature of the system, by calculating the energy as a function of
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temperature for the system in equilibrium, and setting the temperature equal to the

temperature where the energy equals the �nal nonequilibrium energy after the pulse.

Doing so gives kBT = 0.33t∗. We also can calculate the occupancy in the lower

and the upper bands of the CDW as a function of time for the nonequilibrium case

(shown in the second panel of Fig. 4.5 as well), and compare it to the densities in

each band as a function of temperature. Extracting the e�ective temperature this way

gives kBT = 0.26t∗. If the system evolved into a thermal distribution, then these two

temperatures would agree. Their di�erence is one measure of the nonthermal nature

of the �nal state. What is remarkable is that this system remains, nevertheless, fairly

close to a thermal distribution, as these two temperatures are quite close to one

another. So why does this system nearly thermalize and why does the current decay?

The only way this can occur is due to dephasing e�ects, which are likely initiated by

Landau-Zener tunneling when the electrons reach the boundary of the small Brillouin

zone and either Bragg re�ect to the same band or transfer from one band to the other.

As the electron wave packet separates and evolves, its energy has changed, leading to

dephasing e�ects.

The timescale for the closing of the gap is smaller in this model than in experiment.

This occurs because we have not included a phonon bath that couples to the electrons

via the electron-phonon coupling. Such a coupling allows for an oscillating transfer of

energy back and forth between electrons and phonons, until those oscillations become

damped out. When the phonons transfer energy back to the electrons, it is similar to

repumping the electrons by an external pulse, which is why the gap remains closed

for a longer period of time in the experiment.

In Fig. 4.4, we summarize the nonequilibrium �phase transition�. Panel (a) shows

the PES signal at ω = 0 for a range of di�erent probe pulse widths (full width at

half max) at a pulse amplitude E0 = 0.75. One can clearly see that the suppression
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Figure 4.5: Current (top panel), �lling of the upper (red) and lower (blue) bands
(middle panel) and total energy (lower panel) for the CDW system with U=1t* and
the same pulse applied as in the main text. The energy approaches a constant before
the current does, because no energy can be added to the system when the electric
�eld vanishes.

of the gap is robust once the width is large enough. Panel (b) shows that the order

parameter of the conduction electrons (di�erence in the density of the conduction

electrons on the A and B sublattices) is reduced due to the pump pulse but does not
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vanish at E0 = 0.75. For E0 = 1, the order parameter barely touches the zero for an

instant and shows that the order is gone in short time. For E0 = 1.25 and 1.5, a small

reversal of the order is found in this system which remains reversed after the electric

�eld pulse has gone. This is because this system is a closed system and the only

exchange of energy occurs when the electric �eld pulse is present. All of these order

parameters have oscillations with a period of 2π/U at long times, which eventually

are dephased. In panel (c), we show the current in the system during and after the

pump pulse [panel (d)]. The current also shows oscillations with a period of 2π/U ,

which dephase at long times.

4.3 Method

The results shown in Fig. 4.1 of the manuscript were calculated within density-

functional theory using the all-electron, full potential code [85] WIEN2K. The Perdew-

Burke-Ernzerhof [86] version of the generalized gradient approximation was used to

describe the electron-electron interaction. The Ta 4f states were treated as part of the

semi-core, and a second variational approach built on the scalar relativistic approxi-

mation was used to include spin-orbit coupling e�ects on the valence and semi-core

states. For the hot-electron model, the
√

13×
√

13× 1 CDW structure was �rst fully

relaxed using a small electronic temperature. Then the structural parameters were

kept �xed while the �hot� electronic temperature was raised. The plot shows the den-

sity of states, which approximates the core-level photoemission spectrum under the

assumption that matrix elements are nearly constant. The calculated spectra were

broadened using a Gaussian width of 0.068 eV . We use an exact calculation of the

Green's functions to solve the nonequilibrium problem described in the text. Details

of the de�nitions of the Green's functions, how to determine the evolution operator
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with the Trotter formula, and how to evaluate these results e�ciently on a parallel

computer are discussed in chapter 2.

4.4 Short Conclusion

In this work we have shown that a new paradigm exists in nonequilibrium, where

driving a CDW system with large �elds can cause the gap to transiently vanish for

intermediate times in the presence of a large (but reduced) order parameter that never

vanishes. We �nd this behavior with an exact solution of a simpli�ed (and extreme)

case of a CDW insulator modeled by a constant potential that is di�erent on one

of two sublattices. While this exact solution does not capture all of the quantitative

details of the experiments (particularly at longer times when coupling of electrons to

phonons becomes important) for short and intermediate times, it provides a consistent

explanation of all currently available experimental data and is consistent with the

emergence of a quasi-universal behavior in nonequilibrium.
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Chapter 5

Beyond Planck's quanta: amplitude driven versus frequency driven

excitation of a CDW system

5.1 Quantum picture of an electric field driven excitation

One of the founding principles of quantum mechanics is that energy is carried in

quanta given by the relation E = hν where E is the energy, h is Planck's constant,

and ν is the frequency. In fact, 100 years ago Planck showed that light is quantized and

used this to avoid the ultraviolet catastrophe in the black-body radiation formula[88].

Later Einstein explained how these ideas are critical to understanding the photo-

electric e�ect, especially the fact that the threshold for photo-emitting electrons comes

from the color of the light, not the intensity [87]. These ideas have become pervasive

within many body physics, and they arise from linear-response theory[89], where the

energy required for an excitation arises solely from the frequency of the driving �eld

and not the amplitude.

But these ideas must be modi�ed when we enter the nonlinear response regime,

because the system's response can depend on the amplitude of the �eld. A simple way

to understand how this must occur is from two competing excitation processes. On

the one hand, we have the Planck quanta, which gives an energy scale of E = hν, while

on the other hand we have the energy associated with moving a particle in an electric

�eld by one unit cell E = eEa where e is the electric charge, E is the electric �eld

amplitude, and a is the lattice constant. Indeed, if we turn on a dc electric �eld, which
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has ν = 0, we can still excite across the gap of an insulator once the �eld amplitude

is large enough. In this chapter, we will investigate the phenomena that underlies

the crossover from the Planck regime, where the frequency of the �eld dominates

the excitation of the sytem, to the semiclassical regime, where the amplitude of the

�eld drives the excitations. The CDW system we have been examining is ideal for

performing this analysis. It has a well developed gap in equilibrium, the dynamics

can be solved exactly, and as the gap reforms at long times, the excited energy remains

in the system in the form of the number of electrons excited from the lower to the

upper band.

A semiclassical picture of electron excitation occurs as follows: in a single-band

case, the electrons are accelerated by the �eld and re�ected at the Brillouin zone

boundary; in a two-band structure, the electrons are �rst accelerated to the gap edge,

then a band gap crossing may occur or the electrons are Bragg re�ected back to the

same band when they reach the boundary. If the band structure is not a�ected by the

external �eld, the band gap crossing requires the electron to absorb a photon with

an energy larger than the gap in order to be excited. But when a large electric �eld

is applied, the density of states can be modi�ed within the gap, making the energy

requirement smaller. In addition, the electron can tunnel from one band to the other

(�assisted� by the energy stored in the �eld). In the work we show here, the electron

�lling is set equal to 0.5, and we start the system at T = 0 before the �eld is turned

on.

5.2 Long-time electron excitation by a light pulse

To study the amplitude or frequency dependence of the excitation, we pick a �eld pulse

E = E0 sin(w0t) exp(−t2/25). This pulse is driven by a frequency w0 and is con�ned
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by a gaussian shape width. The vector potential for this pulse vanishes at ±∞ and

this guarantees the electric �eld represents a light pulse. The Fourier transform of the

vector potential for this pulse with w0 = 2 is shown in Fig. 5.1 (a).

Figure 5.1: Panel (a) shows the Fourier transform of vector potential of the pulse with
w0=2. Panel (b) shows the time dependent electric �eld.

This �eld pulse has a well de�ned central frequency at w0 and has FWHM ≈ 1

in the frequency domain. This light pulse may represent groups of photons with a

central energy h̄w0. If we plot the transient total energy shift for di�erent w0 cases,

we can get a picture for how the energy is pumped to the system.

With a small w0, the energy pumped into the system is not simply related to the

frequency. Very little energy is pumped into the system in the linear response regime,

which is shown as the case E0 = 0.25 in �gure 5.2. As the amplitude increases, we

eventually reach a threshold where energy is pumped in. Increasing the amplitude

further makes the energy pumped into the system grow. Note in the time traces, how

the initial half cycle of the pulse pumps signi�cant energy in, and the second half

cycle tries to remove it but is much less e�cient, leaving the system with a large

110



Figure 5.2: Top panel shows the total energy shift for di�erent �eld amplitudes with
w0 = 0.1 and U=1.5. Bottom panel shows the shape �eld with E0 = 1.

excitation of energy. If we note that the equilibrium energy is 0.4976t∗ in the U = 1.5

case (all electrons in the lower band), the total energy increase is very sign�cant in

the E0 = 5 case. In this frequency range, it is clear that the larger the amplitude, the

more energy is pumped into the system.

Next we examine a frequency that is roughly the gap size. As shown in Fig 5.3, it

is interesting to see, even when the �eld is very small, each oscillation of the electric

�eld pulse accompanies an addition of energy. So this frequency has the expected

�resonant� response of the Planck regime.
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Figure 5.3: Top panel shows the total energy shift for di�erent �eld amplitudes with
w0 = 1.7, which is roughly the gap size here. Bottom panel shows the �eld pro�le
with E0 = 1.

When the frequency is increased to w0 = 3, which is approximately the total

bandwidth, we can see that the total energy oscillates strongly with the electric �eld.

But unlike the w0 = 1.7 case, in this process, an energy addition to this system always

is followed by an energy loss. The total energy pumped into the system is much smaller

than the maximum energy pumped at speci�c times. This occurs because when the
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Figure 5.4: Top panel shows the total energy shift on a log scale for di�erent �eld
amplitudes with w0 = 3. Bottom panel shows the �eld pro�le with E0 = 1.

frequency becomes too large, it becomes more di�cult to excite electrons in the Planck

regime because the energy associated with the oscillations is becoming too large.

These time traces show that once the pulse has passed, the system has reached

a steady state with respect to the energy, where the long-time limit of the energy

becomes constant, as expected, since the current vanishes at long times, which stops

heating (or cooling) processes from occuring. Next, we focus our attention on the
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long-time limit, by studying the �nal energy transferred into the system as functions

of the driving frequency and the �eld amplitude.

Figure 5.5: The long time limit upper band electron density as a function of w0 with
U = 1.5 and di�erent �eld amplitudes.

One result is shown in Fig. 5.5. When the amplitude is small, there is essentially

no energy pumped in until the frequency is larger than the CDW gap, where energy

can be pumped easily in. As the frequency increases, we go through a maximum,

and then the energy transferred drops again as the driving frequency becomes too

large. A peak centered close to the gap size remains as the amplitude is increased, but

additional structure starts to form for lower driving frequencies. This is the crossover

to amplitude-driven excitations that we want to study, as the Planck relation tells us
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there is insu�cient energy to cross the gap due to single-photon absorption events.

As anticipated, the next peak occurs almost exactly at half the frequency of the

original peak, indicating it is likely a two-quantum excitation process. When the

amplitude is increased further, we eventually enter a complicated regime with many

short-period oscillations, with varying periods. As we move deep into the amplitude-

driven excitation, the frequency of the driving �eld becomes less and less important

and the energy pumped into the system becomes less and less dependent on the

frequency.

So we can make a short conclusion here. In this long time excitation, when the

amplitude is small, it is the frequency that determines whether an excitation will

occur. As the amplitude increases, we always get an excitation around the quantum

frequency. But additional excitations at lower frequencies, indicate that in nonlinear

response, a large amplitude can drive excitations away from that expected by the

Planck relation. They never seem to dominate the excitation, but instead become on

a par with the excitation at the Planck frequency.
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Chapter 6

Conclusion

In this thesis, we work on an exactly solvable two band model to study the ultra-

fast electronic behavior in a CDW system. In this model, we focus on studying the

electronic behavior for transient times, when electron-phonon energy exchange can

be neglected. The large pump �eld also allows us to neglect the electron-electron

interaction. We solved this model in the Keldysh formalism. By applying DC, AC

and pulsed electric �eld to the system, we studied many ultrafast phenomena. We

studied how the CDW gap interacts with the DC �eld and produces new electron

oscillation frequencies. In an AC �eld, there are complicated interactions between

the �eld amplitude, �eld frequency and the gap. This method can also be used to

study high harmonic generation in a two band structure or CDW material. However,

how the onsite potential or the gap a�ects the high harmonic generation is compli-

cated. We calculated the time resolved photoemission signal with several di�erent

pump pulses and found that the order parameter and CDW gap become partially

decoupled in nonequilibrium. Finally, we studied the excitation of electrons due to

amplitude and frequency driving. Future work in this area includes applying this

method to a 2D system which is closer to real materials and apply this method to

study the time resolved x-ray absorption spectroscopy or time-resolved resonant x-ray

scattering experiments.
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Chapter 7

Interfacial effects of Al termination on spin transport in magnetic

tunnel junctions

Paper published at Physical Review B, 82, 054429. As part of the Industrial leadership

in Physics program, this is the result of work completed during my internship at the

IBM Almaden Research Center. In this paper, my work covers the density functional

theory calculation that used Quantumespresso.
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Interfacial e�ects of Al termination on spin transport in magnetic

tunnel junctions Work done in collaboration with T. Tzen Ong, A.M. Black-

Scha�er, and B.A. Jones.

7.1 Introduction

Experiments have shown that the tunneling current in a Co/Al2O3 magnetic tun-

neling junction (MTJ) is positively spin polarized, opposite to what is intuitively

expected from standard tunneling theory which gives the spin polarization as exclu-

sively dependent on the density of states (DOS) at EFof the Co layers. Here we

report theoretical results that give a positive tunneling spin polarization and tun-

neling magnetoresistance (TMR) that is in good agreement with experiments. From

density-functional theory (DFT) calculations, an Al-rich interface MTJ with atomic-

level disorder is shown to have a positively polarized DOS near the interface. We

also provide an atomic model calculation which gives insights into the source of the

positive polarization. A layer- and spin-dependent e�ective-mass model, using values

extracted from the DFT results, is then used to calculate the tunneling current, which

shows positive spin polarization. Finally, we calculate the TMR from the tunneling

spin polarization which shows good agreement with experiments.

The discovery of large tunneling magnetoresistance (TMR) in magnetic tunneling

junctions [90] (MTJs) has prompted great interest in developing these devices for

applications such as magnetic random access memories and magnetic sensors (for

reviews, see, e.g., Refs. [91] and [92]). The TMR should, in an ideal system, be closely

related to the spin polarization of the two ferromagnetic layers sandwiching the insu-

lator, and is typically given by the Julliere model [93] as

TMR ≡=
RAP −RP

RAP

=
2P1P2

1 + P1P2

(7.1)
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Here RAP and RP denote the resistance for the antiparallel and parallel alignments

of the ferromagnetic layers, respectively, and Pi(i = 1) and 2) are the bulk mag-

netic moments of the two layers. This model is based on the assumption that the

spin polarization of the tunneling current, which determines the TMR, is an intrinsic

property of the spin polarization in the ferromagnetic layers. Experimental results,

however, do not often match this phenomenology. Most importantly, for the ferro-

magnetic 3d metals such as Co, which have a negative spin polarization at the Fermi

level, the measured spin polarization across an alumina, Al2O3, insulating barrier

is positive.5Experiments have also demonstrated a strong dependence of spin trans-

port on the detailed structural and electronic nature of the insulating layer and its

interface with the ferromagnetic layers [95],[96]. Density-functional theory (DFT)

calculations of O-terminated interfaces have shown a positive spin polarization for

barrier distances beyond 10 Ȧ [97],[98]. Additional DFT work have shown that addi-

tional oxygen atoms absorbed at the interface form strong Co-O bonds and give

rise to a positive spin interface band. This band was found to be dominant in the

tunneling process and gives rise to a positive spin polarization of the tunneling cur-

rent [99]. Formation of an O-terminated interface with Co-O bonds is obtainable by

moderate to long oxidation times of the Al2O3 layer. An increased magnetization

of the interface Co atoms was found to coincide with the optimum TMR using x-

ray magnetic circular dichroism measurements [67]. However, one recent experiment

failed to detect any induced magnetic moment on the interface O atoms [101], which

should also be present. Hence, details of the physical nature of O-terminated MTJs

remains open. In this work we will instead focus on clean Al-terminated and disor-

dered Al-rich interfaces which are experimentally accessible by not overoxidizing the

junction [102]. Earlier DFT results on Al-terminated junctions have shown that the

magnetic moment on the Co interface atoms is somewhat reduced by charge transfer

119



and screening e�ects [97] but Al-rich junctions have not yet been studied nor have

the positive spin polarization been explained in any of these junctions. We show here

that increasing Al content at the interface can cause dramatic changes in the spin

polarization of both the interface region and the tunneling current, even to the degree

of changing the sign of the spin-polarized tunneling current as measured experimen-

tally. This explicitly demonstrates that oxygen absorption is not the only means to

achieve positive spin polarization as was recently suggested [99]. More speci�cally,

we use DFT to model Co/Al2O3/Co magnetic tunnel junctions with varying Al-rich

interfaces to determine atomic structure, band structure, and local-density of states

(LDOS). The DFT results explicitly show the importance of the proximity e�ect on

the LDOS of the interfacial layers. The LDOS near EF of the interfacial Co layer leaks

into the �rst Al layer of the insulating barrier, and gives rise to a small but �nite DOS

near EF , hence metallizing the Al layer, as has been seen experimentally [69]. The Al

layer also picks up a small ferromagnetic moment due to this proximity e�ect. Simi-

larly, the LDOS and the spin polarization of the nearest Co layer is reduced. Thus,

the spin DOS changes as we cross the interface and the spin polarization actually

becomes positive for Al-rich interfaces. The di�erence between spin polarization of

the LDOS versus that measured in transport was pointed out in an important work

by Mazin [103]. We see similar physics in this sys- tem, where the spin polarization

of the LDOS at (EF ), ρ(EF ), is negative in the bulk-like Co(1) layers, whereas the

tunneling current is positively spin polarized. We are also able to show that there is a

change in the spin polarization of EF from negative in the bulk-like layers, to positive

in the interfacial layers, which directly leads to a smaller transmission coe�cient for

the spin-down electrons. This gives physical insight into the relationship between the

spin polarization of ρ(EF ) and the tunneling current. We use a position-dependent

e�ective-mass model to explicitly calculate the spin polarized tunneling current of our
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junctions. The change in the e�ective mass of the di�erent bands between the elec-

trode bulklike layers and the interfacial layers result in better matching between the

spin-up bands, compared to the spin-down bands. There is then less re�ection at the

interface, and hence a larger transmission coe�cient for the spin-up bands ultimately

resulting in a positive spin-polarized tunneling current in the Al-rich junctions. The

paper is organized as follows. In Sec. II we review the details speci�c to the DFT

calculations. We also present the di�erent interface structures we have studied. In

Sec. III we report the results for the clean Al-terminated interface as a baseline for

the Al-rich interfaces. In Sec. IV we discuss interfacial scattering by excess Al atoms

before we present DFT results for disordered, Al-rich interfaces in Sec. V. Finally

in Sec. VI we explicitly calculate the spin-polarized tunneling current and the TMR

based on the DFT LDOS and band-structure data.

7.2 DFT computational details

To model the Co/Al2O3/Co magnetic tunnel junction we have created Co/Al2O3/Co

supercells with various Al-terminated interfaces. Thin-�lm Co is predominantly found

in the fcc phase and experimentally it has been found that alumina grows on top of the

(111) plane of fcc Co [96]. We have chosen a 2×2 surface unit cell of (111) fcc Co with

the theoretical lattice parameter a=3.38 Ȧ (aexp=3.55 Ȧ) as the base structure. In

order to enforce bulk conditions in the inner cobalt layers we �x the atomic positions

for the three innermost Co layers. As can be seen in Figs. 7.1 and 7.5 the relaxed Co

layers still closely resemble the constraint layers and thus this relaxation procedure

should yield accurate results despite the �nite unit cell. For the tunneling barrier

we use one unit cell of α − Al2O3 (corundum)with the [0001] orientation and Al

termination to model the experimentally amorphous alumina. This structure contains
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four Al layers with three O layers in between them. Since alumina is grown on top

Figure 7.1: Atomic structure of the clean Al-terminated interface junction. The unit
vectors for the supercell as well as the layer identi�cation tags are shown. Layers
Co(1), Co(2), and Co(7) were kept �xed in order to impose bulk Co conditions.

of cobalt we adjust the lateral dimensions of alumina to that of the cobalt. This is

the same crystallographic orientation as used in previous DFT studies [97]-[99] and

gives an experimental lattice mismatch of only 6 % between the cobalt and alumina.

While most previous theoretical work have focused on oxygen-rich interfaces there

also exist experimental data showing Al termination at the Co/Al2O3interface [102].
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We investigate both the clean, abrupt interface with Al termination, see Fig. 7.1,

and two di�erent cases of Al-rich interfaces. The �rst case has one mixed interface

layer with a 1:1 Al to Co ratio. The second case has two mixed layers with a 3:1 and

1:1 Co to Al ratio, respectively, see Fig. 7.5. We will present the results for the clean

interface system in Sec. III and the results for the disordered interface system with two

mixed layers in Sec. V. We found the results for the system with one mixed layer to

be an interpolation of the clean and two mixed layer interfaces. The band structure

and LDOS were calculated using the �rst-principles DFT pseudopotential method

implemented in the Vienna ab initio simulation package (VASP) [104]. We have used

ultrasoft pseudopotentials and employed both the local-density approximation (LDA)

and the generalized gradient approximation (GGA). In general, we expect the LDA

calculations to underestimate the lattice constant and the band gap whereas GGA

calculations sometimes overcompensate for the LDA error. Thus GGA calculations

often results in less consistent errors which is somewhat problematic when studying

trends, as we have also found in this work. The cut-o� energy for the plane-wave

expansion was set to 29 Ry. After k-point convergence tests we chose a 9 × 9 × 1

Γ-centered k-point sampling. The atomic structure, except the �xed three innermost

Co layers, was relaxed until the change in total energy between two ionic steps was

less than 103eV. With this convergence criterion the residual forces were found to be

less than 0.02 eV/Ȧ for the interfacial Co or Co−Al layers. The LDOS per layer was

calculated as a spd site-projected LDOS using the monatomic Wigner-Seitz radii and

then summed over each layer, see Figs. 7.1 and 7.5 for typical layout of the layers.
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Figure 7.2: LDOS for the innermost Co layer, Co(1), for the clean Al-terminated
interface. The LDOS shows typical bulklike character as expected.

7.3 Clean Interface

Figure 7.1 shows the supercell used for calculating the properties of a clean, Al-

terminated interface junction. We performed both LDA and GGA calculation but

found the LDA results to be more self-consistent. For reference we also used Co in

the hcp structure but could not detect any signi�cant change from the fcc structure,

which was then used throughout the rest of the work. Figures 7.2-7.4 show the LDOS

for the innermost Co layer, Co(1), the interface Co, Co(4), layer, as well as the

�rst Al layer, Al(1). As expected, the LDOS for Co(1), which is furthest from the

interface, is almost identical to that of bulk Co with an exchange splitting of ≈1.5

eV. The major peaks in the spin-up d-electron LDOS is below EF , indicating that the

spin-up d orbitals are �lled as expected. Similarly, some of the spin-down d-electron
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Figure 7.3: LDOS for the interfacial Co layer, Co(4), for the clean Al-terminated
interface.

peaks are above EF , showing that some of the spin-down d orbitals are un�lled;

this gives rise to the net magnetic moment. The s and p electrons also show some

hybridization with the d electrons, as evidenced by the slight increase in the spin-

up s- and p-electron density at ≈3 eV, and the spin-down s-electron and p-electron

density at ≈4.3 eV. The LDOS for Co(4), which is the layer at the interface for the

clean interface, shows the e�ect of hybridization with the s− p electrons in the Al(1)

layer next to it. The d electrons are more delocalized and this is re�ected in that

the d-electron peaks are not as well de�ned as in the Co(1) layer. The peak in the

spin-up d band near 3 eV is reduced, and the peak near 5.6 eV has been shifted to a

much smaller peak near 5 eV, and the rest of the spectral weight spectral weight has

been moved to a more delocalized LDOS around 5 eV. There is also a slight reduction

in the magnetic moment in this Co(4) layer as compared to the bulklike Co(1). The
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spin polarization,δs =
ρ↑(EF )−ρ↓(EF )

ρ↑(EF )+ρ↓(EF )
for the Co(1) layer is -0.64 but -0.43 for the Co(4)

layer. For this clean interface system, this is due to the hybridization between the

Co d electrons and the Al s − p electrons at the interface. The trend of increasing

positive spin polarization as the interface is approached is seen in all three systems,

i.e., in both the clean interface and the two disordered interface cases which we have

modeled. The detailed behavior of the spin polarization is shown in Fig. 7.10, and

is discussed further in Sec. V. The Al(1) layer is the start of the insulating Al2O3

Figure 7.4: LDOS for the �rst Al layer in the insulating barrier, Al(1), for the clean
Al-terminated interface.

barrier. However, due to hybridization of the Al s− p electrons with the d electrons

in the neighboring Co(4) layer, there is a �nite DOS at EF . It is only the O(1) layer

next to Al(1) that shows a gap at EFand therefore the actual width of the insulating

barrier is decreased by one to two atomic layers. Calculation of the current-voltage

curves using both cases shows that a decrease by one atomic layer gives a better �t

with experimental results [105]. This means that the metallization of the Al(1) and
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Figure 7.5: Atomic structure of a disordered Al-rich interface junction. The unit vec-
tors for the supercell as well as the layer identi�cation tags are shown. The Int25
layers contain a 3:1 Co to Al ratio whereas the Int50 layers have a 1:1 ratio.

Al(4) layers in actual samples is probably only partial with a resulting decrease in

tunneling width of a total of only one atomic layer.
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7.4 Interfacial scattering and Friedel screening effects

From transmission electron microscopy studies of MTJ structures, it can be seen that

there is atomic-level disorder at the interface [106],[107]. This atomic-level disorder at

the interface will necessarily result in scattering of the conduction electrons. Assuming

Al termination at the interface, the Al atoms will act as positively charged impurities,

because of their charge in the alumina, and this charge should get screened by the

s−p and d electrons in the Co. From Friedel's sum rule, we know that the conduction

electrons will screen the impurity charge, resulting in a change in the LDOS near the

interface. Almost all of the screening will be due to the d electrons as the LDOS of the

d electrons is much larger than the s and p electrons for Co at EF . Also, since the spin-

down DOS in cobalt is larger than the spin-up DOS at EF , more spin-down electrons

will be involved in the screening. This will result in a spin-dependent change in the

LDOS at the interface. Similar spin-dependent charge-transfer e�ects have also been

seen in other DFT works on clean Al-terminated interfaces, where there is a larger

transfer in the spin-down band than the spin-up band [97]. We can calculate the

approximate shift in EFand LDOS at EF , δρos(EF ), for the spin-polarized d-electron

bands, and give an estimate of the spin-dependent Friedel-screening e�ect [75]. We

assume one Al impurity per unit cell and use the LDOS of clean Co as shown in

Fig. 7.2. The total phase shift for both spin-up and spin-down bands must satisfy

θ↑(EF ) + θ↓(EF ) = πZ, where Z is the charge of the impurity, so as to completely

screen the impurity. The phase shift of each band,θs(ε), is given by

tan[θs(ε)] = πρos(ε)

Fs(ε)− 1
U

Fs(ε) = P
∫ ρos(ε

′)
ε−ε′ dε

′
(7.2)

Here, U, the impurity potential, as seen by both bands is clearly the same. Since

ρo↓(EF ) > ρo↑(EF ), the spin-down band is expected to screen more of the impurity
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charge than the spin-up band. In the �rigid-band� approximation, the shift in EF can

be approximated by ∆s = θs
πρos(EF )

and the change in the LDOS at EF is approximated

by δρos(EF ) = ∆s
∂ρos
∂ε

(EF ). A straightforward calculation gives θ↑(EF ) = 0.42π and

θ↓(EF ) = 0.58π, which gives ∆↑ = 0.30 eV and ∆↓ = 0.56 eV, showing that the

spin-down d electrons experience a Freidel screening e�ect that is about twice as

strong. Since the tunneling current depends strongly on the DOS at EF , this change

in the LDOS will have a signi�cant e�ect on the spin-polarized tunneling current.

Figure 7.6: Spin-dependent LDOS for Co(1) layer, for the Al-rich disordered interface.

As will be shown below, DFT results for the Al-rich interfaces clearly demonstrate

the signi�cance of hybridization and the spin-dependent Friedel screening e�ect. In

order to obtain an accurate and reliable band structures arising from this Al-induced

disorder e�ect, we carried out DFT calculations on interfaces with an excess amount

of Al incorporated at the interface. We believe the most obvious place for these excess

Al atoms are to replace Co in the Co lattice and we therefore created interfaces with

Al-Co layers. As described in Sec. II we studied both junctions with one and two

Co-Al interfacial layers. The case with only one interfacial layer can qualitatively
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Figure 7.7: Spin-dependent LDOS for �rst interface layer, Int25(1), with the ratio
Co:Al=3:1.

be interpreted as an interpolation between the clean and the two interfacial Co-Al

layer interfaces so we will for clarity and compactness only report the results on the

case with two interfacial Al-Co layers. The layer spin polarization in Fig. 7.10, which

includes the results for all three structures, clearly shows the intermediate features

for the one interfacial layer structure.

7.5 Al-rich disordered interface

The self-consistent atomic structure of the supercell for modeling the Al-rich disor-

dered interface, with interface layers Int25 and Int50, is shown in Fig. 7.5. The �rst

interface layer Int25(1), i.e., the layer closest to the Co substrate, has a 3:1 ratio of Co

to Al, and the second mixed layer Int50(1),which is next to the Al(1) layer, has a 1:1

ratio of Co to Al. In Figs. 7.6-7.9 we plot the spin-dependent LDOS for the �rst Co
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Figure 7.8: Spin-dependent LDOS for second interface layer, Int50(1), with the ratio
Co:Al=1:1.

layer, Co(1), the �rst interface layer, Int25(1), the second interface layer, Int(50), and

the �rst Al layer, Al(1), respectively, to show the change in spin-dependent LDOS as

we approach and cross the interface. Comparing these results with those from Sec.

III, we are able to see the e�ects of Friedel screening of Al atoms at the disordered

interface. As expected, the LDOS for Co(1) is almost the same as bulk Co and the

Co(1) layer of the clean interface case, giving an exchange splitting of ≈1.5 eV. The

LDOS of Co(1) shows a large spin-down polarization at EF , with ρ↑(EF ) ≈ 1eV −1 and

ρ↓(EF ) ≈ 4eV −1, similar to that of the clean interface case. This means the screening

length for the interfacial disorder e�ects is very short, of about one atomic layer,

as expected for a metal. The mixing of Al and Co in the disordered layers near the

interface results in spin-dependent Friedel screening, which changes the LDOS. Since

ρ↓(EF ) > ρ↑(EF ) for bulk Co and also in the Co(1) layer, screening of the Al atoms in
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Figure 7.9: Spin-dependent LDOS for �rst Al layer, Al(1), for the Al-rich disordered
interface.

the Int25 and Int50 layers would be mostly from the spin-down d electrons. Therefore

ρ↓(EF ) should change proportionally more than ρ↑(EF ), as shown in the calculation

for the Friedel screening. The e�ects of the spin-dependent screening are seen in both

the LDOS near EF and the total number of d electrons per layer. There is a large

change in the LDOS at EF for the Int50 layer compared to the Co(1) layer, which has

signi�cant importance for tunneling transport. For the Int50 layer, ρd↑ = 1.0eV −1 and

ρd↓ = 1.9eV −1. Comparing this to the bulklike layer of Co(1) where ρd↑ = 1.0eV −1

and ρd↓ = 3.4eV −1, we see that there is clearly a much larger change in the spin-down

LDOS. The spin-up LDOS is unchanged while the spin-down LDOS is almost reduced

by half. Similarly, there is a much larger change for the total spin-down d electrons

in the Int50 layer. The total d electron charge in the Int50 layer is 8.4 eV−1/layer and

7.2 eV−1/layer for spin up and spin down, respectively. In comparison, the average
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of the Al(1) and Co(1) layers is 9.0 eV−1/layer and 6.0 eV−1/layer, respectively, for

spin up and spin down. This shows the spin-dependent change in the LDOS of the

interfacial layers is due to screening e�ects, whereas hybridization should lead to a

similar change in the LDOS for both spins. In addition, we have calculated the average

of the LDOS of the Co(1) and Al(1) layers in the clean case to obtain an estimate

for the e�ects of hybridization, and compared that to the Int50 LDOS for a clearer

picture of the e�ects of the spin-dependent screening. The LDOS near EF for the two

are very similar for spin up, whereas spin down shows a large shift of spectral weight

from around EF to the peak seen in Int50 at about 4.6 eV. This leads to the change

in the spin polarization at EF and also a�ects the spin-polarized tunneling current,

both of which are discussed further in the fol- lowing sections. The sharp peaks in the

d-electron LDOS that were seen in the Co(1) layer are also signi�cantly reduced in

the Int25 and Int50 layers, indicating that the d-electron orbitals are more delocal-

ized. This is due to hybridization with the Al s− p bands from the neighboring Al(1)

layer, and with the Al s− p electrons in the layers itself. We notice that the �rst Al

layer, Al(1), has a small but �nite LDOS at EF , since it has become metallized by

proximity to the Co layers, an e�ect also seen for the clean interface. The e�ective

insulating width of the Al2O3 layer is therefore again reduced by approximately one

atomic layer. We plot in Fig. 7.10 the spin polarization, δs, of the three di�erent

Table 7.1: E�ective-mass values (m/m0) for the di�erent electron bands in the cobalt
layer, the interface layer, and the insulating Al2O3layer. Notice the large change in
the e�ective mass for the spin-down d2 bands between the Co(1) and the Int25/Int50
layers.

Co (1) layer Int25/Int50 layer Al2O3 layer

Bands s− p d1 d2 d3 s− p d1 d2 s− p
Spin ↑ 0.45 0.81 2.05 6.19 0.51 0.81 1.70 1.0
Spin ↓ 0.37 1.02 4.99 7.89 0.51 0.58 1.70 1.0
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Figure 7.10: Spin polarization at EF , δs(EF ), of the three di�erent MTJ structures
investigated assigning the Al(1) layer to be layer 0. Clean interface (black), one Co/Al
interfacial layer (green), and two Co/Al interfacial layers (red).

Al-terminated MTJ structure studied, starting in the bulk and moving across the

interface into the Al2O3 insulating barrier. Due to the periodicity of the supercell in

the DFT simulation, the Co(1) and Co(2) layers, and the Co(9) and Co(10) layers

that are not shown, are the bulklike layers for the two systems with a disordered

interface. As we approach the interface we can see an increase in δs of each layer.

The bulk Co layers have a δs ≈ −(0.6 − 0.8) in all structures. For both the clean

and disordered system, δs increases as we approach the interface. For the clean Al-

terminated interface the spin polarization remains slightly negative at the interfacial

Al(1) layer and becomes slightly positive in the O(1) layer. For the two interfacial

layer structures (Fig. 7.5) the spin polarization similarly increases toward the inter-

face, δs = −0.32 in the Int25 layer, and δs = −0.27 in the Int50 layer. Furthermore,

the spin polarization becomes positive, δs = 0.2, at the metallized interfacial Al(1)

layer. Looking at the change in spin polarization from the bulk-like Co(1) layer to
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the layer at the interface, the increase in δs from the Co(1) to Co(4) layer for the

clean interface system can be attributed solely to hybridization with the Al s − p

electron in the Al(1) layer. For this system, the spin polarization changes from -0.64

to -0.43, which is a change of 33%. On the other hand, for the disordered system

with two mixed layers, δs increases from -0.58 to -0.26 between the Co(1) and the

Int50 layer, which is a change of 55 %. This clearly shows the additional e�ects of

the spin-dependent Friedel screening and interfacial disorder on the spin polarization.

We have also calculated the magnetic moment for each layer, for both the clean and

disordered interface systems. The magnetic moment decreases monotonically, and is

reduced by 15 % from the bulk value at the Co(1) layer to the Co(4) layer at the

clean interface, with most of the reduction occurring in the two layers nearest to the

interface. Similar results are obtained from the disordered interface system. To study

the source of the positive spin polarization in the interface region shown in Fig. 7.10,

we have performed a calculation on a model system, an �essential unit cell� of the

interface region, shown in Fig. 7.11. This is composed of an Al atom bonded to two

Co atoms in one direction and to three oxygen in the other. These oxygen are bonded

to a second Al and the structure simpli�ed by termination at this point with two �nal

Co. The bond lengths and angles were chosen to

match those of the clean structure, Fig. 7.1. For reasons shown in the following

discussion, we believe the model structure may capture much of the essence of the spin

interactions and hybridization at the interface. Density-functional calculations were

performed on this system in a comparable manner to those in the rest of this paper,

including full relaxation of the structure. The program QUANTUM ESPRESSO (Ref.

[76]) was used with convergence and other properties similar to those described in

Sec. II. Relaxation of the structure did not change the bond lengths or angles from

those of the full calculation of Fig. 7.1. Figure 7.11 shows the spatial distribution of
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Figure 7.11: Atomic structure of model system of nine at- oms representing the Al-
terminated Co/Al203/Co MTJ structure. The �gure shows the total spin polarization
and the color indicates the spin polarization for each atom. The Al atom is positively
spin polarized and the Co atom is negatively spin polarized. This result is due to a
kinetic exchange process. Matching so closely the larger calculation, it is suggestive
that a kinetic exchange process is also responsible for the positive spin polarization
in the larger structure.

the spin polarization with contrasting color indicating opposite direction of spins. We

note �rst of all the marked similarities between these results and those of Fig. 7.10.

The total spin polarization on both the Al and O layers is positive, opposite to the

negative spin polarization of the Co. In addition, the spin polarization of the Al is

not centered on the Al itself, but rather is midway to the Co, indicating the extent
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of the hybridization. Both the Al and Co polarizations have a marked anisotropy,

indicating the preferential involvement of certain orbitals in the development of the

spin polarization. Al draws electrons from the Co, a process akin to Friedel screening

in a larger system. The electrons are then spin polarized in the opposite direction to

Co due a kinetic exchange process. The system lowers its kinetic energy via kinetic

exchange; i.e., hopping of the spin-down electron from the Co atom onto a virtually

excited state of the spin-up polarized Al atom, and back onto the Co atom. There

is also a superexchange interaction occurring in this small system between the two

Co atoms via the Al [77]. Similarly we �nd in the full MTJ structure, shown in Fig.

7.1, that the Al has a total spin polarization opposite to the Co atom. We suggest

this is due to similar Pauli exclusion e�ects in the screening pro cess. If the MTJ

structure is O terminated instead, the inter- facial O atoms would behave similarly

to the interfacial Al atoms that we have described above; i.e., the O atom would be

screened by the Co electrons and would have a net positive total spin polarization. The

spin-polarization results for the three di�erent Al-terminated systems shown in Fig.

7.10 shows explicitly that not only a O-rich but also a Al-rich disordered interface can

give rise to a positive spin polarization in the insulating alumina layer. Moreover, this

positive spin polarization can be reached in a region with a �nite LDOS at the Fermi

level for an Al-rich interface, namely, the Al(1) layer, which is of crucial importance

when studying tunneling processes. The e�ects of the change in spin polarization

on the tunneling current is modeled using spin-dependent e�ective masses for the

di�erent bands in each layer as discussed the section below. This is shown in Table I,

especially for the d2 bands, which contribute the most to the LDOS at EF . The details

of the e�ective-mass derivations and e�ects on the tunneling current are discussed in

Sec. VI.
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7.6 Spin-polarized tunneling current

In this section, we show how the net positive spin polarization at the interface leads

to a positively spin-polarized tunneling current. Using a straightforward tunneling

Hamiltonian that models the �nite gap in the band structure of the Al2O3 layers, and

e�ective-mass values directly extracted from the DFT calculations, we calculate that

the tunneling current is positively spin polarized. This is due to the large change in

spin-down LDOS between the bulklike and interface layers, resulting in a greater mis-

match in e�ective-mass values; hence the spin-down electrons have a smaller trans-

mission coe�cient. Our fundamental model thus enables physical insight into the

relation between the spin polarization of the LDOS and the tunneling current. Fur-

thermore, we are able to obtain reasonable agreement in the polarization values with

experiments, i.e., calculated value of 53 % compared to an experimental value of 42%.

The position-dependent e�ective-mass model is solved numerically to obtain the tun-

neling current. The tunneling layer is modeled in the standard manner as a potential

barrier, Vo, with thickness a, and applied voltage V1. The Hamiltonian for the system

is written simply as an e�ective kinetic mass term and a potential barrier,

H =
p2

2m(x)
+ θ(x)θ(a− x)(V0 −

V1

a
x). (7.3)

The e�ective mass, m(x), changes discontinuously from layer to layer, and the values

for the di�erent s−p and d bands are obtained from the DFT calculations as described

below. The Fermi energy is 6.78 eV, as determined from the LDA results, the e�ective

barrier height, V0=9.4 eV, is obtained from electron spectroscopy of thin-�lm Al2O3

layers [78]. The e�ective width of the Al2O3 layer, a, is taken to be one atomic layer

thinner than the actual thickness shown in Fig. 7.5, due to the partial metallization

of the Al layers at the interface. The appropriate boundary conditions to be imposed
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between every layer is

ψ(0−) = ψ(0+)

1
m1

dψ
dx

(0−) = 1
m2

dψ
dx

(0+)
(7.4)

where m1 is the e�ective mass for the layer on the left, x < 0, and m2is the e�ective

mass for the layer on the right, x > 0, where x = 0 is where the layers meet. We

extract e�ective masses for our model from the DFT results as follows. The DFT

LDOS data is decomposed into s − p and d bands for each of the layers, which we

model separately with di�erent e�ective-mass values. The d-electron band is modeled

using three bands, d1, d2, and d3, so as to more realistically capture the LDOS near

EF . First, we project the DFT LDOS data into s−p and d bands for each of the layers

and, in particular, look at the data near EF . Next, we model the d-electron band as

three separate bands in order to more accurately capture the LDOS near EF . The

large peak near EF is modeled using one band, labeled as d3, the overall large-e�ective-

mass d band is modeled using another band, labeled as d2, and a more �at sp-like

band is labeled as d1. We model the s− p, d1, d2, and d3 bands with a free-electron

density-of-states expression, with e�ective mass, m∗, and the band edge as �tting

parameters. To check our results, we also use the full LDA band structure to extract

the Fermi velocity, vF , for each band and then use vF = kF
m

to extract an e�ective

mass, m∗ for each of the bands. We �nd that the e�ective masses, m, extracted from

the free-electron picture above are in good agreement with the band-structure masses,

m∗, and thus we have a high con�dence in our approach. The e�ective masses, with

respect to the bare electron mass m0, are shown in Table I. Here the two disordered

layers at the interface, Int25 and Int50, are treated as one single layer for ease of

calculation. The LDOS of the two layers are similar and the e�ective-mass value used

is the average of the e�ective masses obtained from the two layers. The d3 bands in

the interface layers do not cross EF and are therefore assumed to be irrelevant for
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the transport calculations. The increase in the spin polarization due to the Al-rich

interface is re�ected in the spin-dependent e�ective masses of the d-electron bands,

especially in the d2 bands which has the largest LDOS at EF . It is shown in Table I

that the d2 bands in the Co(1) layer have e�ective masses 2.05m0 and 4.99m0 for spin

up and spin down, respectively, which both reduce to 1.70m0 in the interface layer.

Clearly the larger decrease in spin-down LDOS near EF , due to the Friedel screening

e�ect and LDA results shown in Secs. IV and V leads to a corresponding increase

in spin polarization δs(EF ). This decrease in LDOS is modeled by the change in the

e�ective-mass values from the Co(1) layer to the interface layers. A smaller tunneling

probability for the spin-down d bands hence results, due to the larger spin-down

e�ective masses, and the greater mismatch in e�ective masses between the Co(1) and

the Int25/Int50 layer. This is clearly seen for all three d1, d2, and d3 bands, and hence

there is a smaller spin-down polarized tunneling current. The exact wave functions

for the Hamiltonian, Eq. (3), are described by Airy functions whose coe�cients are

determined numerically using the boundary conditions, Eq. (4), and a normalization

condition for the wave function. The numerically determined wave function is then

used to calculate the tunneling probabilities and tunneling current which is given by

the standard current expression,

j = ih̄[
∂ψ(x)

∂x
ψ∗(x)− ∂ψ∗(x)

∂x
ψ(x)] (7.5)

Figure 7.12 shows the tunneling current for the parallel con�guration, where the

magnetization of the two cobalt layers are parallel. Therefore, the spin-up electrons

tunnel to the spin-up bands, and similarly for the spin-down electrons. The s−p band

electrons naturally tunnel to the s−p band by symmetry, and since the d1, d2, and d3

band electrons were originally modeled from the same d-electron band, they tunnel

into the other bands as well; i.e., the d1 band electrons tunnel into the d2 and d3 bands

140



as well as the d1 band. The spin-polarized tunneling for both the s− p electrons and

Figure 7.12: Spin-polarized tunneling current of MTJ struc- ture. The lower trans-
mission coe�cient for the spin-down bands, due to a greater mismatch in e�ective
masses, result in a lower tunneling current compared to the spin-up bands.

Figure 7.13: Tunneling magnetoresistance of MTJ structure calculated from Julliere's
formula with spin polarization obtained from spin-polarized tunneling current shown
in Fig. 7.12.

the d electrons are positive, up to ≈0.9 eV. The positive spin-polarization tunneling
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current arises from a greater mismatch in the e�ective masses of the spin-down bands

between the bulk cobalt layer, Co(1), and the interface layers as compared to a smaller

mismatch in the spin-up bands. This is also seen in the s-p bands, where there is a

slightly better match between the spin-up e�ective masses. This results in a slightly

larger spin-up tunneling current for the spin-up s − p band, as shown in Fig. 7.12.

There is also a large peak, modeled as the d3 band, in the LDOS of spin-up d electrons,

approximately 100 meV below EF , that a�ects the spin-polarized tunneling; whereas

a similar peak for the spin-down d electrons is 1.26 eV above EF due to the exchange

splitting. This is seen clearly in Fig. 7.6. Therefore, for an applied voltage larger than

100 meV, this large spin-up d3 band will contribute, and results in a larger spin-up

polarized tunneling current. This continues until 0.91 eV, when the bottom of the spin-

down d3 band crosses the quasi-Fermi level and starts to contribute to tunneling. The

positive spin- polarized tunneling current re�ects the positive spin polarization shown

in Fig. 7.10 as we cross from the cobalt layers into the Al2O3layer and explains the

positive spin polarization found experimentally. Finally, we can numerically calculate

the tunneling spin polarization, P =
I↑−I↓
I↑+I↓

, where I↑,↓ is the spin-polarized tunnel-

ing current given in Fig. 7.12. Using Julliereâ��s formula, Eq. (1), we then calculated

the TMR from the numerically derived tunneling spin polarization P , and the results

are shown in Fig. 7.13. The calculated spin polarization is P = 53%, which compares

very well with the experimental values of 42% for Co and 55% for Co50Fe50 [94],[112].

The calculated TMR is 43% at zero applied voltage, which compares favorably with

the experimental value of 30%. Next, we see that the TMR decreases monotonically

with applied voltage and reaches zero at 0.91 V. The spin polarization and TMR both

decrease to zero at this voltage, which is the spin-down d3 band edge and is on the

order of the exchange splitting. Finally, we also see two well-de�ned �roll-overs� in

the TMR curve labeled �d2↑ band edge� and �d2↓ band edge.� This is due to band
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structure e�ects; the �rst �roll-over� at 0.23 V is due to the spin-up d2 band edge and

the second �roll-over� at 0.375 V is due to the spin-down d2 band edge, where the

two bands stop contributing to the tunneling transport. The monotonic decrease in

TMR with increase in voltage and the roll-overs have been seen experimentally, see,

e.g., Refs. [91], [113], and [114]. These two roll-overs are much more prominent in the

numerical results because the band edges for the d2↑and d2↓ bands in the e�ective-

mass model are modeled using step functions, which is more abrupt than the real

band structure.

7.7 Conclusions

In this paper, we have studied the e�ect of interface mixing and atomic-level disorder

on the spin-polarized tunneling current in Co/Al2O3MTJs. The spin polarization of

tunneling currents in MTJs have clearly been seen in experiments to be positive at

odds with simplistic tunneling models which depends on the spin polarization of the

DOS at the Fermi energy of the leads. There is now a growing body of evidence

that interface e�ects at the boundary between the Co layers and the aluminum oxide

insulating layer play an important role in determining the spin-polarized transport

in these systems. A large number of studies have assumed an O-rich interface and

found positive spin polarization for such systems. However, we believe that an Al-

rich/terminated interface is more relevant experimentally when the junction is not

heavily oxidized. The MTJ was modeled realistically using DFT in both the LDA

and GGA approximations, of which the LDA scheme was found to be more consis-

tently reliable. While a non-amorphous structure of the alumina is necessary in any

supercell approach we do not expect this approximation to signi�cantly change our

conclusions. We have studied both clean Al-terminated and Al-rich disordered inter-
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face systems, and found a consistent trend of increasing positive spin polarization

with Al content of the interface. The main e�ects of the Al-rich disordered interface

are spin-dependent Freidel screening of the Al impurities in the interface lead layers,

and hybridization with the s-p electrons of the Al impurities and the neighboring �rst

Al layer of the insulating barrier. This causes a much larger change in the spin-down

d-electron LDOS near EF of the interface layers, leading to an increase in the spin

polarization near EF . Another important result of our LDA calculations is that the

proximity e�ect leads to metallization of the �rst Al layer by the neighboring Co layer.

This reduces the e�ective width of the insulating layer and can be seen in the slope of

the I-V curve. Studying the interface with a model system which focuses on the Co-

Al-O interactions, we �nd good agreement with the larger calculation on the incidence

and sign of spin polarization in the interface layers. This model calculation sug- gests

that the source of the opposite polarization of the Al and O is an exchange mecha-

nism similar to that seen with magnetic atoms on an insulating surface [115]. Just

as the Ruderman-Kittel-Kasuya-Yoshida (RKKY) interaction was originally studied

with isolated magnetic impurities in bulk metals, and then widely seen in metallic

magnetic multilayers, we postulate that the exchange interactions, both kinetic and

superexchange, previously seen for isolated magnetic atoms separated by a nonmag-

netic insulating �island� are also applicable to many magnetic tunnel junctions. The

e�ects of increasing spin polarization in the LDOS near EF is captured using a layer-

and spin-dependent e�ective-mass model, which is used to calculate the tunnel- ing

current. The greater mismatch of the e�ective masses leads to a smaller transmission

coe�cient for the spin-down d bands and the tunneling current clearly shows a posi-

tive spin polarization that is in agreement with experimental results. This de�nes an

e�ective tunneling spin polarization, which allowed us to calculate the TMR using

the Julliere model, giving results that are also in good agreement with experiments.
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In summary, using DFT calculations, we have found that Al-terminated interfaces

in MTJs show positive spin polarization of the LDOS at EF , showing that positive

spin polarization is possible not only in O-terminated MTJ systems. Furthermore, we

formulated a spin-dependent e�ective-mass model, using values extracted from the

DFT results, that was used to calculate the tunneling current and the TMR. The

results clearly show a positive spin polarization and TMR values that are in agree-

ment with experiments. Thus, our model demonstrates how positive spin polarization

and real- istic TMR values can be obtained in an Al-terminated MTJ. Future work

could include a time-dependent DFT study or evanescent decay rate model, [116]

which would be able to study the transport properties in more detail.
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Appendix A

Sample code in C++ for TRPES calculation

A.1 Two time lesser Green's function code

/*

Copyright 2012 by Wen Shen

All Rights Reserved

*/

#include <mpi.h> //MPICH library

#include <stdio.h>

#include <math.h>

#include <iostream>

#include <iomanip>

#include <fstream>

#include <gsl/gsl_eigen.h> //GSL library for complex number operations

#include <gsl/gsl_math.h>

#include <gsl/gsl_complex.h>

#include <gsl/gsl_complex_math.h>

using namespace std;

#define Pi 3.1415926535897932384626433832795028841971693993751 //Pi and Euler's number

#define En 2.71828182845904523536028747135

double beta(double E,double Ebar, double field,double t,double u,double tdiv);

double alpha(double E,double Ebar,double field, double t,double u,double tdiv);

/*

help functions to calculate matrix U$_k$(t,t')

*/

double alpha0(double E,double Ebar,double field, double t,double u);

double beta0(double E,double Ebar,double field, double t,double u);

/*

Calculate alpha and beta in the theory

*/

gsl_complex func1(double E,double Ebar,double field,double trel,double tave,double u,double ta,double tdiv);

gsl_complex func2(double E,double Ebar,double field,double trel,double tave,double u,double ta,double tdiv);

gsl_complex func3(double E,double Ebar,double field,double trel,double tave,double u,double ta,double tdiv);

gsl_complex func4(double E,double Ebar,double field,double trel,double tave,double u,double ta,double tdiv);

/*

functions to calculate four matrix elements of Uk(t,t')

*/

typedef gsl_complex array[4000];

main(int argc,char** argv)

{

int n,i;

double h,para[3],k1,k2,k3,k4,t,tp;

double ta,E,field0,field,trel,toff,tave,ts,miu,fquasi,u,Ebar,tmax;

gsl_complex one[3],two[3],three[3],four[3];
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gsl_complex matr1[25000000],matr2[25000000],matr3[25000000],matr4[25000000]; //matrix initiation for Uk^+

gsl_complex matr11[25000000],matr22[25000000],matr33[25000000],matr44[25000000];//matrix initiation for Uk

gsl_complex Gloct[25000000],GloctB[25000000];

int c,d,ek1,ek2;

int m,mm1,mm2,nn,numpoint;

ofstream fp1("PieceAu1f1.25pulse+90+100corNov");//Output local lesser Green's function file name for A sublattice

ofstream fp2("PieceBu1f1.25pulse+90+100corNov");//Output local lesser Green's function file name for A sublattice

int group_size,my_rank,namelen;//number of cores, core rank number and the name of the cores

char processor_name[MPI_MAX_PROCESSOR_NAME];

MPI_Status status;

MPI_Init(&argc,&argv);

MPI_Comm_rank( MPI_COMM_WORLD, &my_rank);

MPI_Comm_size( MPI_COMM_WORLD, &group_size);

MPI_Get_processor_name(processor_name, &namelen);

MPI_Status stat;//MPI parallel initiation

double pwidth,rangestart,rangeend,we1,we2,t0,pot[200000],dt,weight[2001],point[2001],realA,realB,imagA,imagB,tmin,tm,tstart,tend,width,w,Erange;

gsl_complex GAA[3],GBB[3],GPP[3],Gbar[3],GbarB[3],Gless,Gloc,Gloct0,K,ma,mb,mc,md,totallessA,totallessB;

int ss;

u=1;

//tave=-100;//average time, no use in this code

tmin=-500;// minimum time

tmax=500;//maximum time

rangestart=90;

rangeend=100;

/*

This code calculate Gless for t and t'. We select t and calculate the lesser Green's fucntion with t' in the range [t-30,t+30], which is enough for the

*/

toff=100000;

field0=1.25;

pwidth=6;

Erange=10.0;

dt=0.02;//dt

h=0.02;//dE&dEbar

n=int(0.1+Erange/h)*int(0.1+Erange/h);

numpoint=int(0.1+Erange/h);

nn=int(0.1+n/(group_size-1))+1;

gsl_complex GEE1[nn],GEE2[nn],GEE3[nn],GEE4[nn];

gsl_complex GEE11[nn],GEE22[nn],GEE33[nn],GEE44[nn];

width=5;

w=2;

miu=u/2.0;

MPI_Bcast(&ts,1,MPI_DOUBLE,0,MPI_COMM_WORLD);

MPI_Bcast(&u,1,MPI_DOUBLE,0,MPI_COMM_WORLD);

MPI_Bcast(&tave,1,MPI_DOUBLE,0,MPI_COMM_WORLD);

MPI_Bcast(&field0,1,MPI_DOUBLE,0,MPI_COMM_WORLD);

MPI_Bcast(&dt,1,MPI_DOUBLE,0,MPI_COMM_WORLD);

MPI_Bcast(&nn,1,MPI_INT,0,MPI_COMM_WORLD);

//Broadcast constants to all nodes

pot[0]=0;//vector potential at tmin=0

for(t=tmin+dt/2.0;t<=tmax;t=t+(dt/2.0))

{

/*

if(t>0)

pot[m]=-field0*t;

else

pot[m]=0;

*/

//DC field turned on at t=0

pot[m]=exp(-t*t/25.0)*field0*t;
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//one cylce pulse

//pot[m]=pot[m-1]+exp(-t*t/25.0)*field0*cos(3.0*t)*dt/2.0;

//light pulse

m=m+1;

}//t->m hash

/*

Calculate the field

*/

if(my_rank>=1)//leave my_rank=0 node to be master node

for(c=n/(group_size-1)*(my_rank-1);c<n/(group_size-1)*(my_rank);c++)

{

if((c>=0)&&(c<n))

{

d=c-int(0.1+n/(group_size-1)*(my_rank-1));

GEE1[d]=gsl_complex_rect(1.0,0);

GEE2[d]=gsl_complex_rect(0,0);

GEE3[d]=gsl_complex_rect(0,0);

GEE4[d]=gsl_complex_rect(1.0,0);

GEE11[d]=gsl_complex_rect(1.0,0);

GEE22[d]=gsl_complex_rect(0,0);

GEE33[d]=gsl_complex_rect(0,0);

GEE44[d]=gsl_complex_rect(1.0,0);

}

}//initialize U/U+ matrix as unit matrix

for(t0=rangestart;t0<rangeend-0.0001;t0=t0+dt)

for(tp=5*pwidth;tp<=5*pwidth+0.0001;tp=tp+dt)

{

Gloct[m]=gsl_complex_rect(0,0);

GloctB[m]=gsl_complex_rect(0,0);

}//initialize the local Green's function to be 0.

//define the initial matrixes for U and U+

for(c=n/(group_size-1)*(my_rank-1);c<n/(group_size-1)*(my_rank);c++)

{

d=c-int(0.1+n/(group_size-1)*(my_rank-1));

ek1=int(0.1+c/numpoint);

ek2=c-numpoint*ek1;

if(my_rank==0)

{ek1=0;ek2=0;d=0;}//let the master node to have some fun. Its result won't be a portion of the output result.

E=ek2*h-Erange/2.0;

Ebar=ek1*h-Erange/2.0;

//calculate corresponding epsilon and epsilonbar

m=0;

for(tm=tmin;tm<tmax;tm=tm+dt)

{

if((c<0)||(c>=n))// avoid meaningless points

;

else

{

//U(t,tmin)

ta=tm-dt/2.0;

ss=int(0.1+(ta-tmin)/(dt/2.0));

field=pot[ss];

ma=GEE11[d];

mb=GEE22[d];
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mc=GEE33[d];

md=GEE44[d];

GEE11[d]=gsl_complex_add(gsl_complex_mul(ma,func1(E,Ebar,field,trel,tave,u,ta,dt)),gsl_complex_mul(mc,func2(E,Ebar,field,trel,tave,u,ta,dt)));

GEE22[d]=gsl_complex_add(gsl_complex_mul(mb,func1(E,Ebar,field,trel,tave,u,ta,dt)),gsl_complex_mul(md,func2(E,Ebar,field,trel,tave,u,ta,dt)));

GEE33[d]=gsl_complex_add(gsl_complex_mul(ma,func3(E,Ebar,field,trel,tave,u,ta,dt)),gsl_complex_mul(mc,func4(E,Ebar,field,trel,tave,u,ta,dt)));

GEE44[d]=gsl_complex_add(gsl_complex_mul(mb,func3(E,Ebar,field,trel,tave,u,ta,dt)),gsl_complex_mul(md,func4(E,Ebar,field,trel,tave,u,ta,dt)));

//U(tmin,tp)+,

ma=GEE1[d];

mb=GEE2[d];

mc=GEE3[d];

md=GEE4[d];

ta=tm-dt/2.0;

ss=int(0.1+(ta-tmin)/(dt/2.0));

field=pot[ss];//get right vector potential

GEE1[d]=gsl_complex_add(gsl_complex_mul(ma,func1(E,Ebar,field,trel,tave,u,ta,-dt)),gsl_complex_mul(mb,func3(E,Ebar,field,trel,tave,u,ta,-dt)));

GEE2[d]=gsl_complex_add(gsl_complex_mul(ma,func2(E,Ebar,field,trel,tave,u,ta,-dt)),gsl_complex_mul(mb,func4(E,Ebar,field,trel,tave,u,ta,-dt)));

GEE3[d]=gsl_complex_add(gsl_complex_mul(mc,func1(E,Ebar,field,trel,tave,u,ta,-dt)),gsl_complex_mul(md,func3(E,Ebar,field,trel,tave,u,ta,-dt)));

GEE4[d]=gsl_complex_add(gsl_complex_mul(mc,func2(E,Ebar,field,trel,tave,u,ta,-dt)),gsl_complex_mul(md,func4(E,Ebar,field,trel,tave,u,ta,-dt)));

matr1[m]=GEE11[d];

matr2[m]=GEE22[d];

matr3[m]=GEE33[d];

matr4[m]=GEE44[d];

matr11[m]=GEE1[d];

matr22[m]=GEE2[d];

matr33[m]=GEE3[d];

matr44[m]=GEE4[d];

m=m+1;

}

} //tmin->tmax U matrix calculation

m=0;

//for(trel=tstart;trel<=tend;trel=trel+2*dt)

//{

//t=tave+trel/2.0;

//tp=tave-trel/2.0;

//save for other calculation

for(t0=rangestart;t0<rangeend-0.0001;t0=t0+dt)

for(tp=t0-5*pwidth;tp<=t0+5*pwidth+0.0001;tp=tp+dt)

{

t=t0;

mm1=int(0.1+(t-tmin)/(dt));

mm2=int(0.1+(tp-tmin)/(dt));

Gbar[0]=gsl_complex_rect(0,0);

Gbar[1]=gsl_complex_rect(0,0);

Gbar[2]=gsl_complex_rect(0,0);

GbarB[0]=gsl_complex_rect(0,0);

GbarB[1]=gsl_complex_rect(0,0);

GbarB[2]=gsl_complex_rect(0,0);

if((c<0)||(c>=n))

;

else

{

d=c-int(0.1+n/(group_size-1)*(my_rank-1));
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GEE11[d]=matr1[mm1];//U

GEE22[d]=matr2[mm1];

GEE33[d]=matr3[mm1];

GEE44[d]=matr4[mm1];

GEE1[d]=matr11[mm2];//U+

GEE2[d]=matr22[mm2];

GEE3[d]=matr33[mm2];

GEE4[d]=matr44[mm2];

//GAA

if(E<0.000001)//only epsilon<0 part should be included.

{

one[0]=gsl_complex_add(gsl_complex_add(gsl_complex_mul(GEE1[d],GEE11[d]),gsl_complex_mul(GEE2[d],GEE11[d])),gsl_complex_add(gsl_complex_mul(GEE1[d],GEE33[d]),gsl_complex_mul(GEE2[d],GEE33[d])));

two[0]=gsl_complex_add(gsl_complex_add(gsl_complex_mul(GEE3[d],GEE22[d]),gsl_complex_mul(GEE4[d],GEE44[d])),gsl_complex_add(gsl_complex_mul(GEE4[d],GEE22[d]),gsl_complex_mul(GEE3[d],GEE44[d])));

three[0]=gsl_complex_add(gsl_complex_add(gsl_complex_mul(GEE1[d],GEE22[d]),gsl_complex_mul(GEE2[d],GEE22[d])),gsl_complex_add(gsl_complex_mul(GEE1[d],GEE44[d]),gsl_complex_mul(GEE2[d],GEE44[d])));

four[0]=gsl_complex_add(gsl_complex_add(gsl_complex_mul(GEE3[d],GEE11[d]),gsl_complex_mul(GEE3[d],GEE33[d])),gsl_complex_add(gsl_complex_mul(GEE4[d],GEE11[d]),gsl_complex_mul(GEE4[d],GEE33[d])));

GAA[0]=gsl_complex_add(gsl_complex_add(gsl_complex_mul(gsl_complex_rect(beta0(E,Ebar,0,0,u)*beta0(E,Ebar,0,0,u),0),one[0]),gsl_complex_mul(gsl_complex_rect(alpha0(E,Ebar,0,0,u)*alpha0(E,Ebar,0,0,u),0),two[0])),gsl_complex_mul(gsl_complex_rect(-alpha0(E,Ebar,0,0,u)*beta0(E,Ebar,0,0,u),0),gsl_complex_add(three[0],four[0])));

GAA[0]=gsl_complex_mul(gsl_complex_rect(h*h*pow(En,-E*E-Ebar*Ebar)/Pi,0),GAA[0]);

}

else

GAA[0]=gsl_complex_rect(0,0);

Gbar[0]=gsl_complex_add(GAA[0],Gbar[0]);

//GBB

if(E<0.00001)

{

one[0]=gsl_complex_sub(gsl_complex_add(gsl_complex_mul(GEE1[d],GEE11[d]),gsl_complex_mul(GEE2[d],GEE33[d])),gsl_complex_add(gsl_complex_mul(GEE2[d],GEE11[d]),gsl_complex_mul(GEE1[d],GEE33[d])));

two[0]=gsl_complex_sub(gsl_complex_add(gsl_complex_mul(GEE3[d],GEE22[d]),gsl_complex_mul(GEE4[d],GEE44[d])),gsl_complex_add(gsl_complex_mul(GEE4[d],GEE22[d]),gsl_complex_mul(GEE3[d],GEE44[d])));

three[0]=gsl_complex_sub(gsl_complex_add(gsl_complex_mul(GEE1[d],GEE22[d]),gsl_complex_mul(GEE2[d],GEE44[d])),gsl_complex_add(gsl_complex_mul(GEE1[d],GEE44[d]),gsl_complex_mul(GEE2[d],GEE22[d])));

four[0]=gsl_complex_sub(gsl_complex_add(gsl_complex_mul(GEE3[d],GEE11[d]),gsl_complex_mul(GEE4[d],GEE33[d])),gsl_complex_add(gsl_complex_mul(GEE3[d],GEE33[d]),gsl_complex_mul(GEE4[d],GEE11[d])));

GBB[0]=gsl_complex_add(gsl_complex_add(gsl_complex_mul(gsl_complex_rect(beta0(E,Ebar,0,0,u)*beta0(E,Ebar,0,0,u),0),one[0]),gsl_complex_mul(gsl_complex_rect(alpha0(E,Ebar,0,0,u)*alpha0(E,Ebar,0,0,u),0),two[0])),gsl_complex_mul(gsl_complex_rect(-alpha0(E,Ebar,0,0,u)*beta0(E,Ebar,0,0,u),0),gsl_complex_add(three[0],four[0])));

GBB[0]=gsl_complex_mul(gsl_complex_rect(h*h*pow(En,-E*E-Ebar*Ebar)/Pi,0),GBB[0]);

}

else

GBB[0]=gsl_complex_rect(0,0);

GbarB[0]=gsl_complex_add(GBB[0],GbarB[0]);

if(E<0.0001&&E>-0.0001)// points at epsilon=1 get only 0.5 weight

{

Gbar[0]=gsl_complex_mul(gsl_complex_rect(0,0.5),Gbar[0]);

GbarB[0]=gsl_complex_mul(gsl_complex_rect(0,0.5),GbarB[0]);

}

else

{

Gbar[0]=gsl_complex_mul(gsl_complex_rect(0,1),Gbar[0]);

GbarB[0]=gsl_complex_mul(gsl_complex_rect(0,1),GbarB[0]);

}

Gloct[m]=gsl_complex_add(Gbar[0],Gloct[m]);

GloctB[m]=gsl_complex_add(GbarB[0],GloctB[m]);

//sum up for epsilon and epsilonbar point on each node

m=m+1;

}//for c,d in the right range

}//for different trel

}//for different c
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MPI_Barrier(MPI_COMM_WORLD);

//wait until all node reach this point

m=0;

for(t0=rangestart;t0<rangeend-0.0001;t0=t0+dt)

for(tp=t0-5*pwidth;tp<=t0+5*pwidth+0.0001;tp=tp+dt)

{

t=t0;

k1=GSL_REAL(Gloct[m]);

k2=GSL_REAL(GloctB[m]);

k3=GSL_IMAG(Gloct[m]);

k4=GSL_IMAG(GloctB[m]);

MPI_Reduce(&(k1),&(realA),1,MPI_DOUBLE, MPI_SUM,0, MPI_COMM_WORLD);

MPI_Reduce(&(k2),&(realB),1,MPI_DOUBLE, MPI_SUM,0, MPI_COMM_WORLD);

MPI_Reduce(&(k3),&(imagA),1,MPI_DOUBLE, MPI_SUM,0, MPI_COMM_WORLD);

MPI_Reduce(&(k4),&(imagB),1,MPI_DOUBLE, MPI_SUM,0, MPI_COMM_WORLD);

//MPI_Reduce function to sum up all of the results on nodes

if (my_rank == 0)

{

fp1<<t<<" "<<tp<<" "<<realA<<" "<<imagA<<"\n ";//out put local Green's function on A sublattice

fp2<<t<<" "<<tp<<" "<<realB<<" "<<imagB<<"\n ";//out put local Green's function on B sublattice

}//for different trel print all

m=m+1;

MPI_Barrier(MPI_COMM_WORLD);//All nodes finish, then go to the next round MPI_Reduce

}

fp1.close();

fp2.close();

MPI_Finalize();

return 0;

}

//funtions to calculate four matrix elements for U and U+

gsl_complex func1(double E,double Ebar,double field,double trel,double tave,double u,double t,double tdiv)

{

return gsl_complex_rect(alpha(E,Ebar,field,t,u,tdiv),((E*cos(field)+Ebar*sin(field)))*beta(E,Ebar,field,t,u,tdiv));

}

gsl_complex func2(double E,double Ebar,double field,double trel,double tave,double u,double t,double tdiv)

{

return gsl_complex_rect(0,u/2.0*beta(E,Ebar,field,t,u,tdiv));

}

gsl_complex func3(double E,double Ebar,double field,double trel,double tave,double u,double t,double tdiv)

{

return gsl_complex_rect(0,u/2.0*beta(E,Ebar,field,t,u,tdiv));

}

gsl_complex func4(double E,double Ebar,double field,double trel,double tave,double u,double t,double tdiv)

{

return gsl_complex_rect(alpha(E,Ebar,field,t,u,tdiv),(-(E*cos(field)+Ebar*sin(field)))*beta(E,Ebar,field,t,u,tdiv));

}

//this two functions help to calculate matrix elements not real alpha,beta.

double alpha(double E,double Ebar,double field, double t,double u,double tdiv)

{return cos(tdiv*sqrt(u*u/4.0+0.5*(E*E+Ebar*Ebar)+0.5*(E*E-Ebar*Ebar)*cos(2.0*field)+sin(2.0*field)*E*Ebar));
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}

double beta(double E,double Ebar,double field, double t,double u,double tdiv)

{return sin(tdiv*sqrt(u*u/4.0+0.5*(E*E+Ebar*Ebar)+0.5*(E*E-Ebar*Ebar)*cos(2.0*field)+sin(2.0*field)*E*Ebar))/sqrt(u*u/4.0+0.5*(E*E+Ebar*Ebar)+0.5*(E*E-Ebar*Ebar)*cos(2.0*field)+sin(2.0*field)*E*Ebar);}

//the following is the Alpha and Beta in theory

double alpha0(double E,double Ebar,double field, double t,double u)

{return (u/2.0)/sqrt(u*u/4+((-(E*cos(field)+Ebar*sin(field))+sqrt(u*u/4.0+0.5*(E*E+Ebar*Ebar)+0.5*(E*E-Ebar*Ebar)*cos(2.0*field)+sin(2.0*field)*E*Ebar)))*((-(E*cos(field)+Ebar*sin(field))+sqrt(u*u/4.0+0.5*(E*E+Ebar*Ebar)+0.5*(E*E-Ebar*Ebar)*cos(2.0*field)+sin(2.0*field)*E*Ebar))));

}

double beta0(double E,double Ebar,double field, double t,double u)

{return (-(E*cos(field)+Ebar*sin(field))+sqrt(u*u/4.0+0.5*(E*E+Ebar*Ebar)+0.5*(E*E-Ebar*Ebar)*cos(2.0*field)+sin(2.0*field)*E*Ebar))/sqrt(u*u/4+((-(E*cos(field)+Ebar*sin(field))+sqrt(u*u/4.0+0.5*(E*E+Ebar*Ebar)+0.5*(E*E-Ebar*Ebar)*cos(2.0*field)+sin(2.0*field)*E*Ebar)))*((-(E*cos(field)+Ebar*sin(field))+sqrt(u*u/4.0+0.5*(E*E+Ebar*Ebar)+0.5*(E*E-Ebar*Ebar)*cos(2.0*field)+sin(2.0*field)*E*Ebar))));

}

A.2 TRPES calculation code

#include <mpi.h>

#include <stdio.h>

#include <math.h>

#include <iostream>

#include <iomanip>

#include <fstream>

#include <sstream>

#include <cstring>

#include <gsl/gsl_eigen.h>

#include <gsl/gsl_math.h>

#include <gsl/gsl_complex.h>

#include <gsl/gsl_complex_math.h>

using namespace std;

#define Pi 3.1415926535897932384626433832795028841971693993751

#define En 2.71828182845904523536028747135

int main(int argc,char** argv)

{

int group_size,my_rank,namelen;

char processor_name[MPI_MAX_PROCESSOR_NAME];

MPI_Status status;

MPI_Init(&argc,&argv);

MPI_Comm_rank( MPI_COMM_WORLD, &my_rank);

MPI_Comm_size( MPI_COMM_WORLD, &group_size);

MPI_Get_processor_name(processor_name, &namelen);

MPI_Status stat;

double t[25000000],tp[25000000],realA[25000000],imagA[25000000],w,s1,s2,k1,k2;

int m,i,numpoint,j,ss;

double dh=0.02;//timestep

double dw=0.02;//frequency steps in Fourier transform

double wrange=3;//Max frequency, only calculate frequecy from -wrange to wrange

double t0=double(my_rank-40);//set total number of cores to 121 will calculate the TRPES from -40 to 80

double widthp=14;//probe width

char string01[200]="PieceAu1f1.25corNov";//file including the lesser Green's function to read in

gsl_complex integral[1200];

ifstream fp1(string01);

m=0;

for(w=-wrange;w<=wrange+0.0001;w=w+dw)

{integral[m]=gsl_complex_rect(0,0);

m++;}

i=0;

j=0;

if (fp1.is_open())

while (!fp1.eof( ))

{

fp1>>t[i]>>tp[i]>>realA[i]>>imagA[i];
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if((fabs(t[i]-t0)<=20)&&(fabs(tp[i]-t0)<=20))

{i++;}

}//read until at of the file

fp1.close();

numpoint=i-1;

for(j=0;j<numpoint;j++)

{

m=0;

for(w=-wrange;w<=wrange+0.0001;w=w+dw)

{

s1=1/(widthp*sqrt(Pi))*pow(En,(-(t[j]-t0)*(t[j]-t0)/widthp/widthp));

s2=1/(widthp*sqrt(Pi))*pow(En,(-(tp[j]-t0)*(tp[j]-t0)/widthp/widthp));

integral[m]=gsl_complex_add(integral[m],gsl_complex_mul(gsl_complex_rect(0,-dh*dh*s1*s2),gsl_complex_mul(gsl_complex_polar(1,w*(tp[j]-t[j])),gsl_complex_rect(realA[j],imagA[j]))));

m=m+1;

}

}//Fourier transform

std::stringstream str;

str << t0;

std::string string2;

str >> string2;

char *a=new char[string2.size()+1];

a[string2.size()]=0;

memcpy(a,string2.c_str(),string2.size());

char string00[100]="corpesAu1f1.25pulsew14tt0";

strcat(string00,a);//generate the file name as "corpesAu1f1.25pulsew14tt0XX" XX is the number

ofstream fp3(string00);

m=0;

for(w=-wrange;w<=wrange+0.0001;w=w+dw)

{

k1=GSL_REAL(integral[m]);

k2=GSL_IMAG(integral[m]);

fp3<<w<<" "<<k1<<" "<<k2<<" "<<t0<<"\n ";//output to file

m++;

}

fp3.close();

MPI_Finalize();

}

A.3 Python code for Fourier transform with Akima interpolation.

#!/opt/local/bin/python2.6

do_plots = False

# plot mode on and off

def spline_and_fourier(xvals, yvals, t0min, t0max, num_spline):

print "\tSplining with ", num_spline, " points"

#tck = interpolate.splrep(xvals,yvals,s=0)

#x_spline = numpy.linspace(t0min,t0max, num_spline)

#y_spline = interpolate.splev(x_spline,tck,der=0)

153



x_spline = numpy.linspace(t0min, t0max, num_spline)

y_spline = akima.interpolate(xvals, yvals, x_spline)

dt = x_spline[1] - x_spline[0]

ft_freqaxis = pylab.fftfreq(y_spline.size,dt) * 2 * numpy.pi

ft_current = pylab.rfft(y_spline) * dt

# Cut so the sizes match for a real FT

ft_current = ft_current[:-1]

ft_freqaxis = ft_freqaxis[:ft_current.size]

return ft_freqaxis, ft_current, x_spline, y_spline

# end function spline_and_fourier

#this function did the interplation and doing Discrete Fourier transform with pylab.rfft() function

def find_nearest(array,value):

idx=(numpy.abs(array-value)).argmin()

return array[idx]

#end function find_nearest

print "Importying scipy"

import scipy

print "Importying numpy"

import numpy

import pylab

from scipy import interpolate

print "Importing Akima"

import akima

#all library uploaded

#Clean up if needed

pylab.close('all')

print "Importing current data"

data = scipy.genfromtxt("current.dat")

#print data

t0list=data[:,0]

bare_current = data[:,3]

bare_freqaxis, bare_ft_current, t0_spline, bare_current_spline = \

spline_and_fourier(t0list, bare_current, -10, 50, 1 << 16)

)

# Plot Fourier transform

omega_driving = 9./5.*numpy.pi

bare_freqaxis /= omega_driving

plot_current = True

if plot_current and do_plots:

pylab.figure()

pylab.plot(t0list, bare_current, 'r', t0list, renorm_current, 'b', t0_spline, renorm_current_spline+1,'k')

pylab.legend(["Bare current", "Renormalized current"], loc='best')
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pylab.axis([-10,50,-0.5,1.5])

pylab.show()

plot_ft = True

if plot_ft and do_plots:

pylab.figure()

pylab.plot(bare_freqaxis,abs(bare_ft_current),'r',\

renorm_freqaxis,abs(renorm_ft_current),'b')

#pylab.plot(renorm_freqaxis/omega_driving, abs(renorm_ft_current))

pylab.semilogy()

pylab.axis([0,30,1e-8,1e6])

pylab.show()

datamax = (numpy.abs(bare_freqaxis-30)).argmin()

data2 = numpy.zeros([datamax,3])

data2[:,0] = bare_freqaxis[:datamax]

data2[:,1] = abs(bare_ft_current[:datamax])

data2[:,2] = abs(renorm_ft_current[:datamax])

scipy.savetxt("ft.dat", data2, "%10.8g\t")
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