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Abstract

We use numerical linked cluster expansions (NLCEs) to study correlated lattice

systems in one and two dimensions. For fermions in the honeycomb lattice, we study

its finite-temperature properties and short-range spin correlations using NLCEs and

determinantal quantum Monte Carlo (DQMC) simulations. For the homogeneous

system, we analyze a number of thermodynamic quantities, including the entropy,

the specific heat, uniform and staggered spin susceptibilities, short-range spin corre-

lations, and the double occupancy at and away from half filling. Employing a local den-

sity approximation (LDA), we examine the viability of adiabatic cooling by increasing

the interaction strength for homogeneous as well as for trapped systems. We also use

NLCEs to study thermodynamic properties of the two-dimensional spin-1/2 Ising,

XY, and Heisenberg models with bimodal random-bond disorder on the square and

honeycomb lattices. In all cases, the nearest-neighbor coupling between the spins takes

values ±J with equal probability. We obtain the disorder averaged (over all disorder

configurations) energy, entropy, specific heat, and uniform magnetic susceptibility

in each case. These results are compared with the corresponding ones in the clean

models. Analytic expressions are obtained for low orders in the expansion of these

thermodynamic quantities in inverse temperature. For many-body localization in dis-

ordered isolated systems, we study quantum quenches in the thermodynamic limit.

By a quantum quench it is meant that the initial state is stationary with respect
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to an initial Hamiltonian, which is suddenly changed to a new (time-independent)

Hamiltonian. The latter then drives the (unitary) dynamics of the system. We are

interested in the time average of observables after relaxation following the quench,

which can be computed under the so-called diagonal ensemble.

Index words: NLCEs, thermodynamic limit, bimodal disorder, quantum
quench, many-body localization
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Chapter 1

Introduction

The significant progress in the study of quantum gases in the previous decade, from the

theoretical and experimental perspective, has changed our understanding of quantum

many-body physics. Of great relevance to this field, Einstein’s prediction that most of

the particles in a dilute gas of bosonic atoms, if cooled down to very low temperature,

would occupy the lowest energy state was experimentally realized in 1995 [6]. This

fundamental achievement was rewarded by the 2001 Nobel prize.

The success in the realization of Bose-Einstein Condensation (BEC) was based

on two advanced cooling techniques, laser and evaporative cooling. The first step

was to use laser cooling to confine and cool alkali atoms in a magneto-optic trap,

which was created by applying six orthogonal laser beams. The frequency of the laser

beams was tuned slightly away from the atomic resonance so that the atoms with

the highest velocity slowed down their movements due to the absorption of photons

from the counter propagating beams (emitted photons are uniformly distributed in all

directions). With this, the sample’s temperature was precooled down to micorkelvins,

but could not improve any further because of the recoil energy of the spontaneous

emission of photons. Then the atoms were loaded into a magnetic trap and the most

energetic atoms were allowed to escape from the system and the remaining ones

rethermalized through two-body collisions. They are the only ones relevant for the

formation of the BEC. In this step, the temperature is lowered to nanokelvins and

BEC was observed.
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Compared to dilute ultracold quantum gases which are weakly interacting, solid

state materials are much more intricate and many aspects need to be considered

simultaneously to describe their properties. Important factors to be taken into account

include the underlying band structure of the crystal, the Coulomb interaction between

electrons, disorder and defects in the crystal, and lattice vibrations (phonons). To gain

an understanding of these systems, one designs simplified models that are expected to

capture the fundamental mechanisms determining the observed properties. However,

even some of the most paradigmatic simplified models cannot be solved exactly. This

makes it difficult to understand which aspects of the model correspond to a particular

experimental outcome.

1.1 Optical Lattices

In the BEC experiment, the gas is in the continuum. However, it is sometimes also

useful to have a lattice. Lattices are a useful tool to perform “quantum simulation” of

condensed matter systems. They are created by interfering counter propagating laser

beams (see Fig. 1.1) and are called “optical lattice”. The resulting standing waves,

with periodicity equal to half of the wavelength of the laser beams, form the artificial

periodic crystal potential. When ultracold atoms are illuminated by the laser beams,

dipole moments are induced by the electric field which, in turn, interact with the

electric field so that atoms feel a conservative periodic potential. Atoms are attracted

the maximum or minimum of the light intensity depending on the frequency of the

laser light with respect to the relevant atomic resonance. For red-detuning, atoms are

attracted to the maximum of the electric field intensity while for blue-detuning, they

are attracted toward the minima. This way, ultracold atoms loaded on optical lattice

mimic the electrons in the solid materials; they tunnel through lattice sites, which

2



Figure 1.1: Optical lattices. (a) An optical standing wave is generated by super-
imposing two laser beams. (b) If several standing waves are overlapped, higher-
dimensional lattice structures can be formed, such as the two-dimensional optical
lattice shown here. From Ref. [7]

is similar to electrons moving in the periodic potentials, generated by the crystalline

structure in which “ions” sit.

In deep optical lattices, the field operators can be expressed in terms of local-

ized Wannier functions and only the lowest band needs to be considered. Because of

the limited overlap of neighboring Wannier functions, the nearest-neighbor hopping

amplitude is much greater than the next-nearest-neighbor one [8]. Interaction occurs

only when there are more than one atom at any site.

In an optical lattice, it is possible to load both fermionic and bosonic atoms.

Two fermions cannot occupy the same quantum state because of the Pauli exclusion

principle, while bosons can. Ultracold bosons in an optical lattice can be described

3



Figure 1.2: Superfluid and Mott insulator. A bosonic gas in an optical lattice
goes through a transition from superfluid phase (top) to Mott insulating one (down).
From Ref. [12]

by the Bose-Hubbard model [8]; the Hamiltonian is given by:

Ĥ = −t
∑

i

(b̂†i b̂i+1 + H.c.) +
U

2

∑

i

(n̂i − 1)n̂i, (1.1)

where b̂†i (b̂i) denotes the creation (annihilation) operator and n̂i = b̂†i b̂i. By increasing

the ratio U/t, the quantum state of the Bose-Hubbard model evolves from a superfluid

to a Mott insulator, as shown in Fig. 1.2. This transition has been experimentally

realized in 1D [9], 2D [10], and 3D [11] optical lattices.

Similarly, a two-component fermionic gas loaded in an optical lattice can be

described by the Fermi-Hubbard Hamiltonian, which in the second quantization lan-

guage reads,

Ĥ = −t
∑

〈i,j〉σ

(ĉ†iσ ĉjσ + H.c.) + U
∑

i

n̂i↑n̂i↓, (1.2)
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Figure 1.3: A comparison of double occupancy between the noninteracting
and Mott insulating regimes. (a) A comparison of the double occupancy between
the noninteracting and Mott insulating regimes. (b) The double occupancy is sup-
pressed as increasing the interaction strength. From Ref. [13]

where ĉ†iσ (ĉiσ) is a creation (annihilation) operator of a fermion with spin (or pseudo-

spin) σ on lattice site i, and n̂iσ = ĉ†iσ ĉiσ is the site occupation operator. Here, 〈..〉

denotes nearest neighbor sites, t is the nearest neighbor hopping amplitude, and U > 0

is the on-site repulsive interaction.

It is worth noting that cooling down a fermionic gas is much more difficult than

cooling a bosonic one due to Pauli blocking. This implies that it is harder to realize

experimentally the low temperature phases of the Fermi-Hubbard model than those of

the Bose-Hubbard one. A Mott insulator was realized in repulsively interacting two-

component Fermi gases subjected to the periodic potential in a 3D optical lattice [13].

In Fig. 1.3, the double occupancy is shown as a function of the atom number. For the

noninteracting case, a rapid increase of the double occupancy is expected as the atom
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number increases, whereas the double occupancy in the strongly-interacting regime

is strongly suppressed, which indicates the presence of a Mott insulating regime.

A great advantage of optical lattices is that they allow full control of all parameters

of the Hubbard Hamiltonian, which makes them a perfect candidate for a quantum

simulator. By controlling intensities of the laser beams, the dimensionality of the

system can be changed. The lattice geometry is also adjustable by varying the rela-

tive positions of the lattice beams. For example, for a two-dimensional optical lattice,

the geometry can be continuously adjusted between square, triangular, dimer, and

honeycomb [14]. Since one can change the hopping amplitude by adjusting the laser

intensity and use Feshbach resonances [15] to independently control the on-site inter-

action, the ratio between these two parameters is highly tunable.

1.2 Fermions in the Honeycomb Lattice

Interacting fermions in a honeycomb lattice geometry are particularly relevant to

understanding the properties of graphene, a naturally occurring 2D carbon lattice.

In 2004, physicists from the University of Manchester and the Institute for Micro-

electronics Technology managed to isolate graphene flakes by mechanical exfoliation

[16]. After this surprising discovery, a lot of attention has been focused on its peculiar

properties, in particular the linear dispersion.

As shown in Fig. 1.4, the structure of graphene can be considered as two inter-

penetrating triangular lattices A and B. The lattice vectors can be written as

a1 =
a

2

(

3,
√
3
)

,a2 =
a

2

(

3,−
√
3
)

, (1.3)

where a ≈ 1.42 Å is the lattice spacing between two nearest neighbors. The three

nearest-neighbor vectors are given by

δ1 =
a

2

(

1,
√
3
)

, δ2 =
a

2

(

1,−
√
3
)

, δ3 =
a

2
(−1, 0) . (1.4)
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Figure 1.4: Graphene structure and its corresponding Brillouin zone. Left:
lattice structure of graphene, composed of two triangular lattices, which are repre-
sented by sublattice A and B. a1 and a2 are the lattice vectors; δ1, δ2, and δ3 are
the nearest-neighbors vectors. Right: the first Brillouin zone with Dirac points K and
K

′. b1, b1 are the reciprocal lattice vectors. From Ref. [17]

and the corresponding reciprocal lattice vectors can be written as

b1 =
2π

3a

(

1,
√
3
)

, b2 =
2π

3a

(

1,−
√
3
)

. (1.5)

The two Dirac points K and K
′ (see below) have positions in momentum space

K =
2π

3a

(

1,
1√
3

)

,K ′ =
2π

3a

(

1,
−1√
3

)

. (1.6)

By considering only the nearest-neighbor hopping for electrons in graphene, the

tight-binding Hamiltonian is given by

Ĥ = −t
∑

〈i,j〉σ

(

â†iσ b̂jσ + H.c.
)

, (1.7)

where â†iσ (âiσ) creates (annihilates) an electron with spin σ on lattice site i of sub-

lattice A. b̂jσ follows the similar definition but is applied to sublattice B. t represents
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Figure 1.5: Electronic dispersion in the honeycomb lattice.

the nearest-neighbor hopping amplitude, which is about 2.8 eV . Wallace [18] provided

the first derivation of the energy band for Eq. (1.7), which takes the form:

ǫk = ±t
√

3 + f (k), (1.8)

with

f (k) = 2 cos
(√

3kya
)

+ 4 cos

(√
3

2
kya

)

cos

(

3

2
kxa

)

, (1.9)

where the plus sign corresponds to upper band (valence band) and the minus sign

the lower band (conduction band). As Fig. 1.5 shows, the band structure of graphene

exhibits two gapless points, the Dirac points K and K ′, where the energy is zero

and conduction band connects to valance band. The linear dispersion near the Dirac

points was first proved by Wallace [18], and it implies that the effective mass vanishes

at those points.

The noninteracting density of states N (ω) can be derived from Eq. (1.8) and is

shown in Fig. 1.6 as a function of energy. We can see that as ω → 0, N (ω) goes

to zero, which implies that the system has a semimetallic state at half filling. In the

vicinity of ω = 0, N (ω) has a linear relationship with ω.
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Figure 1.6: Noninteracting density of states of the Hubbard model on the
honeycomb lattice. From Ref. [19]

.

The interacting Fermi-Hubbard model on the honeycomb lattice, especially its

ground state phase diagram, has attracted much interest in recent years. As follows

from the previous discussion, this is in part motivated by the advent of graphene [17]

whose semimetallic properties can be understood within the weakly interacting regime

of this model. It is also motivated by results of large-scale quantum Monte Carlo

(QMC) calculations by Meng et al. [20], which suggested that a spin liquid phase exists

at intermediate interaction strengths, despite the absence of frustration. Following

those results, a large number of studies have been done on the Hubbard model as well

as in closely related models in the honeycomb geometry [2, 21–32]. However, QMC

simulations of very large systems [29], and the use of accurate approaches to estimate
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the antiferromagnetic (AF) order parameter [32], have indicated that the existence of

a spin liquid in such a model is unlikely.

A remarkable property of the Fermi-Hubbard model in the honeycomb lattice at

half filling is the transition to a Mott-insulating phase at a finite interaction strength.

Insulating behavior in this case is accompanied by the emergence of long-range AF

correlations at zero temperature, as unveiled in QMC simulations [19, 29, 33]. This

phase transition has also been examined by means of dynamical mean-field theory

and its cluster extensions [21–23, 27, 31, 34, 35], as well as within the coherent phase

approximation [36]. Other studies of this and closely related models have explored

the existence of pairing and superconductivity away from half filling [24, 30].

A new front for studying the properties of the Fermi-Hubbard model in the honey-

comb lattice has been recently opened by the (almost ideal) experimental realization

of this model by: (i) building artificial graphene and loading it with a two-dimensional

electron gas [37], (ii) trapping ultracold atoms in highly-tunable optical lattices with

that geometry [14], and (iii) creating molecular graphene in a fully-tunable condensed-

matter set up [38]. These experiments follow extensive research on simulating the

Hubbard model on cubic geometries using ultracold gases [39], aimed at answering

fundamental questions surrounding Hubbard models, such as whether they support

superconductivity.

Motivated by those experimental advances, we study thermodynamic properties

and short-range correlations of two-component fermions on the honeycomb lattice by

utilizing two unbiased computational approaches, a numerical linked-cluster expan-

sion (NLCE) and determinantal quantum Monte Carlo (DQMC) in Chapter 3.
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1.3 Disorder in Two-dimensional Lattices

Solid-state materials deviate in various ways from the periodic idealizations some-

times used to describe them theoretically. In crystals, for example, such deviations

can occur due to the presence of lattice distortions, impurity atoms (that may or

may not be magnetic), and vacancies in the lattice, collectively termed as disorder.

Disorder can significantly influence material properties. A dramatic example for non-

interacting electrons is Anderson localization [40]. In spin systems, the focus of this

work, quenched disorder in the spin interactions leads to frustration and can generate

spin glasses [41]. A spin glass is a remarkable state of matter where, loosely speaking,

spins are “frozen” in an irregular pattern, i.e., they display a very slow dynamics

under external driving. Although this phase does not exhibit spin order in a tradi-

tional sense (e.g., as a ferromagnet), it is still distinctly different from a paramagnet.

Experimentally, spin glasses are generally associated with a cusp in the ac suscepti-

bility at a certain temperature above which the system behaves like a paramagnet

[42]. Whereas no standard order parameter captures a glassy transition, glass order

parameters exist that do so (see, e.g., Refs. [41, 43]).

In two-dimensional (2D) lattices, the effects of quenched disorder on classical

spins have been extensively studied over the years [41]. However, the calculation of

thermodynamic properties and correlation functions continues to be a computational

challenge [44, 45]. While it is generally believed that no spin-glass phase exists for

nonzero temperatures [41], zero-temperature phases continue to be debated for various

models of interest (see, e.g., Refs. [44, 46]). For quantum spins, the sign problem in

quantum Monte Carlo simulations [47, 48] and the exponential growth of the Hilbert

space, relevant to full exact diagonalization calculations, represent an even greater
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challenge. Because of this, the properties of disordered quantum spin systems, and of

quantum spin glasses in particular, have remained essentially unexplored.

In Chapter 4, our goal is to use NLCE for disordered systems to study the ther-

modynamic properties of spin-1/2 Ising, XY, and Heisenberg models with bimodal

random-bond disorder on the square and honeycomb lattices [5]. NLCEs allow us

to obtain finite temperature properties of those models in the thermodynamic limit

through the exact diagonalization of finite-size clusters. We specifically study the

energy, entropy, specific heat, and uniform magnetic susceptibility (for the magneti-

zation in the z-direction) as a function of temperature. Since any glassy phase is only

expected to emerge at zero temperature in these models, if at all, we do not study

the spin-glass order parameter.

1.4 Many-body Localization in the Thermodynamic Limit

Since the first quantitative discussion of localization by Anderson in 1958 [40], a large

number of experiments have revealed phenomena governed by localization physics

in solid state [49, 50] and atomic [51–54] physics. In the absence of interactions,

destructive interference due to scattering off impurities is responsible for localization

[40]. What happens in the presence of interactions has remained an open problem

whose exploration has become an active area of research over the past few years. For

weak interactions, perturbative arguments support the existence of localized phases

[55–58]. For strong interactions, on the other hand, numerical studies have found sig-

natures of many-body localization and explored its implications [59–71]. Nonetheless,

it remains a challenge to conclusively establish that, in the presence of strong inter-

actions, the delocalization to localization transition occurs at finite disorder strength

in the thermodynamic limit.
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The signatures of localization in experiments are mostly dynamical in nature, e.g.,

measurements of the conductivity [50]. Theoretically, it is difficult to study dynam-

ical quantities. So, to identify many-body localized phases, it is common to use the

statistics of the energy level spacing instead (see, e.g., Refs. [59, 61, 62]). Poisso-

nian level statistics is expected for localized phases, whereas Wigner-Dyson statistics

is expected for delocalized ones. Equally accessible to experimental and theoretical

studies is a defining, but less explored, signature of many-body localization – when

taken far from equilibrium, isolated localized systems do not thermalize [72].

Relaxation dynamics and thermalization in isolated many-body quantum systems

is a very active area of current research on its own [73–75]. There is growing evi-

dence that generic many-body quantum systems thermalize after being taken far

from equilibrium [76–81], and that this is a consequence of eigenstate thermaliza-

tion [76–78, 82–93]. That is, thermalization results from the fact that, for few-body

observables, individual eigenstates of the Hamiltonian already exhibit thermal prop-

erties [76, 82, 83]. This can be pictured as the system effectively acting as its own

bath. Such a picture breaks down in integrable systems [76–78] and in many-body

localized ones. In the latter, different parts of the system cannot communicate with

one another, i.e., they cannot be ergodic [72]. Numerical calculations in finite sys-

tems have provided evidence of the breakdown of eigenstate thermalization [62] and

thermalization [62, 94] in disordered many-body systems.

In Chapter 5, we use thermalization indicators and NLCE to probe the onset

of many-body localization in a disordered one-dimensional hard-core boson model

in the thermodynamic limit. We show that after equilibration following a quench

from a delocalized state, the momentum distribution indicates a freezing of one-

particle correlations at higher values than in thermal equilibrium. The position of the

delocalization to localization transition, identified by the breakdown of thermalization
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with increasing disorder strength, is found to be consistent with the value from the

level statistics obtained via full exact diagonalization of finite chains. Our results

strongly support the existence of a many-body localized phase in the thermodynamic

limit.
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Chapter 2

Numerical Approach

In this chapter, we provide a pedagogical introduction to numerical linked-cluster

expansions (NLCEs) [1]. We sketch the algorithm for generic Hamiltonians that only

connect nearest-neighbor sites in a finite cluster with open boundary conditions. We

then compare results for a specific model, the Heisenberg model, in each order of

the NLCE with the ones for the finite cluster calculated directly by means of full

exact diagonalization. We discuss how to reduce the computational cost of the NLCE

calculations by taking into account symmetries and topologies of the linked clusters.

Finally, we generalize the algorithm to the thermodynamic limit, and discuss several

numerical resummation techniques that can be used to accelerate the convergence of

the series.

2.1 Introduction

2.1.1 High-temperature expansions

Calculating exact finite-temperature properties of quantum lattice models can be very

challenging. One general approach to achieve that goal is to devise series expansions

for the lattice model in question in the thermodynamic limit [95, 96]. A common

example of these series expansions are high-temperature expansions (HTEs), in which

the partition function Z and other extensive properties of the system are expanded in

powers of the inverse temperature β = (kBT )
−1 (in what follows we set the Boltzman
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constant kB to unity). For example, consider the Ising Hamiltonian with nearest-

neighbor interactions:

Ĥ = −J
∑

〈i,j〉

σiσj , (2.1)

where J is the strength of the interaction, 〈..〉 denotes nearest neighbors, and σi (=

±1) is the Ising spin on site i. The partition function can be written as

Z =
∑

{σ}

e−βĤ =
∑

{σ}

eβJ
∑

〈i,j〉 σiσj , (2.2)

where the sum runs over all possible configurations of the spins. We define K = βJ ,

which serves as a small parameter in the expansion:

Z =
∑

{σ}

∏

〈i,j〉

eKσiσj =
∑

{σ}

∏

〈i,j〉

∞
∑

l=0

K l

l!
(σiσj)

l (2.3)

If we associate (σiσj)
l to an l-fold bond between sites i and j, a typical term in the

above expansion can be represented graphically as the lattice with various number of

lines (including no line) connecting every two nearest-neighbor sites. Therefore, one

can write the partition function in terms of contributions from all possible graphs,

up to a certain size, that can be embedded on the lattice. (In the Ising model, the

fact that σ = ±1 makes the calculations much easier than in quantum models such

as the Heisenberg model.) The order in K that each graph contributes to is equal

to the number of bonds it has (see Ref. [96] for more details on this derivation).

Equation (2.3) implies that the series converges only at high temperatures, above or

of the order of J . In what follows, we will see how this type of expansion is related

to linked-cluster expansions.

2.1.2 Low-temperature expansions

Similar to HTEs, low-temperature expansions (LTEs) can be devised to describe

properties of a system with discrete excited states close to its ground state, i.e., for
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β → ∞. In this approach, the partition function is written as

Z = e−βE0

[

1 +
∑

n 6=0

e−β(En−E0)

]

, (2.4)

where E0 (En) is the ground state (nth excited state). If there is an energy increment,

ǫ, satisfying En − E0 = mnǫ with mn being integer for all n, any thermodynamic

property can be expressed as an expansion in powers of e−βǫ. Then, cluster expansions

similar to the ones discussed above for HTEs follow [96].

2.1.3 Linked-cluster expansions

The idea behind linked-cluster expansions (LCEs) [96, 97] is that the expectation

value of an extensive observable, per-site, O in a translationally invariant system can

be calculated as a sum over contributions from all clusters c of different sizes that can

be embedded on the lattice

O =
∑

c

M(c)×WO(c), (2.5)

where M(c) is a combinatorial factor equal to the number of ways that a particular

cluster c can be embedded on that lattice. WO(c) is the weight of cluster c for the

given observable, which is calculated via the inclusion-exclusion principle

WO(c) = O(c)−
∑

s⊂c

WO(s). (2.6)

where

O =
Tr
[

Ô(c)e−βĤc

]

Tr
[

e−βĤc

] (2.7)

is the expectation value of the observable O on the specific cluster c. Within NLCEs,

O(c) is calculated using full exact diagonalization. One can check that the weight of

a disconnected cluster vanishes because O(c) can be written as the sum of its parts

(see Sec. 2.2.2), hence, the name linked-cluster expansions.

17



The convergence of the series in Eq. (2.5), when all the terms are considered, is

guaranteed by the definition of weights in Eq. (2.6). In fact, by swapping the place of

O(c) and WO(c) in Eq. (2.6), one can write the property of a finite cluster c as the

sum of its weight and the weights of its sub-clusters. Taking the thermodynamic limit

c → L brings one back to Eq. (2.5). However, in that limit, only a finite number of

terms can be accounted for, and the series has to be truncated.

Because of the inclusion-exclusion principle [Eq. (2.6)], the weight of every cluster

contains only the contribution to the property that results from correlations that

involve all the sites in the cluster, and in a unique fashion in accord with its specific

geometry. At low temperature, when correlations grow beyond the size of the largest

clusters considered in the series, the results show a divergent behavior (due to the

missing contributions of clusters in higher orders of the expansion). In most of the

two-dimensional quantum models of interest, this occurs near or at zero temperature,

e.g., for the nearest-neighbor antiferromagnetic (antiferromagnetic) Heisenberg model

on a bipartite lattice.

The clusters in the sum (2.5) are usually grouped together based on common

characteristics to represent different orders [98, 99]. For instance, in the site expansion,

where sites are used as building blocks to generate the clusters, the order of the

expansion is determined by the number of sites of the largest clusters. All the clusters

with n sites are said to belong to the nth order. In LCEs, one has the freedom to devise

an expansion (with a certain building block for generating the clusters in different

orders) that best suites the particular model of interest. Some of these include the

site, bond, or square expansions on the square lattice, and site, bond, or triangle

expansions on the triangular and Kagome lattices, and so on [99].

Despite the simple form of the LCE equations above, its computational imple-

mentation can be challenging, as one has to (i) generate all the linked clusters that
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can be embedded on the lattice, (ii) identify their symmetries and topologies to com-

pute multiplicities [this step dramatically reduces the computational effort as, for any

given model, many different clusters have identical values of O(c)], (iii) identify the

sub-clusters of each cluster to calculate weights, and (iv) calculate the property of

each cluster and perform the sums. LCEs are computationally very demanding as

the number of embedded clusters, and their sub-clusters, grow exponentially with

increasing the order of the expansion. Below, we explain all those steps in the context

of an example (the site expansion on a finite square lattice). We should stress that

the HTE explained above for the Ising model can be seen as a LCE in which the

property for each cluster is calculated using a perturbative expansion of Eq. (2.7) in

terms of K.

2.1.4 Numerical linked-cluster expansions

The basics of NLCEs, and results for various spin and itinerant models in the square,

triangular and kagome lattices, were presented in Refs. [98–100]. Recent applications

of this method exploring properties of frustrated magnetic systems can be found in

Refs. [101–103]. NLCE studies of the Hubbard model in the square and honeycomb

lattices were reported in Refs. [2, 3, 62, 104]. How to deal with Hamiltonians and

observables that break some of the symmetries of the underlying lattice was discussed

in Refs. [105, 106]. Finally, how to generalize NLCEs to calculate ground-state as

well as low-temperature properties of lattice Hamiltonians with dimerized ground

states was the subject of Ref. [107], while direct ground state calculations in the

thermodynamic limit were done in Ref. [108] and equilibrium dynamics were explored

in Ref. [109].

Here, we discuss NLCEs for finite clusters, in order to show how they converge to

the exact result with increasing the order in the expansion, and, later, discuss NLCEs
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Figure 2.1: 16-site square lattice. The 4 × 4 finite lattice with open boundary
conditions used as an example in the derivation of the NLCE.

in the thermodynamic limit. The exposition is organized as follows. In Sec. 2.2, we

present the algorithmic details and the numerical implementation of NLCE in two

dimensions for a finite 4× 4 lattice. In Sec. 2.2.7, we report results of the expansion

for the antiferromagnetic Heisenberg model on this cluster and compare them, in each

order, to exact results that can be obtained by means of full exact diagonalization of

the 4× 4 lattice. In Sec. 2.3, we discuss how to extend NLCEs to the thermodynamic

limit, and compare NLCE results for the Heisenberg model to those from large-scale

quantum Monte Carlo (QMC) simulations. In Sec. 2.4, we describe two resummation

techniques that have been found to be widely applicable to accelerate the convergence

of the NLCEs for thermodynamic properties of lattice models of interest.

2.2 Implementation of NLCEs for Finite Systems

In this section, we sketch the NLCE algorithm for an arbitrary Hamiltonian that only

connects nearest-neighbor sites on a N = 16 site square lattice with open boundary

conditions, which is shown in Fig. 2.1. We have chosen this small lattice because it

allows us to carry out the NLCE to all orders in the site expansion. It also allows us
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to compare the properties in each order of the expansion to exact results calculated

directly by exact diagonalization (ED) of the entire 16-site system.

2.2.1 Embedded clusters

There exists
(

N
n

)

= N !
n!(N−n)!

clusters in the nth order on a lattice with N sites. To

identify them in a computer, one can number the lattice sites in an arbitrary fashion.

Then, construct an array of size N whose ith element is a binary number representing

site number i on the lattice. A 0 as an element of this array indicates that the

corresponding site is not part of the generated cluster whereas a 1 indicates that it

Table 2.1: Cluster information of a 4 × 4 square lattice. Total number of
embedded clusters (second column), number of linked-clusters (third column), number
of linked-clusters that are not related by point-group symmetries (fourth column), and
number of linked-clusters that are topologically distinct (fifth column), in each order
of the site expansion for a 16-site lattice with nearest-neighbor interactions (Fig. 2.1).

n N !
n!(N−n)!

Connected Sym. distinct Topo.
1 16 16 1 1
2 120 24 1 1
3 560 52 2 1
4 1820 113 5 3
5 4368 244 14 4
6 8008 496 43 10
7 11440 912 94 19
8 12870 1474 197 49
9 11440 2032 296 92
10 8008 2286 327 167
11 4368 2000 265 190
12 1820 1236 169 152
13 560 488 66 65
14 120 116 20 20
15 16 16 3 3
16 1 1 1 1
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is part of the cluster. Therefore, all clusters in the nth order can be generated by

exploring all possible configurations of 1 and 0 as elements of the above array, while

keeping the total number of nonzero elements fixed at n.

In the second column of Table 2.1, we list
(

N
n

)

for our example of the 16-site lattice

in Fig. 2.1. Once we have all the site clusters, we need to connect the sites present on

them with bonds. This is done following the Hamiltonian of interest. For models with

nearest-neighbor interactions, the case of interest here, bonds are added to every pair

of nearest-neighbor sites [98]. Hence, each site in our clusters is connected by bonds

with up to 4 other sites. Examples of clusters within the site expansion are given in

Fig. 2.2.

2.2.2 Connected clusters

Many of the site clusters generated in the step above contain disconnected parts.

Those clusters should be discarded because their weight WO(c), as given by Eq. (2.6),

is zero. This can be easily seen if one assumes that cluster c consists of two discon-

nected sub-clusters c1 and c2. Then, since O(c) is extensive, it can be written as the

1 3 4 5 6 7

...

2

Figure 2.2: Linked clusters embedded in 16-site lattice. A sample of linked
clusters that can be embedded on our finite 16-site lattice. Clusters 3 and 5 are
related by point-group symmetry and are topologically the same as cluster 4.
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sum of the properties of the two sub-clusters:

O(c) = O(c1) + O(c2). (2.8)

But, in addition to all of their subclusters, c1 and c2 themselves are among the sub-

clusters of c. Therefore,

WO(c) = O(c)−
∑

s⊂c

WO(s)

= O(c)−
[

WO(c1) +
∑

s⊂c1

WO(s)

]

−
[

WO(c2) +
∑

s⊂c2

WO(s)

]

= O(c)− O(c1)− O(c2) = 0. (2.9)

One then needs to find a way to distinguish between connected and disconnected

clusters. A cluster is connected if starting from any site one can reach any other site

moving along the bonds (only nearest-neighbor bonds in our case). We have imple-

mented this idea by reconstructing the cluster from scratch. In our codes, starting

from one of the sites in the cluster, we add bonds between that site and all of its

neighboring sites, provided that they are part of the cluster. The same process is

repeated for each of the new sites and this continues until there are no more options

for adding bonds. The resulting cluster is then compared to the original one. If they

are not identical, the cluster must have disconnected parts and is discarded.

In the third column in Table 2.1, we show the number of clusters in each order of

the site expansion after the disconnected ones have been removed. Figure 2.2, depicts

some of the linked clusters generated for our 16-site lattice.
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2.2.3 Point-group symmetries

If the Hamiltonian preserves the symmetries of the underlying lattice, clusters related

by point-group symmetries have the same weight for all observables. Therefore, they

can be grouped together in order to avoid repeating the calculation of the weights for

all of them. Depending on the lattice, one may have different number of point-group

symmetries. For the square lattice, which is the case in our example, one has the

following eight point group symmetries:

• Identity • Reflection about x = 0

• Rotation by 90◦ • Reflection about y = 0

• Rotation by 180◦ • Reflection about x = y

• Rotation by 270◦ • Reflection about x = −y

Hence, at this point in the implementation of the NLCEs, the goal is to identify

and keep only those clusters that are not related by point-group symmetries. We

achieve this through the following steps, which need to be followed independently for

each order of the expansion:

(i) Create a list of symmetrically distinct clusters and their multiplicity. This list

begins with the first linked cluster in the order under consideration with multi-

plicity one.

(ii) Take the next connected cluster and generate all clusters that are symmetrically

related to it by applying the symmetry operations mentioned above.

(iii) For each cluster generated in (ii), check whether it is present in the list created

in (i). This is achieved by finding out whether there is a translation vector that
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converts one cluster into the other. If yes, increase the multiplicity of the stored

cluster that is a match by one, and go to (ii).

(iv) If none of the clusters generated in (ii) is in the list created in (i), store the

connected cluster in the list, set its multiplicity to one, and go to (ii).

This step significantly reduces the number of clusters that one has to consider.

Among the clusters shown in Fig. 2.2, clusters 3 and 5 are related by a 90◦ rotation

and only one of them needs to be stored. The fourth column in Table 2.1 shows the

number of clusters that are not related by point-group symmetries in each order of

the site expansion.

2.2.4 Topological clusters

Furthermore, even if some clusters are not related by point-group symmetries, their

Hamiltonian may be identical. For example, in models with only nearest-neighbor

terms, clusters 3 and 4 in Fig. 2.2 have the same Hamiltonian. We then say that

these two clusters are topologically equivalent, and only one of them needs to be

diagonalized. It is important to note that topologically equivalent clusters share the

same thermodynamic properties, but they may lead to different results for correlation

functions. For example, the distance between the two extreme sites in clusters 3 and

4 in Fig. 2.2 is 2a and
√
2a (a is the lattice spacing), respectively, and that difference

needs to be taken into account when calculating correlation functions. Still, since

the full exact diagonalization of each cluster is the most time consuming part of the

NLCE calculations, the fact that one only needs to diagonalize topologically different

clusters (or simply, topological clusters) reduces the computation time dramatically.
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At this point, we need to generate a list of all topological clusters. It can be easily

verified that they share the same topologically distinct sub-clusters, i.e., only diago-

nalizing topological clusters allows one to carry out the entire NLCE calculations.

The identification of the cluster topologies can be done through adjacency matrices

(M). An adjacency matrix contains all the information about the spatial relations

between sites in the cluster. In the simplest form, an adjacency matrix of an n-site

cluster for a model with only nearest-neighbors interaction can be a n × n matrix

whose rows/columns represent different sites and the matrix elements, Mij , are either

1, if sites i and j are nearest neighbors (are connected by a bond), or 0 otherwise.

Such matrix will be symmetric with zeros as diagonal elements. A generalized version

of such matrices can be used for models with bond anisotropy or correlations beyond

nearest neighbors.

If two clusters of the same size are topologically equivalent, then there exists a

permutation of sites that transforms the adjacency matrix of one onto the other.

Therefore, similar to the approach taken in the previous step, we make a list of

topologically distinct clusters for each order as follows:

(i) Create a list of topological clusters and their multiplicity. This list begins with

the first symmetrically distinct cluster in the order under consideration with its

multiplicity.

(ii) Take the next symmetrically distinct cluster and construct its n! possible adja-

cency matrices (given the n! site permutations).

(iii) For each adjacency matrix generated in (ii), check whether it coincides with the

adjacency matrix of any of the clusters in the list created in (i). If yes, increase

the multiplicity of the stored cluster that is a match by the multiplicity of the

new cluster, and go to (ii).
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(iv) If none of the adjacency matrices generated in (ii) matches the one of a cluster

in the list created in (i), store the newly found topological cluster in the list,

set its multiplicity to the one it had as a symmetrically distinct cluster, and go

to (ii).

In practice, this part of the algorithm can be very time consuming not only because

the number of permutations can be very large, but also because of the matrix com-

parisons. So, alternatively, one can generate a key (an individualized number) for

each adjacency matrix and use that key for comparison purposes. To do that, one has

to pick only one, out of the n! adjacency matrices to represent a cluster. This can

be accomplished by labeling sites according to a unique criterion for the adjacency

matrix. For example, if we think of each adjacency matrix as a large binary number

by attaching its columns/rows one after another, one can pick the permutation of site

numbers that yields the largest (or smallest) binary number. In Fig. 2.3, we show one

of the adjacency matrices of a four-site cluster and the same matrix after exchanging

site labels 1 and 2. The latter, which yields the smallest binary number that consists

of columns of the matrix, is the one that will represent this cluster and that will be

stored.

3

1 2 4
M =









0 1 0 0
1 0 1 1
0 1 0 0
0 1 0 0









SORT

(1↔2)

✲









0 1 1 1
1 0 0 0
1 0 0 0
1 0 0 0









✲ key = 1113

Figure 2.3: An example of the adjacency matrix. An example of the adjacency
matrix that represents a 4-site cluster (left). Rows and columns are representatives
of the sites on the cluster. A 1 (0) as the (i, j) element of the matrix indicates that
sites i and j are connected (not connected) by a nearest-neighbor bond. The matrix
on the right is sorted by exchanging sites 1 and 2. A key is associated to the sorted
matrix according to an arbitrary formula [here, we use Eq. (2.10)].
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The recipe for generating the keys is arbitrary and, for large cluster sizes, one

may not be able to find a recipe that guarantees a unique key for each cluster, i.e.,

multiple adjacency matrices may end up sharing the same key. The following is an

example of one such recipe for creating the keys:

key =
∑

i,j

Mij(i× j)i+j . (2.10)

If the key is not unique, then when the key of a new cluster matches the one of a

stored topological cluster, one has to directly compare the adjacency matrices in order

to determine whether the two clusters are topologically the same. We emphasize that

the use of keys accelerates the process of comparing adjacency matrices tremendously

and has been implemented in all our NLCEs.

Up to this point, we have identified and stored the topological clusters of each

size, their multiplicities, and their adjacency matrices with their respective keys. The

number of topological clusters in each order of our example is shown in the last column

in Table. 2.1. This table now makes apparent the significant reduction of the number

of clusters that need to be fully diagonalized from the initial
(

N
n

)

. In the following

step, we explain how to enumerate the sub-clusters of each topological cluster to be

able to ultimately calculate its weight.

We should stress that the approach described here to identify topologically distinct

clusters works so long as the cluster sizes are small enough that all permutations of

the introduced adjacency matrices can be explored. For larger cluster sizes, one needs

to generate more sophisticated adjacency matrices whose description is beyond the

scope of this introduction to NLCEs.
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2.2.5 Sub-clusters

Given the description so far for finding topological clusters, identifying all subclus-

ters of a topological cluster is a relatively straightforward task. Note that finding the

topological clusters of our finite 16-site lattice can, in itself, be interpreted as finding

all subclusters of a 4 × 4 cluster in the list of topological clusters of a larger lattice.

Therefore, following the same procedure as in Sec. 2.2.1 and Sec. 2.2.2, and replacing

the 4 × 4 system with any of the topological clusters, we first generate all possible

connected subclusters. This time, there is no need for checking the point-group sym-

metries of the subclusters (Sec. 2.2.3). This is because all clusters that are related by

symmetry share the same topology and have the same adjacency matrix. So, after gen-

erating a new connected subcluster, it is sufficient to construct its adjacency matrix

and compare it to those of clusters with the same size that are stored in the list of

topological clusters. Since there will always be a match, one only needs to keep track

of how many subclusters of a certain topology a topological cluster has. The latter

can be achieved by considering a multiplicity matrix, Y , whose (i, j) element gives the

number of times the jth topological cluster can be embedded in the ith topological

cluster.

The steps described from Sec. 2.2.1 to Sec. 2.2.5 need to be carried out just

once for all Hamiltonians involving only nearest-neighbor terms in the square lattice.

The table with all topological clusters and subclusters can be stored and used for

different nearest neighbor Hamiltonians and, for any given Hamiltonian, for different

microscopic parameters.
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2.2.6 Weights

Now, we have all the necessary tools to account for the subcluster subtractions in

order to calculate the weights in Eq. (2.6). The steps that follow need to be carried

out every time that a new Hamiltonian or Hamiltonian parameter is explored. One

starts with the smallest cluster in the first order. That cluster has no subclusters and,

therefore, the weight of the property O in the cluster is simply equal to the property

O(1). Then, to compute the weight of the next topological cluster (a single bond in

the second order of our site expansion, see Fig. 2.2), we have to subtract the weight

of the cluster in the first order from its property, according to the multiplicities given

by the matrix Y :

WO(1) = O(1)

WO(2) = O(2)− Y21WO(1) = O(2)− Y21O(1)

... (2.11)

In the above equations, indices 1 and 2 refer to the cluster number, c, which is not

necessarily the order number. As mentioned in Sec. 2.1.3, in NLCEs, the property

O(c) is calculated using ED. For instance, the internal energy is:

E(c) = 〈Ĥc〉 =
∑Mc

n=1 εn(c) exp[−βεn(c)]
∑Mc

n=1 exp[−βεn(c)]
, (2.12)

where Ĥc is the Hamiltonian for the finite cluster c with eigenvalues εn(c), and Mc is

the size of the Hilbert space on that cluster.

We define partial sums, S, to group together contributions from topological clus-

ters with a common characteristic in one order of the NLCE. For example, in the site

expansion, the most natural characteristic is the number of sites. Therefore, Sn, which

is the sum of the contributions to property O from all n-site topological clusters in
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the series (cn) reads

Sn =
∑

cn

M(cn)WO(cn). (2.13)

The property in the mth order of NLCE is then

Om(L ) =
m
∑

n=1

Sn. (2.14)

2.2.7 Results for the antiferromagnetic Heisenberg model

Now that we have sketched the site expansion for a 16-site lattice and for generic

Hamiltonians that connect only nearest-neighbor sites, let us consider a specific

example of one such Hamiltonians, namely, the antiferromagnetic Heisenberg model

Ĥ = J
∑

〈i,j〉

Ŝi · Ŝj , (2.15)

where Ŝi is the spin operator at site i. For simplicity, we set J = 1 so that, in what

follows, all energies are given in units of J .

In Fig. 2.4, we show results for the energy per site (a), the entropy per site (b),

S =
1

N



lnZ +

〈

Ĥ
〉

T



 , (2.16)

and the specific heat per site (c),

Cv =
1

N

〈Ĥ2〉 − 〈Ĥ〉2
T 2

, (2.17)

on the 16-site lattice. The exact results (labeled “Exact” in Fig. 2.4) were obtained by

means of full diagonalization of the Hamiltonian, and are compared to those obtained

in different orders of the site expansion [Eq. (2.14)]. Two things are apparent in those

plots: (i) with increasing order, the NLCE results converge to the exact ones at lower

temperatures. (ii) At any given order, quantities that can be represented by lower

order derivatives of the partition function converge to lower temperature. Note the
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Figure 2.4: Thermodynamic properties of the antiferromagnetic Heisenberg
model on the 16-site cluster. (a) Energy, (b) entropy, and (c) specific heat per site
vs temperature for the antiferromagnetic Heisenberg model on the 16-site cluster in
Fig. 2.1. Exact results are obtained by full exact diagonalization of the 16-site cluster
with open boundary conditions and are compared to those in different orders of the
site expansion explained throughout this work.

contrast between the results for the energy and Cv. Interestingly, even in the 15th

order, when only the contribution from the 16-site cluster is missing, the energy has

a visible discrepancy with the exact result at temperatures as high as T = 0.3.
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2.3 Thermodynamic Limit

The generalization of the NLCE presented above to the thermodynamic limit is

straightforward. Only certain steps in the algorithm change when dealing with the

infinite-size system. In this section, we discuss those changes and show NLCE results

for the Heisenberg model [Eq. (2.15)] in the thermodynamic limit.

First, for the generation of the clusters, we start with the smallest one (a site

in the site expansion) and systematically add more building blocks (sites in the site

expansion). Hence, to generate clusters with n+1 sites, we consider all symmetrically

distinct clusters that have n sites and add a nearest-neighbor site to every site at

the edge of the cluster. Note that this way of building site clusters works because

of translational invariance in the infinite lattice, and it is not appropriate for the

finite system in Fig. 2.1 where not all sites are equivalent. This approach not only

guarantees the generation of all possible clusters that can be embedded on the infinite

lattice, but also produces only connected clusters, i.e., the step presented in Sec. 2.2.2

(examining the connectivity of the clusters) can be skipped. The second column in

Table 2.2 shows the number of connected clusters per site, with up to 17 sites, in the

site expansion of the square lattice in the thermodynamic limit.

For finite systems without translational symmetry, all the different embeddings of a

particular cluster are automatically generated in the approach discussed in Sec. 2.2.1.

Thus, the multiplicity of a symmetrically distinct cluster is calculated by counting

the times it appears in the process of generating all clusters. For the infinite system,

because of translational symmetry, the multiplicity is simply equal to the number of

point-group symmetries that transform a cluster to another cluster that is not related

to the first one by a translation. Hence, a process similar to the one carried out for

identifying the symmetries of the clusters on a finite lattice needs to be implemented
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for the clusters of the infinite system. However, in the latter, the multiplicity of

symmetrically distinct clusters are determined immediately after building them by

just examining their point-group symmetries. Moreover, if by adding sites to a cluster

in the previous order one finds a new cluster that is related by a symmetry operation

to one of the clusters stored in the new list, we simply dismiss it. The third column

in Table 2.2 show the number of symmetrically distinct clusters per site, with up to

17 sites, in the site expansion of the square lattice in the thermodynamic limit.

Table 2.2: Linked cluster information for the square lattice. Total number of
linked-clusters (second column), number of linked-clusters that are not related by
point-group symmetries (third column), and number of linked-clusters that are topo-
logically distinct (fourth column) per site, up to the 17th order of the site expansion
of the square lattice (in the thermodynamic limit) with nearest-neighbor interactions.

n Connected Sym. distinct Topo.
1 1 1 1
2 2 1 1
3 6 2 1
4 19 5 3
5 63 12 4
6 216 35 10
7 760 108 19
8 2725 369 51
9 9910 1285 112
10 36446 4655 300
11 135268 17073 746
12 505861 63600 2042
13 1903890 238591 5450
14 7204874 901971 15197
15 27394666 3426576 42192
16 104592937 13079255 119561
17 400795844 50107909 339594
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Figure 2.5: Thermodynamic properties of the antiferromagnetic Heisenberg
model on the square lattice in the thermodynamic limit from NLCE bare
sums. (a) Energy, (b) entropy, and (c) specific heat per site of the antiferromagnetic
Heisenberg model on the square lattice in the thermodynamic limit as a function of
temperature. NLCE bare sums up to 15th order are compared with QMC results for
a 256 × 256 lattice.

After finding all symmetrically distinct clusters, we follow exactly the same proce-

dure described in Secs. 2.2.4 and 2.2.5 to determine all topological clusters and their

subclusters. For the site expansion in the square lattice, the last column in Table

2.2 show the number of topological clusters per site in the thermodynamic limit. We

should stress that all the steps described above need to be carried out just once for

all lattice Hamiltonians that only connect nearest-neighbor sites in the square lattice.
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Once the topological clusters and subclusters are determined, one can study any

nearest-neighbor model of interest. In Fig. 2.5, we show results for the energy (a), the

entropy (b), and the specific heat (c) per site for the antiferromagnetic Heisenberg

model on the square lattice, and up to the 15th order of the site expansion. NLCE

results are compared to those obtained by means of QMC simulations, previously

reported in Ref. [105], for a very large periodic system with 256×256 sites. Those plots

exhibit qualitatively similar features to the ones in Fig. 2.4 for a finite cluster. Namely,

as the order increases, NLCE results converge to lower temperature. In addition, the

energy and the entropy can be seen to converge to lower temperature than the specific

heat. We note that, only in the 15th order, there are 42,192 topological clusters that

need to be diagonalized (see Table 2.2). Because of the very large number of clusters,

one can use an embarrassingly parallel code that distributes groups of clusters to

different processors so that one diagonalizes many of them at once in every order of

the NLCEs.

2.4 Resummation Algorithms

As seen from the results in Fig. 2.5, the bare sums of the NLCE converge down to a

temperature that depends on the order up to which the expansion can be carried out

and, on a more fundamental level, it depends on the build up of correlations in the

system as the temperature is lowered. The longer the correlations the larger the cluster

sizes that need to be included in the series to achieve convergence. Fortunately, even

if one cannot calculate more orders of the NLCE, because of the exponential increase

of the number of clusters and of the Hilbert space of each cluster, several numer-

ical resummation algorithms have been developed that accelerate the convergence of

NLCEs [99].
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The goal of those algorithms is to estimate O(L ) = limm→∞Om in Eq. (2.14) from

a finite set {Om}. Resummation techniques then provide results for the observables

of interest in regions where the bare sums [Eq. (2.14)] do not converge. Here we

will focus our discussion on two such methods: Wynn’s algorithm [110] and Euler’s

transformation [111]. They have been shown to be extremely useful in accelerating

the convergence of NLCEs for thermodynamic properties in several models of interest

[2, 62, 98, 99, 104–107].

In Wynn’s algorithm, one defines

ε(−1)
n = 0, ε(0)n = On,

ε(k)n = ε
(k−2)
n+1 +

1

∆ε
(k−1)
n

, (2.18)

where the differentiating operator ∆ is applied to subscripts and is expressed as

∆ε(k−1)
n = ε

(k−1)
n+1 − ε(k−1)

n . (2.19)

It is expected that the even entries ε
(2l)
n converge to O(L ), while the odd ones

ε
(2l+1)
n usually diverge, where l is defined as the number of cycles of improvement. As

an example, assume that the highest order in the NLCE that can be considered is m,

i.e., the bare sum yields Om for the property in the last order. Now, assume that we

use the Wynn algorithm with l = 1 (one cycle of improvement) instead. In that case,

Om → ε
(2)
m−2 = Om − Sm

1− Sm−1

Sm

, (2.20)

where the second term in the right hand side is the first order correction to the result

of the bare sum. Yet, it can often significantly improve the convergence. Note that, for

every cycle of improvement, there will be two terms less in the new series determined

by means of Eq. (2.18) (Om → ε
(2l)
m−2l).

We have found that this algorithm is one of the best for accelerating the con-

vergence of NLCEs. In Fig. 2.6(a), we show the same energy as in Fig. 2.5(a) but
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Figure 2.6: Thermodynamic properties of the antiferromagnetic Heisenberg
model on the square lattice in the thermodynamic limit from resummation
techniques. (a) Energy, (b) entropy, and (c) specific heat per site of the antiferro-
magnetic Heisenberg model on the square lattice as a function of temperature. Here
we show results of last two orders (thick lines are used for the last order and thin lines
for the one to last order) for the NLCE bare sums (up to the 15th order), Wynn’s
algorithm with 6 cycles of improvement, and Euler’s transformation (for the last 11
orders). Results from a large-scale QMC and exact diagonalization of a 16-site cluster
with periodic boundary conditions are also shown.

include the results obtained after six cycles of improvement using Wynn’s algorithm.

One can see that the last two orders of the Wynn sum (red solid lines) agree with

each other down to much lower temperatures (T ∼ 0.2) in comparison to the bare

sums. In addition, the last order (thick solid line) is in perfect agreement with the
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QMC results in the entire temperature region shown. Very similar results can be seen

for the entropy in Fig. 2.6(b). Furthermore, as depicted in Fig. 2.6(c), and unlike the

bare sums, the Wynn algorithm can precisely capture the position and the height of

the peak in the specific heat of this model, and even converges to temperatures lower

than those accessible to the QMC calculations depicted in the figure.

Note that the maximum cluster sizes considered in NLCE shown there (15 sites)

are far smaller than the size of the lattice in the QMC simulations (256 × 265).

Hence, we see that a thorough exploration of all topologies in NLCEs, up to those

cluster sizes, completely eliminates finite-size effects. In addition, in combination with

resummation algorithms, one can compute observables up to quite low temperatures.

NLCE results can also be contrasted against those obtained from ED of a 16-site

cluster with periodic boundary conditions. As seen in Fig. 2.6, the finite cluster results

depart from QMC at temperatures higher than the convergence temperature of NLCE

even with the bare sum. Using slightly larger clusters, which can still be solved by

means of full exact diagonalization, does not improve this trend either [105].

We should point out that the antiferromagnetic Heisenberg model on the square

lattice is one of the most challenging models that one can attempt to solve with

NLCEs. This is because the antiferromagnetic correlations grow exponentially with

decreasing temperature, and quickly exceed the linear size of the largest clusters that

can be treated within ED. For this reason, frustrated magnetic systems, for which

QMC techniques run into the infamous sign problem, and where correlation lengths

are small and grow slowly with decreasing temperature, are ideal to be explored by

means of NLCEs.

Another very useful resummation technique for alternating series, i.e., series in

which Sn alternates in sign, is the Euler transformation. Within this approach, Sn is
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replaced by un = (−1)nSn and O(L ) is approximated by the following sum:

u0 − u1 + u2 + · · · − un−1 +

m−n
∑

l=0

(−1)l

2l+1
∆lun, (2.21)

where ∆ is defined as forward differencing operator

∆0un = un,

∆1un = un+1 − un,

∆2un = un+2 − 2un+1 + un,

∆3un = un+3 − 3un+2 + 3un+1 − un, (2.22)

...

and n− 1 is the number of terms for which a bare sum is performed before the Euler

transformation sets in for higher order terms. The first few terms of the approximation

can be written as

Om → On−1 + (−1)n
[

1

2
Sn +

1

4
(Sn + Sn+1) + · · ·

]

. (2.23)

It is evident from the results in Fig. 2.6 after implementing the Euler transfor-

mation for the last 11 terms (n = 5), that the latter algorithm also dramatically

improves the convergence from that of the bare sum.
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Chapter 3

Finite-temperature Properties and Cooling of Strongly Correlated

Fermions in the Honeycomb Lattice

In this chapter, we study finite-temperature properties and short-range spin cor-

relations of fermions in the honeycomb lattice utilizing numerical linked-cluster

expansions (NLCEs) and determinantal quantum Monte Carlo (DQMC) simulations.

For the homogeneous system, we analyze a number of thermodynamic quantities,

including the entropy, the specific heat, uniform and staggered spin susceptibilities,

short-range spin correlations, and the double occupancy at and away from half

filling. For the half-filled case, we find that, in comparison to the square lattice, the

honeycomb lattice exhibits a more significant region of anomalous rise in the double

occupancy at low temperature, leading to a more efficient adiabatic cooling. We also

show that nearest-neighbor (NN) spin correlations are stronger in the honeycomb

lattice than in the square lattice for a wide range of interaction strengths and for an

extended region of experimentally relevant entropies. This is found to be true even

in the weakly-interacting regime, where the former has a semimetallic ground state

while the latter has an antiferromagnetic (AF) Mott insulating one. Employing a

local density approximation (LDA), we examine the viability of adiabatic cooling by

increasing the interaction strength for homogeneous as well as for trapped systems.

For the homogeneous case, this process is found to be more efficient at finite doping

than at half filling. That, in turn, leads to an efficient adiabatic cooling in the presence

of a trap which, starting with even relatively high entropies, can drive the system to
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a Mott insulating phase with substantial antiferromagnetic correlations. We discuss

the implications of these findings for optical lattice experiments.

3.1 Model and Computational Methods

3.1.1 The Hamiltonian

We are interested in the Fermi-Hubbard model on the honeycomb lattice. The one-

band Fermi-Hubbard Hamiltonian, which was introduced in Eq. (1.2), describes elec-

trons in a lattice, or two component fermions in an optical lattice.

The most recent DQMC studies of the phase diagram of this model on the honey-

comb geometry indicate that there are two ground-state phases, a semimetallic one at

weak coupling and an AF Mott insulating one at strong coupling, with a continuous

phase transition between them that occurs at Uc/t ≃ 3.8 [29, 32].

3.1.2 Numerical approaches

In this work, we use two fundamentally different unbiased numerical methods, a

NLCEs [98–100] and DQMC [112] to study the thermodynamic properties of Hamil-

tonian (1.2) in the honeycomb lattice. NLCEs is introduced in Chapter 2. We use

the site based NLCE [99], which implies that contributions to the mth order of the

expansion come solely from clusters with up to m sites. The computational effort is

reduced by identifying all clusters that have the same Hamiltonian (same topology),

and diagonalizing only one of them [1, 99]. In Table I, we report the total number

of topologically distinct clusters (second column) that are diagonalized in each order

of the NLCE (first column). The number of topological clusters should be compared

to the much larger number of added lattice constants at each order of the expansion

(third column).
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NLCEs converge at a given temperature whenever correlations in the system are of

the order of or smaller than the largest cluster sizes considered in the expansion. How-

ever, even if the bare sums diverge as we discussed in Chapter 3, one can accelerate

the convergence of NLCEs at lower temperatures by using resummation algorithms.

Here, we carry out the calculations up to the ninth order in the site expansion and

employ Wynn and Euler resummation techniques [1, 99] to improve the convergence

at low temperatures. Our calculations are performed in the grand-canonical ensemble

[100], and we compute all observables for a wide range (and dense grid) of chemical

potentials, µ, and temperatures, T . Note that we can make the grid for µ and T

Table 3.1: Linked cluster information for the honeycomb lattice. Number of
topologically distinct clusters and sum of the lattice constants for clusters with up to
17 sites in the honeycomb lattice.

No. of sites No. of topological clusters
∑

L(c)
1 1 1
2 1 3/2
3 1 3
4 2 7
5 2 18
6 5 47
7 7 125
8 15 675/2
9 26 919

10 59 5 053/2
11 113 7 008
12 258 39 169/2
13 542 55 097
14 1 233 311 751/2
15 2 712 443 080
16 6 208 1 264 630
17 14 004 3 622 431

43



arbitrarily fine without much computational overhead since, for a given U , all of the

information about the clusters are generated in a single run of the exact diagonaliza-

tion. This allows us to accurately compute the equation of state so that all quantities

can also be studied at any desired constant density.

Within DQMC [112], the partition function is expressed as a path integral by

using the Suzuki-Trotter decomposition of exp(−βĤ), where β = 1/(kBT ) with kB

the Boltzmann constant, after discretizing the imaginary time. This introduces an

imaginary-time interval ∆τ that we set to ∆τ × t = 0.05. The interaction term

is decoupled through a discrete Hubbard-Stratonovich transformation [113], which

introduces an auxiliary Ising field. One can then integrate the fermionic degrees of

freedom analytically, and the summation over the auxiliary field (which depends both

on the site and the imaginary time) is carried out stochastically using a Monte Carlo

algorithm. Most of our results are for 96 sites for the honeycomb lattice and 100 sites

for the square lattice geometry, though in some cases, other system sizes (namely 24,

54, 150 and 216 sites) were studied for the honeycomb lattice to analyze finite size

effects. As it will become apparent in the following, from comparisons to the NLCE,

the systematic errors in DQMC are mostly negligible for our parameters of interest.

As it will become apparent, the two approaches are complementary. For the half-

filled system with weak interactions (in comparison to the bandwidth), DQMC can

access lower temperatures than NLCE. This can be understood from the fact that the

computational cost of the former method increases almost linearly with inverse tem-

perature, whereas the exponential growth of correlations in the model by decreasing

the temperature limits the region of convergence of NLCE. On the other hand, for

strong interactions, while DQMC runs into statistical difficulties when sampling the

auxiliary fields, the convergence of NLCE extends to lower temperatures. This is

because in the strong-coupling regime of the half-filled system, the relevant energy
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scale at low temperatures is that of spin degrees of freedom, namely, the exchange

interaction J ∝ 1/U , which sets the characteristic temperature for the onset of the

exponential growth of AF correlations. This scale decreases as the interaction strength

increases and NLCEs can follow it without running into computational difficulties.

Away from half filling, DQMC is limited to higher temperatures in comparison to

half filling due to the so-called fermion “sign problem” [114, 115]. We find that in

NLCEs, despite the lack of sign problem, the temperature at which the series converge

for our observables of interest also generally increases as the system is doped away

from half filling. This seems to be a consequence of the emergence of competing

correlations at higher temperatures.

3.2 Results for Homogeneous Systems

In this section, we analyze a number of thermodynamic quantities of the homogeneous

system for the honeycomb lattice at and away from half filling. Specially, we study

the entropy, the specific heat, uniform and staggered spin susceptibilities, short-range

spin correlations, and the double occupancy.

3.2.1 Equation of state and compressibility

In optical lattice experiments, single site addressability [116, 117] makes possible an

accurate determination of the equation of state [density (n) vs chemical potential (µ)]

of lattice Hamiltonians of interest. This equation of state determines the shape of the

experimental density profiles and, when obtained at low enough temperatures, allows

one to identify the presence of a single particle gap in the spectrum. In the inset

of Fig. 3.1, we show the equation of state in the square and honeycomb lattices for

U/w = 3/2, which is beyond the critical value for the formation of the Mott insulator
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Figure 3.1: Compressibility vs U for the honeycomb lattice at half filling.
NLCE results for the compressibility vs U in the honeycomb (HC) and square (SQ)
lattices, at half filling, for two values of T/w that are very close in both lattices. Inset-
Equation of state for U/w = 3/2 and the same two values of T/w as in the main panel.
These results were obtained after three cycles of improvement of Wynn’s resummation
algorithm [99]. The zero chemical potential, which corresponds to half filling for
the particle-hole symmetric Hamiltonian, is shifted by U/2 for the nonsymmetric
representation of the Hamiltonian in Eq. (1.2).

in the latter, and for two values of T/w that are very close in both lattices. With

decreasing temperature, n vs µ reveals the single-particle gap in the Mott phase by

exhibiting a region in which n barely changes when changing µ. As expected from

their phase diagrams, that gap is greater in the square lattice than in the honeycomb

lattice. This results in the former system being less compressible than the latter at

half filling and finite T for large values of U .

By decreasing T for small U , the compressibility (κ = ∂n/∂µ) also reveals the

vanishing of the density of states in the semimetallic phase. This is shown in the main

panel of Fig. 3.1, where, for weak interactions, the compressibility in the honeycomb

lattice is seen to decrease with decreasing temperature (κ → 0 as T → 0). This
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behavior is to be contrasted with the one in the square lattice, where κ increases as

U → 0 and T → 0, signaling the metal insulator transition [118]. Note that, for finite

T , the behavior above leads to a region in U where κ is smaller in the honeycomb

lattice than in the square lattice, despite the fact that in such a region the ground

state in the former may be a semimetal while in the latter is an insulator. This can

be understood given the difference between dispersion relations in the two systems

which, at low T , can lead to less states being available in the honeycomb lattice than

in the square lattice.

3.2.2 Entropy

In the grand-canonical ensemble, the entropy (per site) can be written as

S =
lnZ

N
+

〈Ĥ〉 − µ〈N̂p〉
N T

, (3.1)

where N̂p is the operator for the total number of particles. Within NLCEs, all the

extensive quantities in the right hand side of Eq. (3.1) can be computed (per site)

directly in the thermodynamic limit. This is not the case within DQMC. The calcu-

lation of the entropy in the latter approach, for finite clusters, is done by integrating

the energy [119].

S(T ) = S(T → ∞) +
β〈Ĥ〉
N

− 1

N

∫ β

0

〈Ĥ〉 dβ, (3.2)

where S(T → ∞) is the high temperature limit of the entropy for a given density n;

S(T → ∞) = 2 ln(2)−n ln(n)−(2−n) ln(2−n). Throughout this chapter, the entropy

will be given in units of kB. Since we will present results for two different lattice

geometries, we have chosen the unit of energy to be the noninteracting bandwidth,

w, which is 6t for the honeycomb lattice and 8t for the square lattice.

In the main panel in Fig. 3.2, we show the entropy of the honeycomb lattice as

a function of temperature at half-filling and for different values of U from NLCE

47



0.01 0.1 1
T/w

0

0.5

1

1.5

S

U/w=1/2
U/w=1
U/w=3/2
U/w=2
AFHM

0.6 0.8 1
n

0.7

0.8

S

n=1.00
T/w=0.126

Figure 3.2: Entropy vs T for the honeycomb lattice at half filling. NLCE (lines)
and DQMC (symbols) results for the entropy of the Hubbard model in the honeycomb
(HC) lattice as a function of T for U/w = 1/2, 1, 3/2, and 2 at half-filling. The NLCE
results were obtained by applying Euler’s resummation to the last six terms in each
order of the expansion [1, 99]. Here we report results for the last order (thick lines)
and the one to last order (thin black lines). We also show NLCE results for the
entropy of the antiferromagnetic Heisenberg model (AFHM) for J/w = 1/18. The
site expansion for this model was carried out up to the 17th order. The results in
this case were obtained using Wynn’s algorithm and we report those for the highest
term after eight (thick lines) and seven (thin black lines) orders of improvement
[1, 99]. Unless otherwise specified, all NLCE results reported in the following are
obtained as explained above and are presented using the same convention. The rule
that lines (symbols) depict results from NLCE (DQMC) also apply to all plots in this
chapter. Note that statistical error bars for DQMC data are shown only when they
are greater than the symbol size. Inset: NLCE results for the entropy vs density (n)
at T/w = 0.126 for the same values of U and legends used in the main panel.

(lines) and DQMC (symbols). As anticipated, we find that NLCE results converge

to lower temperature as U increases. For the largest value of U shown (U/w = 2),

the convergence is extended to around T/w = 0.02. Figure 3.2 shows that, for the
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two smallest values of U (U/w = 1/2 and 1), the results from the two methods agree

very well down to the lowest convergence temperature in the NLCE. On the other

hand, small deviations between the results from NLCE and DQMC become apparent

for larger values of U and low temperature, e.g., DQMC slightly underestimates the

entropy for U/w = 1.5 for T/w < 0.1.

As expected, and similarly to previous results for the square lattice [104], the

entropy shows different behavior in the weak- and strong-coupling regimes. While

in the former it decreases steadily from ln 4 to 0 when lowering the temperature, in

the latter, a plateau develops at intermediate temperatures (T/w ∼ 0.1). The plateau

becomes more visible with increasing U . This can be explained as follows: when U (and

consequently the cost of double occupancy) increases the charge degrees of freedom

freeze out at increasingly high temperatures. Once they are frozen, the system at lower

temperatures can be described by an effective Heisenberg model (with J = 4t2/U),

whose high-temperature entropy (S ∼ ln 2) agrees with the entropy at the plateau of

the Hubbard model. As U increases, J decreases and the low temperature regime of

the effective Heisenberg model moves to lower temperatures. This results in a larger

plateau with increasing U . To make those points apparent, in Fig. 3.2 we also show

the entropy of the AF Heisenberg model in the honeycomb lattice with J/w = 1/18,

which closely follows the results of the Hubbard model with U/w = 2 at T/w < 0.1.

NLCE results for the entropy away from half filling are presented in the inset in

Fig. 3.2. Those results were obtained for T/w = 0.126, the same four values of U

depicted in the main panel, and for a wide range of local fillings (0.5 ≤ n ≤ 1). In

the weakly-interacting regime (e.g., U/w = 1/2), as the density increases, the entropy

increases monotonically first and then saturates at a finite value when n > 0.8. This is

because the system behaves similarly to a non-interacting system at this temperature:

as n → 1, the number of microstates increases and therefore the entropy increases.

49



However, as correlations become significant by increasing U , the entropy decreases

dramatically as the density approaches half-filling due to the formation and ordering

of local moments. This is accompanied by the appearance of a peak in the entropy at

n ∼ 0.85, which resembles the one appearing for the same model in the square lattice

[104, 120, 121]. The high entropy around that filling at low temperature signals the

presence of many low-energy competing states, which, upon further cooling, could

result in the emergence of exotic phases such as superconductivity.

3.2.3 Specific Heat

The specific heat (per site) is defined as

Cv =
1

N

(

∂〈Ĥ〉
∂T

)

n

(3.3)

=
1

N





(

∂〈Ĥ〉
∂T

)

µ

+

(

∂〈Ĥ〉
∂µ

)

T

(

∂µ

∂T

)

n



 , (3.4)

where the second expression is more amenable for evaluation in the grand-canonical

ensemble. However, in order to avoid numerical derivatives and eliminate the system-

atic errors they introduce, we rewrite Eq. (3.4) using Maxwell equations as [62]

Cv =
1

NT 2






〈∆Ĥ2〉 −

(

〈Ĥn̂〉 − 〈Ĥ〉〈n̂〉
)2

〈∆n̂2〉






, (3.5)

where 〈∆Ĥ2〉 = 〈Ĥ2〉 − 〈Ĥ〉2 and 〈∆n̂2〉 = 〈n̂2〉 − 〈n̂〉2. All expectation values in

Eq. (3.5) can be directly evaluated in NLCEs.

Within DQMC, obtaining Cv from Eq. (3.5) requires the calculation of expectation

values of products of up to eight fermion operators. While this is possible in principle,

it would lead to large statistical fluctuations in the results, which are costly to reduce.

Therefore, we resort to the numerical differentiation of high quality data for 〈Ĥ〉 as

prescribed in Eq. (3.3).
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Figure 3.3: Specific heat vs T for the honeycomb and square lattices at half
filling. Specific heat vs T for (a) the honeycomb lattice and (b) the square lattice
[19, 62, 122]. Results are presented for the Hubbard model with U/w = 1/2, 1, 3/2,
and 2 at half-filling, and for the Heisenberg model with J/w = 1/18 (honeycomb)
and J/w = 1/32 (square). The NLCE site expansion for the Heisenberg model in the
square lattice was carried out up to the 15th order [1].

The specific heat of the Hubbard model in the honeycomb and square lattices

are presented in Figs. 3.3(a) and 3.3(b), respectively, for different values of the cou-

pling strength. The NLCE results in the square geometry were previously reported in

Ref. 62, while early DQMC results in the square and honeycomb geometries (admit-

tedly less accurate than those reported here) can be found in Refs.122 and19, respec-

tively. The complementarity of NLCE and DQMC is once again clear from these

plots for both lattice geometries. For weak interactions (e.g., U/w = 1/2), DQMC

and NLCE results are in good agreement with each other down to the temperatures

at which NLCE converges. However, DQMC can also access the very low-temperature

regime that is not accessible to NLCE. Because of this, DQMC can resolve the double

peak structure that is present in the square lattice for U > 0, which is the result of the

Mott insulating ground state with long-range AF order that occurs for any nonzero
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value of U . Such a structure is absent in the honeycomb lattice in the weakly inter-

acting regime, where the ground state of the system lacks long-range AF order [19].

For values of the interaction strength of the order of the bandwidth, we do find

small deviations between NLCE and DQMC results at intermediate to low tempera-

tures (T/w . 0.1 for both geometries), as (mainly) discretization errors start to affect

the DQMC results. Nevertheless, the relatively good agreement between the results

from these two methods for U = w, especially for the honeycomb geometry down to

T/w ∼ 0.03, indicates that systematic errors in DQMC are not playing an important

role. For larger values of U (U/w = 3/2 and 2 in Fig. 3.3), NLCE provides more

accurate results down to lower temperatures. In particular, from the NLCE data it

becomes apparent that the position of the low temperature peak moves to lower tem-

perature (proportional to 1/U) as the interaction strength increases. This is expected

once the charge degrees of freedom become irrelevant and the system falls in a regime

that can be described by the Heisenberg model. The specific heat predicted by the

corresponding spin model in the honeycomb and square lattices are also depicted in

Fig. 3.3. They closely follow (but are not equal to) the results obtained within the

Hubbard model for the largest value of U shown in those figures (U/w = 2).

Similarly to what happens in the square lattice, in the weak-coupling regime in

the honeycomb lattice the curves for specific heat vs temperature show what appears

to be a unique crossing point at a high temperature for different interaction strengths

[19]. This phenomenon has been extensively discussed for strongly-correlated models

and materials [123]. The high accuracy of the NLCE results at those temperatures

allows us to make definite statements as to whether this is indeed a unique crossing

point. In Fig. 3.4(a) and 3.4(b), we plot (as a function of U) the high-T crossing

temperature (T cross.) and the value of Cv at the crossing (Ccross.
v ) between curves of

Cv that have U and U + w/6. One can see that T cross./w has a weak dependence on
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Figure 3.4: Crossing point of the specific heat for the honeycomb lattice. (a)
Temperature and (b) value of Cν at the high-temperature crossing point between the
specific heat curves for consecutive values of U (see text), as obtained from NLCE.

U with a shallow minimum around U/w = 0.8 before rising linearly with increasing

the interaction at larger U . Ccross.
v is also U dependent. These results are qualitatively

similar to those obtained for the square lattice in Ref. 62, so that the features seen

in T cross. and Ccross.
v appear to be related to the onset of strong correlations in the

system.

3.2.4 Uniform Susceptibility and Short-range Spin Correlations

Another thermodynamic property of much experimental interest is the uniform sus-

ceptibility (per site)

χ =
〈(Ŝz)2〉 − 〈Ŝz〉2

NT
, (3.6)

where Ŝz is the z component of the spin operator. In solid state experiments, χ is

usually measured using SQUID magnetometers.

Results for the uniform susceptibility in the honeycomb lattice are presented in

Fig. 3.5(a) as a function of temperature for different interaction strengths. For U/w .

1, the DQMC results agree once again with those from NLCE down to the lowest
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Figure 3.5: Uniform spin susceptibility and NN spin correlations vs T for
the honeycomb lattice at half filling. (a) Uniform spin susceptibility, and (b)
NN spin correlations in the honeycomb lattice at half-filling vs T for U/w = 1/2, 1,
3/2, and 2. In (a), we also include results for the Heisenberg model with J/w = 1/18.
The inset in (b) shows T ∗, which is the temperature at the maximum of the uniform
susceptibility, and T ′, which is the temperature at which ∂Szz

nn/∂T is maximal, as a
function of U (for U > Uc).

convergence temperature in the NLCE. For U/w > 1, an accurate DQMC calculation

of this quantity at low temperatures becomes costly and we only show results for

U/w = 1.5, which exhibit large statistical errors at the lowest temperatures.

The plots for the uniform susceptibility in Fig. 3.5(a) make apparent that there

exists a peak for all values of U whose location moves to lower temperatures mono-

tonically with increasing U . This is unlike in the square lattice where such a peak first

moves to higher temperatures with increasing U (in the weakly interacting regime)

before moving to lower temperatures for U & w, following the AF characteristic tem-

perature [104, 122, 124]. Insight as to why the honeycomb lattice model behaves

differently can be gained from the fact that its ground state is semimetallic in the

weakly interacting regime with no long-range AF correlations. Therefore, the peak in

the uniform susceptibility in that regime does not represent the onset of long-range
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AF correlations, which we know do not diverge in the ground state. In the strongly

interacting regime, on the other hand, the peak temperature of χ (denoted by T ∗)

does characterize the onset of exponentially large AF correlations and decreases fol-

lowing the energy scale J ∝ 1/U as U increases. In the inset in Fig. 3.5(b), we plot

T ∗ as a function of U .

If it would be possible to measure the uniform susceptibility in experiments with

ultracold gases, its downturn as the temperature is decreased could be used to identify

the onset of antiferromagnetism. Since this is still not possible in current experimental

setups, measuring NN spin correlations (Szz
nn) can be considered a first step for probing

the emergence of AF order in strongly-correlated lattice models such as the Hubbard

model. This step has already been taken in experiments in the square lattice geometry

[125–127].

In our calculations, we define Szz
nn (per bond) as

Szz
nn =

1

NZ
∑

i,〈j〉i

〈Sz
i S

z
j 〉, (3.7)

where Z is the coordination number (Z = 3 for the honeycomb lattice),
∑

i,〈j〉i

means that we sum over all j’s that are nearest neighbors of i, and then sum over

all i’s. We are interested in identifying how to use those short range correlations to

determine whether the system is in a regime with exponentially large AF correlations.

In Fig. 3.5(b), we show Szz
nn, as a function of temperature in the honeycomb lattice

and for different values of U . They do not exhibit any sharp feature at T ∗. For

U/w = 1/2, which is below the critical value for the formation of the Mott insulator

in the ground state of the honeycomb lattice model, |Szz
nn| increases but eventually

saturates as T decreases. Note that the minus sign indicates opposite NN (pseudo-

)spins. For U > Uc, |Szz
nn| increases to values much larger than for U < Uc with

the region of fastest increase being pushed to lower temperatures as U is increased.
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Figure 3.6: Short range correlations vs entropy for the honeycomb and
square lattices at half filling. (a) Nearest-neighbor spin correlations and (b) next-
nearest-neighbor spin correlations in the honeycomb and square lattices at half filling
as a function of entropy, for U/w = 1/2 and 3/2. Circles (Squares) and solid (dashed)
lines correspond to honeycomb (square) lattice. Note that, for Szz

nnn in the square
lattice, only QMC results are shown.

We have computed the derivative of Szz
nn with respect to temperature (∂Szz

nn/∂T )

and determined the temperature at which it is maximal. That temperature (denoted

by T ′) is shown in the inset in Fig. 3.5(b). One can see there that T ′ is close to,

but falls below, T ∗. This implies that if ∂Szz
nn/∂T is determined from experimental

measurements and T ′ is identified, then one will know (from our results here) that

the system is in a regime with exponentially large AF correlations for T . T ′.

We are also interested in comparing the short-range spin correlations between the

honeycomb and square lattices at various interaction strengths. In Fig. 3.6 (a), we

plot Szz
nn in the square and honeycomb lattices vs S for two different values of U/w,

one below and one above the critical value for the formation of the Mott insulator
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formation in the honeycomb lattice. That figure shows that, unexpectedly, there is an

extended region in entropies where |Szz
nn| are greater in the honeycomb lattice than in

the square lattice, and that this happens even when the ground state in the former is

a semimetal or a spin liquid while it is an AF Mott insulator in the latter. At very low

entropies, we find that, ultimately, |Szz
nn| in the square lattice becomes greater than

in the honeycomb lattice, but the entropy at which this occurs becomes smaller as U

increases.

Our results imply that strong NN spin correlations can be more easily observed

in experiments in the honeycomb lattice than in the square lattice. They also make

evident that an enhancement of |Szz
nn| should not be taken as a signature of the Neel

state, which does not exist in the honeycomb lattice for U/w < 0.72, where |Szz
nn| is

greater than in the square lattice (for entropies per particle that are currently achiev-

able experimentally). This is because such an enhancement can be a very local effect.

We have also calculated next-nearest-neighbor correlations, Szz
nnn, in both lattices (see

Fig. 3.6 (b)) and found them to be always stronger in the square lattice than in the

honeycomb lattice.

3.2.5 Staggered susceptibility and structure factor

In Sec. 3.2.4, we discussed two indirect measurements that help locating the onset of

antiferromagnetism in the Hubbard model in the honeycomb lattice. Here we present

results for two quantities that directly track the growth of such correlations, namely,

the staggered susceptibility and the AF structure factor.

The staggered susceptibility (per site) is defined as the negative second deriva-

tive of the free energy (per site) with respect to a staggered field, h, added to the

Hamiltonian:

χstg =
T

N

∂2 lnZ

∂h2
|h=0. (3.8)
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Figure 3.7: Staggered susceptibility vs T for the honeycomb lattice at half
filling. NLCE results for the staggered susceptibility as a function of temperature in
the honeycomb lattice at half-filling for U/w from 1/2 up to 2. The inset shows χstg

as a function of U/w for T/w = 0.05.

This derivative can be evaluated numerically within NLCE because one has full access

to the partition function in the presence or absence of a staggered field. Using a Taylor

expansion of lnZ, χstg can be rewritten as

χstg =
2T

N

lnZ|h=∆h − lnZ|h=0

∆h2
, (3.9)

where ∆h is very small. In the NLCE calculations, we have tested several values of

∆h, which were orders of magnitude apart (0.001 . ∆h . 0.1), to ensure that the

value of χstg reported here is independent of the ∆h chosen.

In Fig. 3.7, we show results for the staggered susceptibility as a function of temper-

ature for various interaction strengths. In all cases, one can see a fast growth of this

quantity when lowering the temperature starting from high temperatures (T ∼ w).

However, when T/w . 0.1, the curves for U > Uc depart from those for U < Uc, as

58



χstg grows much more quickly with lowering T in the former. In fact, for tempera-

tures lower than T ∗ for U > Uc (see the inset in Fig. 3.5), χstg appears to be growing

exponentially.

As discussed before, J in the effective Heisenberg model decreases as U increases

in the strongly interacting regime, which results in the onset of exponentially growing

correlations to move to lower temperatures with increasing U (for U & w). This has

a visible effect on χstg at the lowest temperatures we have access to. In Fig. 3.7, one

can already see that after an initial increase for U ≤ w, χstg decreases with increasing

U for U > w. This is shown more clearly in the inset of Fig. 3.7, where we plot χstg

vs U/w at T/w = 0.05. The maximal value of χstg at that temperature occurs in the

vicinity of U = w.

The second quantity of interest is the AF structure factor, which is defined as

SAF =
1

N

∑

ij

ϑi,j

〈

Sz
i S

z
j

〉

, (3.10)

where ϑi,j = −1 if i and j belong to a different sublattice and ϑi,j = 1 if i and j

belong to the same sublattice. Note that the lack of long range order at any finite

temperature implies that SAF is finite in the thermodynamic limit. This means that

for the NLCE calculation an “additive” structure factor is computed in finite clus-

ters as
∑

ij ϑi,j

〈

Sz
i S

z
j

〉

. This is done so that the intensive counterpart (SAF) can be

evaluated within NLCE in the thermodynamic limit. SAF can be measured in solid

state systems utilizing neutron scattering, and, in ultracold atomic gases, it has been

recently proposed to use Bragg scattering for that purpose [128]. It can also be

calculated utilizing DQMC.

In Fig. 3.8, we plot SAF as a function of T for the honeycomb lattice at half

filling for different values of U/w. We should note that, in contrast to the quantities

discussed in previous sections, SAF exhibits strong finite size effects in the DQMC
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Figure 3.8: Structure factor vs T for the honeycomb lattice at half filling.
Antiferromagnetic structure factor as a function of temperature in the honeycomb
lattice at half-filling with U/w = 1/2, 1, 3/2, and 2. Lines (symbols) correspond to
NLCE (extrapolated DQMC) results.

simulations for the temperatures of interest here. Because of this, the DQMC results

shown in Fig. 3.8 are the outcome of an extrapolation to the thermodynamic limit

considering 5 different system sizes (24, 54, 96, 150 and 216 sites).

It is apparent in Fig. 3.8 that the results for SAF as a function of temperature and

interaction strength correlate with those for χstg in Fig. 3.7. For SAF, we show DQMC

results that extend to much lower temperatures than those at which NLCE converges

in the weak-coupling regime. They make evident that, for U < Uc (U/w = 1/2 in

Fig. 3.8) where the ground state is a semimetal, the structure factor increases very

slowly with decreasing temperature below T/w = 0.1 before saturating and even

decreasing at the lowest temperatures accessible to DQMC. For strong interactions,

on the other hand, the growth below T = T ∗ is exponential, which is consistent with

the presence of an AF ground state.
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Figure 3.9: Double occupancy vs T for the honeycomb and square lattices at
half filling. DQMC (symbols) and NLCE (lines) results for D vs T in both lattices at
half filling for U/w = 1/2, 1, and 3/2. Lines and symbols are the same as in Fig. 3.6.

3.2.6 double occupancy

A quantity that draws great interest in experiments with ultracold gases in optical

lattices is the double occupancy D = 〈n̂↑n̂↓〉, which can be accurately measured and

has been used to identify the presence of a Mott insulator [13].

At half filling, D is expected to decrease with decreasing temperature. This can

be seen in Fig. 3.9, where we plot DQMC (symbols) and NLCE (lines) results for

the double occupancy vs T for three values of U in the honeycomb and square lat-

tices. (Note the excellent agreement between the results obtained utilizing the two

approaches.) At high temperatures, D is essentially the same for both geometries.

However, as the double occupancy decreases when reducing T , one can see that the

results in the honeycomb lattice depart from, and remain at higher values than, those

in the square lattice. As this occurs, an upturn can be seen in the double occupancy
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Figure 3.10: Double occupancy vs T for the honeycomb lattice away from
half filling. NLCE (lines) and DQMC (symbols) results of the honeycomb lattice for
normalized double occupancy 4D/n2 vs T at different densities for (a) U/w = 1 and
(b) U/w = 3/2. Inset of (a) shows T/w at the minimum of 4D/n2 as a function of n.

with decreasing T . Especially for small U/w, this upturn is more pronounced in the

honeycomb lattice than in the square lattice (note that for U/w = 1/2, it is absent

in the latter geometry).

We are also interested in D away from half filling. Figure 3.10 depicts the nor-

malized double occupancy, namely, D divided by its uncorrelated high-temperature

value of n2/4, for two different values of the interaction strength. In Fig. 3.10, one

can see that the region in temperature with an anomalous dD/dT < 0 exists not only

at half filling but also away from it. The low-T upturn away from half filling, which

has also been observed for the square lattice geometry [104, 121], can be attributed

to delocalization effects due to Fermi liquid behavior, especially in the weak to inter-

mediate coupling regimes. Consistently with that picture, the low-T upturn starts at

higher temperatures as n decreases from 1, as shown in the inset in Fig. 3.10(a). This
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also explains the enhancement in the value of |dD/dT | in the anomalous region as

one dopes the system away from, but remains close to, half filling for U/w = 1. At

half filling, this phenomenon, and the resulting Pomeranchuk cooling mechanism, has

been studied using several techniques [119, 129, 130].

In the strong-coupling regime, the less pronounced upturn in D at half filling is

attributable to the increase in virtual hoppings to NN sites due to the enhancement

of AF correlations [131]. In that case, the similar upturn in D away from half filling,

and the agreement of the normalized double occupancies for a range of densities

close to one at low temperatures [see Fig. 3.10(b)], can be explained by the fact that

AF correlations and ordering of the moments likely remain significant, even at small

dopings when the interaction strength is large [104].

3.2.7 Adiabatic cooling

The existence of a region in temperature in which there is an anomalous dD/dT < 0

has been discussed in the context of the Hubbard model in the square lattice. Early

dynamical mean-field theory calculations identified a significant anomalous region

[119], which was later found to be marginal in DQMC [124] and NLCE [104] cal-

culations in two dimensions (2D). Interest in the existence of such a region devel-

oped as it signals adiabatic cooling with increasing U . This follows from the relation

∂S/∂U = −∂D/∂T [119], which implies that at constant T , the entropy (S) increases

(or, that at constant S, the temperature decreases) with increasing U . DQMC [124]

and NLCE [104] calculations have also shown that, starting with short-range spin

correlation for small values of U , one can generate exponentially large AF correlations

by adiabatically increasing U , despite the fact that there is almost no cooling for weak

interactions. However, the entropy per particle needs to be S . 0.5.
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Figure 3.11: Isentropic curves for the honeycomb lattice at half filling. Isen-
tropic curves for the temperature vs U/w in the honeycomb lattice at half filling at
several constant entropies. The crossover scale, T ∗, from NLCE is only depicted in the
regime where the ground state is a Mott insulator with long-range AF correlations.
For S=0.20, we also show results for the square lattice (dashed line and square sym-
bols). The inset shows the entropy per particle at T = T ∗ vs U/w. Lines (Symbols)
correspond to NLCE (DQMC) results.

We plot in Fig. 3.11, the isentropic curves in the T −U plane at half filling for the

honeycomb lattice. By comparing those results with the ones for the square lattice

(see Refs. [104, 124] and the results for S = 0.2 in Fig. 3.11), it becomes apparent

that adiabatic cooling is more significant in the honeycomb lattice for small values

of U . This occurs in the absence of a Mott insulating ground state and where the

available number of states at any given T in the honeycomb lattice is smaller than

in the square lattice [see the compressibilities in Fig. 3.1]. One may wonder if this

could ease the realization of exponentially large AF correlations in the honeycomb

lattice in comparison to the square lattice, where it remains a major experimental

goal [39]. The region with exponentially large correlations can be identified from
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T ∗, which is the temperature at which the uniform susceptibility is maximal for U

beyond the critical value for the formation of the Mott insulator. T ∗ is also plotted

in Fig. 3.11 and shows that an entropy per particle S . 0.6 is needed to generate

exponentially large correlations in the honeycomb lattice. This is close to, but above,

the entropy required in the square lattice. The entropy per particle at T ∗ in the square

and honeycomb lattices for half filled systems, S∗, is shown in the inset of Fig. 3.11.

Beyond U/w = 1, S∗ can be seen to be almost the same in both lattice geometries

(S∗ . 0.5).

Exploring how such a cooling mechanism changes away from half-filling is impor-

tant as in experiments the systems are inhomogeneous. So n = 1 regions are always

surrounded by n < 1 regions. In Fig. 3.12, we show the isentropic curves in the T −U
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Figure 3.12: Isentropic curves for the honeycomb lattice away from half
filling. Isentropic curves for T/w vs U/w in the honeycomb lattice at density n = 1.00
(thin dashed lines) and n = 0.90 (thick solid lines) for constant entropies S = 0.50,
0.60, 0.65, ln(2), 0.75, 0.85, and 0.90. Those results were obtained using NLCE. For
n = 0.90, we also present results from DQMC (symbols).
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plane at n = 0.90 (NLCE as thick solid lines and DQMC as symbols) and compare

them with the ones at n = 1.00 (NLCE as thin dashed lines), which are shown at

Fig. 3.11. It is worth noting the good agreement between NLCE and DQMC results for

n = 0.90, specially for U/w < 1. For the ranges of U/w and temperatures presented

here the “sign” problem in the QMC calculations was small at this filling.

Figure 3.12 makes apparent what one could have predicted from the results for

the double occupancy in Fig. 3.10 (from the more pronounced rise in D by lowering

temperature when n = 0.9 than when n = 1), namely, that adiabatic cooling by

increasing U is generally stronger away, but close to, half filling. For high entropies,

e.g., S = 0.75 in Fig. 3.12, one can see that as U increases in the strong-coupling

regime the temperature for the system with n = 0.9 decreases while it increases for

the half-filled system. Similarly, at lower entropies, e.g., S = 0.6 in Fig. 3.12, the

system with n = 0.9 can be cooled down to lower temperatures than with n = 1.00.

As we show in the following section, these findings have important implications for

adiabatically cooling of systems confined in harmonic potentials, as is the case for

experiments with cold gases in optical lattices.

3.3 Results for Trapped Systems

In order to emulate optical lattice experiments, we consider fermions trapped in a

harmonic potential by adding a term
∑

iσ V r2i n̂iσ to the Hamiltonian (1.2), where

V is the potential strength and ri is the distance of each site from the center of

the trap. Since NLCE and DQMC results discussed in the previous sections are for

homogeneous systems, we use the LDA to estimate thermodynamic properties of the

confined system. For temperatures similar to those studied here, LDA was found to
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be a good approximation, at least for the square lattice geometry, in a DQMC study

of the Hubbard model for harmonically trapped systems [132].

We are interested in understanding how adiabatic cooling changes in the presence

of a confining potential. In those systems, the density changes from its maximal value

in the center of the trap to zero. Given the results in Fig. 3.12, which show an impor-

tant dependence of the isentropic curves on the density, one needs to consider a fully

trapped system to determine how the contributions from low and high densities add

up in a trap to result in cooling (or heating) as the interaction strength is increased.

To provide general results, which apply to systems with potentially different strengths

of the confining potential and/or number of particles, it is convenient to utilize the

characteristic density ρ̃ = Np(2V/w)
d/2 [133, 134], where Np is the total number of

particles in the trap and d is the dimensionality.

In Fig. 3.13, we show isentropic curves for T/w vs U/w in trapped systems with

ρ̃ = 9.3 and 4.3. Note that here, s gives the average entropy per particle in the trap,

which is to be compared to the entropy per site (S) of the homogeneous system only

at half filling. For U > Uc, the region with T < T ∗ in the latter system is depicted

as a shaded area in Fig. 3.13. Figure 3.13 shows that even if s is as large as 0.9,

the temperature in the trapped system decreases steadily as U increases. This is

to be contrasted with the results in Fig. 3.12 where such a steady decrease of the

temperature is not seen even if S at n = 1 is as low as 0.6. Furthermore, as shown

in Fig. 3.13(b), one can adiabatically drive the trapped system into a regime with

T < T ∗ starting from entropies per particle that are higher than S = 0.5, required

for the n = 1 homogeneous case to achieve T < T ∗ [2].

What remains to be checked is whether there is a Mott (n = 1) region in the

trapped system when T < T ∗. In Fig. 3.14, we show density profiles corresponding

to the same characteristic densities depicted in Fig. 3.13, for selected values of the
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Figure 3.13: Isentropic curves for the trapped honeycomb lattice. NLCE
results for the isentropic curves of T/w vs U/w in trapped systems in the honey-
comb lattice for constant average entropies per particle s = 0.5, 0.6, 0.7, 0.8, and
0.9; and for (a) ρ̃ = 9.3 and (b) ρ̃ = 4.3. The shaded region emphasizes tempera-
tures below T ∗, for (U > Uc), in the half-filled homogeneous system [see the inset in
Fig. 3.5(b)].

entropy per particle and U/w. Figure 3.14(a) reports results for ρ̃ = 9.3 when s = 0.6.

This average entropy leads to a temperature T < T ∗ when U/w ≃ 1, and we indeed

find that a Mott shoulder develops in the system at the desired interaction strength

(see the density profile for U/w = 7/6).

A preferable AF Mott plateau occupying the entire center of the trap may then

be obtained by reducing the characteristic density. This can be seen in Fig. 3.13(b)

for ρ̃ = 4.3 and s = 0.8, where the density profile at T/w = 0.066 and U/w = 7/6

exhibits an extended plateau with n = 1 in the center of the system. Note that, for

this characteristic density and entropy per particle, the isentropic curve for s = 0.8

exhibits a region in U/w for which T is below T ∗ [Fig. 3.13(b)]. For ρ̃ < 4.3 (not

shown), we find that the density profiles for the highest values of s whose temperature
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falls below T ∗ have n < 1 at r = 0. This means that the highest average entropy per

particle that can support exponentially long AF correlations in a Mott plateau in the

center of the trap is roughly 0.8, and this occurs for characteristic densities ρ̃ ≃ 4.3

[corresponding to the results in Fig. 3.13(b)].

One may wonder how those results compare to what happens in the square lattice.

In Fig. 3.15(a), we show isentropic curves for a harmonically trapped system in the

square lattice with ρ̃ = 3.6. This is about the lowest characteristic density that

supports a Mott insulator with n = 1 for s ∼ 0.8. The density profiles corresponding to

s = 0.8 are presented in Fig. 3.15(b). (Those results are similar to the ones presented

in Ref. 104, but are extended to lower temperature using numerical resummations

in the NLCE.) Figure 3.15(a) clearly shows that s ≃ 0.6 are required to achieve

temperatures below T ∗ in this case, so that the Mott plateau seen in Fig. 3.15(b)

for U/w = 1 does not exhibit exponentially long correlations. This indicates that

0 10 20 30 40
r

0

0.5

1

1.5

2

n(
r)

T/w=0.136, U/w=0
T/w=0.099, U/w=1/2
T/w=0.061, U/w=7/6

0 10 20 30 40
r

0

0.5

1

1.5

2

n(
r)

T/w=0.107, U/w=0
T/w=0.084, U/w=1/2
T/w=0.066, U/w=7/6

(b)(a)

ρ∼ =9.3 
s=0.6

ρ∼ =4.3 
s=0.8

Figure 3.14: Local density for the trapped honeycomb lattice. Local density
for trapped fermions in the honeycomb lattice with (a) ρ̃ = 9.3 and s = 0.6, and (b)
ρ̃ = 4.3 and s = 0.8. Results are presented for U/w from 0 to 7/6. NLCE results are
depicted as lines and DQMC results as symbols.
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Figure 3.15: Isentropic curves and local density for the trapped square lat-
tice. (a) NLCE results for the isentropic curves in the square lattice, similar to
Fig. 3.13 but with ρ̃ = 3.6; (b) local density in the square lattice with ρ̃ = 3.6
and s = 0.8. Lines and symbols are the same as in Fig. 3.14.

long-range AF correlations should be easier to observe in the honeycomb geometry

than in the square one.

Another way to achieve cooling in a trap is to apply adiabatic expansion by

reducing the confining potential. Based on that idea, two recent works, one on the

square lattice [104] and the other on the cubic lattice [135], have shown that starting

with a system with high density in the center of the trap (n ∼ 2) and with an average

entropy per particle larger than S∗, one can achieve a Mott insulator in the center of

the trap with a local entropy smaller than or equal to S∗ by adiabatically decreasing

the confining potential. The excess entropy is then stored in the compressible domains

with n < 1.

In Fig. 3.16, we show how the cooling mechanism discussed above works in the

honeycomb lattice. Figure 3.16 depicts the evolution of the local density (a), local

entropy (b), NN spin correlations (c), and the local compressibility (d) as one reduces
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Figure 3.16: Density, entropy, nearest-neighbor spin correlations, and com-
pressibility for the trapped honeycomb lattice. (a) Density, (b) entropy, (c)
NN spin correlations, and (d) compressibility for trapped honeycomb lattice systems
with N = 6.7 × 103 particles, an average entropy per particle S = 0.67, U = 3w/2,
and V/w = 1.5×10−3, 1.0×10−3, and 3.8×10−4 (in order of decreasing temperature).
DQMC results are depicted as symbols and NLCE results as lines. Note that, due
to the finite T grids used in DQMC and NLCE calculations, the values of T in both
approaches are very close but not identical.

the trapping potential adiabatically in a system with U/w = 3/2 and in which the

average entropy per particle is S = 0.67. This entropy per particle is higher than

S∗ = 0.47 for U/w = 3/2. One can see that, as V is reduced, the density in the

center of the trap changes from nearly that of a band insulator to that of a Mott

insulator [Fig. 3.16(a)]. At the same time, the entropy in the Mott insulating region

becomes of the order of, or smaller than, S∗, with the excess entropy being moved

to the metallic wings [Fig. 3.16(b)]. This results in strong NN correlations in the

Mott insulating domain [Fig. 3.16(c)] and a vanishing compressibility in the same
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region [Fig. 3.16(d)]. Our results for a specific trapping potential and number of

particles (similar to the ones in current experiments) can be extended to other values

of the trapping potential and number of particles through the use of the characteristic

density [133, 134].
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Chapter 4

Thermodynamics of Two-dimensional Spin Models With Bimodal

Random-bond Disorder

In this chapter, we use NLCEs to study thermodynamic properties of the two-

dimensional spin-1/2 Ising, XY, and Heisenberg models with bimodal random-bond

disorder on the square and honeycomb lattices. In all cases, the nearest-neighbor

coupling between the spins takes values ±J with equal probability. We obtain the

disorder averaged (over all disorder configurations) energy, entropy, specific heat, and

uniform magnetic susceptibility in each case. These results are compared with the

corresponding ones in the clean models. Analytic expressions are obtained for low

orders in the expansion of these thermodynamic quantities in inverse temperature.

The presentation is is organized as follows. In section 4.1, we introduce the three

models we study (the spin-1/2 Ising, XY, and Heisenberg) and summarize some of

their known properties in the square and honeycomb lattices. Section 4.2 briefly

describes NLCEs for systems with disorder. Numerical results for the latter, and

their comparison with those for clean systems, are presented in Sec. 4.3.

4.1 Models

We are interested in thermodynamic properties of various spin-1/2 models on the

square and honeycomb lattices (see Fig. 4.1). In the absence of disorder, and for

nearest neighbor interactions, those models do not exhibit frustration on either lattice,
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which are both bipartite. While the thermodynamic properties of the various models

studied here are qualitatively similar on both lattice geometries, there are significant

quantitative differences, e.g., in the critical temperatures for the onset of quasi-long-

range order [136]. These differences have their origin in the different coordination

number in both lattices, with the honeycomb lattice having the smallest one. Hence,

not surprisingly, for the spin-1/2 antiferromagnetic Heisenberg model, the staggered

magnetization is significantly suppressed on the honeycomb lattice as compared with

the square lattice [137]. Disorder, on the other hand, leads to frustration on both

lattices, and to a qualitative change of the intermediate to low temperature properties

with respect to the clean systems. Frustration can be easily identified by trying to

assign spins to the various sites in Fig. 4.1 to minimize the energy. If one takes the

Ising Hamiltonian discussed below, one finds that for the overwhelming majority of

disorder realizations there is no single spin configuration that minimizes the energy

on all bonds.

Figure 4.1: Schematic of lattice models with bond disorder. Schematic of lattice
models, square (left) and honeycomb (right), with bond disorder. The red and blue
bonds represent Jij = ±J . Black dots at vertices represent the spins. It is easy to see
that the bond disorder causes frustration by trying to arrange the spins to minimize
energy.
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We should stress that both for the clean and disordered cases, we expect quantum

fluctuations to strongly modify the results for the spin-1/2 XY and Heisenberg models

from their classical counterparts (see, e.g., Ref. [138] for examples of the effects of

quantum fluctuations in frustrated spin-1/2 XY and Heisenberg models on the hon-

eycomb lattice). Our focus is on systems with bimodal random-bond disorder, where

the nearest-neighbor coupling between the spins takes values ±J with equal proba-

bility.

4.1.1 Ising model

The Hamiltonian for the spin-1/2 Ising model can be written as

HIsing =
∑

〈ij〉

Jij S
z
i S

z
j (4.1)

where Sz
i = ±1/2 is the spin at site-i, and the sum is over nearest neighbors. In the

absence of disorder (Jij = J for all i, j), Eq. (4.1) has served as the quintessential

model for magnetism and was solved exactly on a 2D square lattice by Onsager [139].

In the presence of continuous disorder, the Hamiltonian in Eq. (4.1), commonly known

as the Edwards-Anderson model [140], has also become a widely studied model for

spin-glasses.

The Ising model has a discrete Z2 symmetry, i.e., the transformation Sz
j → −Sz

j for

all j leaves the Hamiltonian invariant. This symmetry can be spontaneously broken at

sufficiently low temperatures to create an ordered phase. For Sz
i = ±1/2, the critical

temperature is given by Tc/|J | = 1/2 log(1 +
√
2) ≈ 0.57 for the square lattice, and

Tc/|J | = 1/2 log[(
√
3+1)/(

√
3−1)] ≈ 0.38 for the honeycomb lattice, and is the same

for the ferro- and antiferromagnetic cases [136]. The latter is because, for bipartite

lattices, a unitary transformation relates both models. This can be easily seen by

rewriting the Hamiltonian in Eq. (4.1) as HIsing =
∑

i Ji S
z
i,AS

z
i,B, where A and B are
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the two sub-lattice indices. One can then go from Ji → −Ji, i.e., between the ferro-

and antiferromagnetic models, via the transformation: Sz
i,A → −Sz

i,A and Sz
i,B → Sz

i,B.

The specific heat of the clean model diverges at the critical temperature for both

the square and the honeycomb lattices. Equivalently, the derivative of the energy

diverges at the critical temperature but the energy remains finite throughout. For the

antiferromagnetic model, the susceptibility is known to be finite everywhere, with an

infinite slope at the critical temperature. The maximum value of the susceptibility

occurs at Tm = 1.537 Tc and Tm = 1.688 Tc for the square and honeycomb models

respectively [136, 141], i.e., above the critical temperature. Our results for the clean

systems are consistent with these. However, we cannot study the critical phase or the

properties of the system very close to criticality (see Figs. 4.3 and 4.4).

The Ising model with bimodal disorder has been extensively studied in the past

[43, 44, 46, 142–148]. It is reasonably well established that no glassy phase exists for

T > 0 [144, 145]. However, due to the extensive degeneracy of the ground state, it is

not entirely clear if a spin-glass appears at T = 0 for the model with equal probability

bimodal disorder considered here. At finite temperature, our results for this case are

described in Sec. 4.3.1.

4.1.2 XY Model

The spin-1/2 XY model can be written as

ĤXY =
∑

〈ij〉

Jij(Ŝ
x
i Ŝ

x
j + Ŝy

i Ŝ
y
j ) (4.2)

where Ŝx,y
i are spin operators at site i, proportional to the Pauli matrices. We consider

only the isotropic case, where the model has a continuous U(1) rotation symmetry in

the plane. The presence of a continuous symmetry precludes, via the Mermin-Wagner

theorem [149], a finite-temperature phase-transition involving the breaking of this
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continuous symmetry from occurring. For d ≤ 2 dimensions, the fluctuations in any

putative ordered phase appearing from breaking a continuous symmetry grow with

system size for finite temperatures, destroying any order (see e.g., Ref. [150]). Hence,

this model has an ordered phase only at T = 0.

However, in 2D there can still be a finite temperature Berezinskii-Kosterlitz-

Thouless (BKT) transition [151, 152] below which the system exhibits quasi-long-

range spin order. The critical temperature for the BKT transition in the spin-1/2 XY

model in the square lattice is Tc/|J | ≈ 0.34 [153, 154]. We should stress that both

classical [155] and quantum models with continuous symmetries in 2D can exhibit

this kind of behavior [156]. We should also mention that most studies in the liter-

ature report results for the ferromagnetic XY model (J < 1). However, like for the

Ising model, in the square and honeycomb lattice a unitary transformation relates

the ferro- and antiferromagnetic models and the critical temperature is the same in

both. Our calculations for the susceptibility of the clean case on the square lattice

converge down to temperatures of T/|J | ≈ 0.4, which is compatible with the onset of

quasi-long-range order for Tc/|J | . 0.34 [153, 154].

4.1.3 Heisenberg model

The spin-1/2 Heisenberg model, also known as the XXX model, can be written as

ĤHeis =
∑

〈ij〉

Jij Ŝi · Ŝj (4.3)

where Ŝi = (Ŝx
i , Ŝ

y
i , Ŝ

z
i ), and Ŝx,y,z

i are spin operators at site i, proportional to the

Pauli matrices. The Heisenberg model has an SU(2) symmetry, the highest of the

three models considered in this work. The ground state in the clean case (Jij = J)

is an ordered ferromagnet or antiferromagnet depending on the sign of the coupling

constant J . Like for the XY model, long-range order only occurs at zero temperature.
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However, in contrast to the XY model, the 2D Heisenberg model does not develop

quasi-long-range order at finite temperature. This is due to the fact that the internal

symmetry group, SU(2) [O(3)] for the quantum (classical) Heisenberg model, is non-

Abelian, as opposed to the XY model which has an Abelian symmetry group, U(1)

[O(2)] for the quantum (classical) cases. Vortices or point-defects, which are respon-

sible for the BKT transition [152], occur only in the latter case [157]. Furthermore, in

2D, O(N) models with N ≥ 3 or SU(N) models with N ≥ 2, i.e., with non-Abelian

symmetry groups, can be shown via perturbation theory to be asymptotically free,

which for spin models translates to a renormalization group flow towards paramag-

netism [158, 159].

The results for the clean system presented here for the square lattice are nearly

identical to the spin-1/2 results presented in Ref. [160], which also compares with

other known results.

4.2 NLCEs with Disorder Average

As described in Chapter 2, NLCEs can only be used for translationally invariant

systems. A priori, disorder breaks translational invariance. However, we are only

interested in disorder averaged physical quantities. If we take a disorder average over

all possible disorder configurations in models with bimodal disorder, we restore trans-

lational invariance. The two crucial points that make that possible are: (i) the linear

character of the equations defining the linked cluster expansion, so that disorder

average can be commuted with the NLCE summation process, and (ii) the use of

binary disorder which, after averaging over all possible disorder realizations, restores

the translational symmetry. Hence, the equivalent of Eq. (2.5) reads

O =
∑

c

M(c)×WO(c) (4.4)

78



Figure 4.2: Clusters on the square lattice. Clusters up to the fourth order in
the site based NLCE on the square lattice. The two 3-site clusters have the same
Hamiltonian. At fourth order, in addition to three clusters with identical Hamiltonian,
two topologically new clusters appear – the closed loop and the “⊥”. Each topologically
new cluster is diagonalized separately.

where the overline denotes the disorder average. The disorder average of the weights

is in turn given by

WO(c) = O(c)−
∑

s⊂c

WO(s). (4.5)

In other words, the disorder average can be carried out order by order for each observ-

able. The calculations then proceed as for the translationally invariant system if one

replaces O(c) by O(c).

The computations in the presence of disorder are much more challenging than

for translationally invariant systems because of the additional average over all pos-

sible disorder realizations. For example, the largest clusters we consider here for the

quantum models in the square lattice have 13 sites. At this order, there are a total of

∼ 1.9× 106 connected clusters, of which 5,450 are topologically distinct [99]. Each of

these has to be fully diagonalized for the 2ℓ disorder configurations corresponding to

the ℓ bonds in the cluster. This has to, of course, be carried out for all lower orders
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as well, each with a different set of topologically distinct clusters and disorder config-

urations. For the clean systems, we report results for cluster with up to 15 sites for

the square lattice. In that case one has to diagonalize 42,192 topologically distinct

clusters with 15 sites.

NLCE calculations fail to converge when correlations in the thermodynamic limit

extend beyond the largest clusters considered. Therefore, NLCEs cannot be used to

calculate observables in phases with long-range order unless one tailors the expansion

to account for those [107]. Since disorder usually shortens correlations at low temper-

atures, NLCEs are particularly useful to study quantum disordered systems, despite

the increase of computational cost because of the disorder average. It will become

apparent when we discuss our results for the various thermodynamic properties of

interest in this work, that NLCEs converge to lower temperatures in disordered sys-

tems when compared to clean systems. As mentioned before, quantum Monte Carlo

simulations in the presence of disorder are severely limited by the sign problem.

4.3 Results

In this section, we discuss the results of our NLCE based study of the three spin

models described in Sec. 4.1 on the square and honeycomb lattices. In what follows,

we set J = 1 as the energy scale. For each model and lattice geometry, we report

the energy (E), entropy (S), specific heat (Cv), and uniform susceptibility for the

magnetization along the z-axis (χ) as a function of temperature. These quantities are

defined as

E =
〈Ĥ〉
N

, Cv =
〈Ĥ2〉 − 〈Ĥ〉2

NT 2

S =
logZ

N
+

E

T
, χ =

〈(Ŝz)2〉 − 〈Ŝz〉2
NT

(4.6)
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where the overline denotes a disorder average, the angle brackets denote the thermal

expectation value in the grand-canonical ensemble (at zero chemical potential), N

is the number of sites, and T is the temperature. As mentioned earlier, the disorder

average is carried out over all disorder configurations at each order in the NLCE. In

all cases, the disorder averaged results are compared with the ones in clean systems.

For all observables, we report bare NLCE results for the highest two orders of

our site-based NLCE expansion, which are determined by the number of sites l in

the largest clusters studied. Namely, we report the results from Eq. (4.4) when the

contributions of all clusters with up to l sites are added, where l takes the two largest

values in our calculations for each model in each lattice geometry. We also report

results using two different resummation schemes, indicated as Wynnn and Eulern. The

subscript n denotes the order of the resummation process (see Ref. [99] for details).

The resummation schemes allow us to access significantly lower temperatures than

the bare results in some cases as indicated below.

Before discussing each model and observable in detail, we make a few general

observations. In all models and observables discussed here, the numerical results at

intermediate to high temperatures in the presence of disorder are close to those of the

corresponding clean system. Whereas this is obvious for temperatures so high that the

first order correction to the infinite temperature result is negligibly small, we notice

from our results in Figs. 4.3–4.8 that the observables in clean and disordered models

are indistinguishable for temperatures as low as T = 2 (barring the susceptibility).

In order to show why this is so, we expand the partition function for small inverse

temperature β ≡ 1/T , Z = Tr(e−βĤ) ≈ Tr(1 − βĤ + β2Ĥ2/2 + . . .). The models

we consider have only nearest-neighbor coupling, i.e., Ĥ =
∑

〈ij〉[JijĤij + h(Ŝz
i +

Ŝz
j )/2], where we have included a magnetic field h as a source to calculate the uniform

susceptibility in the z-direction. The most general two-site Hamiltonian that describes
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all models of interest here is given by Hij = γ(Ŝx
i Ŝ

x
j + Ŝy

i Ŝ
y
j )+∆Ŝz

i Ŝ
z
j , which becomes

the Ising model for γ = 0,∆ = 1, the XY model for γ = 1,∆ = 0, and the Heisenberg

model for γ = ∆ = 1. With this in mind, to first order in β, the high temperature

expansion for Z can be written as Z = 2N − β
∑

〈ij〉Tr[JijĤij + h(Ŝz
i + Ŝz

j )/2], where

N is the number of lattice sites. Note first that Tr(Ŝz
i ) = 0 (the Pauli matrices

are traceless), and second, that Tr(Ĥij) = 0, so that the linear correction vanishes.

Therefore, to first order in β, the clean and the disordered system have the same

partition function. This is true regardless of the type of disorder.

To second order, after expanding Ĥ2, we have

Z = 2N +
β2

2
Tr

[

∑

〈ij〉,〈kl〉

JijJklĤijĤkl + +h2
∑

i,j

Ŝz
i Ŝ

z
j + h

∑

〈ij〉,k

JijĤijŜ
z
k

]

(4.7)

Let us treat the above terms one by one. In the first term, for 〈ij〉 6= 〈kl〉, the trace is

identically zero as shown above. For the case when say i 6= l, but j = k, we effectively

have a new Hamiltonian for three neighboring spins. It is easy to verify explicitly that

this trace also vanishes. The only possibility left for a nonvanishing contribution is

〈ij〉 = 〈kl〉. The trace of second term in the brackets is nonzero only for i = j. In the

third term, again for k 6= i or j, the trace is zero. For, say j = k, considering only the

diagonal elements of the matrix, Ŝz
i Ŝ

z
j Ŝ

z
j ∝ Ŝz

i , we see that the trace vanishes. Taking

these into account, and writing logZ to O(β2), we have

logZ

N
= log 2 +

β2

2 · 2NN Tr

[

∑

〈ij〉

J2
ijĤ

2
ij +

Nh2

4

]

(4.8)

For both, the clean system and the system with bimodal disorder, J2
ij = J2. We

therefore get,
logZ

N
= log 2 +

β2

4

(

J2 Tr2 Ĥ
2
2 +

h2

2

)

+O(β3) (4.9)

where Ĥ2 is the Hamiltonian for a two-site system and the subscript “2” on the trace

indicates a trace over the Fock space of a two-site system. The disorder average does
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not change the above expression, and therefore to this order, the clean and the disor-

dered systems behave identically. The energy, for instance, is given to this order by

E = −(∂ logZ/∂β)/N = −βJ2Tr2(Ĥ
2
2 )/2, the specific heat is Cv = β2J2Tr2(Ĥ

2
2)/2,

and the uniform susceptibility is χ = β/4.

In fact, it is straightforward to check that the partition function in the clean and

disordered systems remains the same at O(β3), except for terms proportional to h2.

In other words, the energy, entropy, and specific heat are the same for clean and

disordered systems up to third order in β, but the uniform susceptibility deviates.

The following expression can be derived along the lines of Eqs. (4.7)–(4.9) for the

third order correction to the partition function:

logZ

N
= log 2 +

β2

4

(

J2 Tr2 Ĥ
2
2 +

h2

2

)

− β3h2

12
Jij Tr2 ĤijŜ

z
i Ŝ

z
j . (4.10)

There is no sum over i, j, which represent the two sites in a 2-site system. For the

clean model one just needs to replace Jij with J in the above formula, while for the

disordered one, the disorder average produces two terms for ±J (which cancel each

other, implying that disorder extends the paramagnetic behavior in the susceptibility

to lower temperatures). One can the see that for h = 0, all thermodynamic quantities

studied here, except the susceptibility, are identical in the clean and disordered cases

up to O(β3). One can further verify that this changes at fourth order, where differences

emerge between clean and disordered systems. An example of a term that makes a

difference at fourth order is a square loop with four sites and four bonds (see Fig. 4.2).

Even in the Ising case, the Hamiltonian H12H23H34H41 = 1/64 has a nonzero trace

with a product of four different Jij .

We should stress that, in all models studied here in the presence of disorder, we

find that there is a significant amount of residual entropy (when comparing with the

clean systems) at the lowest temperatures we are able to access with NLCEs. This

83



is a clear indication of the lack of order at those temperatures. The behavior of the

entropy, coupled with a saturation of the energy observed at the lowest temperatures

accessible to us, confirms that there are many energy levels close to each other at low

energies. This is the hallmark of frustration.

4.3.1 Ising model

Figures 4.3 and 4.4 show the energy (a), entropy (b), specific heat (c), and uniform

susceptibility (d) for the disordered spin-1/2 Ising model on the square and honey-
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Figure 4.3: Spin-1/2 Ising model on the square lattice. Panels (a)–(d) show
the energy, entropy, specific heat, and uniform susceptibility vs T , respectively. Solid
lines depict disorder averaged quantities, while dashed lines depict results for the
clean system. Thin lines report bare results for the last two orders of the NLCE,
while thick lines report the results of two resummation techniques. A thin continuous
line following the results of the resummations reports results for a lower order of the
same resummation technique and is used to gauge their stability. The dotted vertical
line marks the position of the phase transition. The dashed dotted line shows exact
analytic results for the clean system in the thermodynamic limit.
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comb lattices, respectively. For the square lattice, we also plot the exact results for

E, S, and Cv for the clean model [139, 161]. Several approximate analytic estimates

exist for the susceptibility, but there is no closed form expression for all temperatures.

Figures 4.3(a) and 4.4(a) show that, as mentioned before, a generic feature in the

presence of disorder is that the energy tends to plateau at the lowest temperatures

accessible to us. In that regime, the entropy is significantly higher than in the clean

systems [Figs. 4.3(b) and 4.4(b)]. Distinct to the Ising models, the sharp divergence

in the specific heat in the clean case [see Figs. 4.3(c) and 4.4(c)], which indicates the
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Figure 4.4: Spin-1/2 Ising model on the honeycomb lattice. Panels (a)–(d)
show the energy, entropy, specific heat, and uniform susceptibility vs T , respectively.
Solid lines depict disorder averaged quantities, while dashed lines depict results for
the clean system. Thin lines report bare results for the last two orders of the NLCE,
while thick lines report the results of two resummation techniques. A thin continuous
line following the results of the resummations reports results for a lower order of the
same resummation technique and is used to gauge their stability. Resummation results
are not presented for the clean case as they do not extend the convergence to lower
temperatures. The dotted vertical line marks the position of the phase transition.
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phase transition, is replaced by what appears to be smooth peak in the presence of

disorder. The maximum of that peak appears at temperatures lower than the critical

temperature in the clean case. At higher temperatures, Eq. (4.9) gives results that

agree for E, Cv, and S down to T ≈ 1. We note that NLCE results for the disordered

model are well converged down to T ≈ 0.2 to 0.3, while the NLCE results for the

clean model converge to temperatures that are close to Tc, and agree with the analytic

results in the disordered phase.

Results for the uniform susceptibility in Figs. 4.3(d) and 4.4(d) show that this

quantity behaves very differently in the clean and disordered systems. In the disor-

dered case it exhibits a 1/T behavior at all temperatures, both on the square and

honeycomb lattices. An order by order linked cluster expansion reveals that the only

nonvanishing contribution to the susceptibility in the disordered case comes from the

single-site system, and is trivially proportional to 1/T . All higher order contributions

vanish. We show this for the first few orders of the NLCE on the square lattice. Below

are the expressions for the disorder averaged logZ for the clusters with one, two, and

three sites shown in Fig. 4.2.

logZ(1) = log
(

e−
βh

2 + e
βh

2

)

logZ(2) =
1

2

[

log
(

2e−
βJ

4 + e
β(J+4h)

4 + e
β(J−4h)

4

)

+ β → −β
]

logZ(3) =
1

2
log
(

e
βh

2 + e
3βh

2 + e
β(J+h)

2 + e
β(J−h)

2 + β → −β
)

+

+
1

4

[

log
(

2e
βh

2 + 2e
−βh

2 + e
−β(J+3h)

2 + e
−β(J−3h)

2 + e
β(J+h)

2 + e
β(J−h)

2

)

+ β → −β
]

(4.11)

The uniform susceptibility can be obtained from χ = β−1(∂2 logZ)/(∂h)2 evalu-

ated at h = 0. We get for the above three orders,

χ(1) =
β

4
, χ(2) =

2β

4
, χ(3) =

3β

4
. (4.12)
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Already, one can see that no new contributions appear at the higher orders. To confirm

this, we calculate the weights of the three clusters (see Ref. [99] for details about

multiplicities, etc.):

W (1)
χ = χ(1) =

β

4

W (2)
χ = χ(2) − 2W (1)

χ = 0

W (3)
χ = χ(3) − 2W (2)

χ − 3W (1)
χ = 0.

(4.13)

Indeed, only the single-site cluster contributes. One can check this at higher orders,

and for the honeycomb lattice as well. This is not the case for the XY and Heisenberg

models discussed below.

Earlier studies for the Ising model with bimodal disorder on the square lattice

found a low-temperature scaling of the specific heat (i.e., the exponent α in a power

law fit of the low-temperature specific heat, Cv ∼ T−α) that is different from the model

with continuous disorder [43]. At even lower temperatures, a crossover in the scaling

behavior of Cv has been reported [46]. Unfortunately, our results do not converge at

low enough temperatures to observe such power laws. However, for T > 0.3, our results

are consistent with those in other studies [43, 46] (since we consider Sz = ±1/2, our

temperatures are lower by a factor of four from those studies, which took Sz = ±1).

4.3.2 XY model

Figures 4.5 and 4.6 show results for the spin-1/2 XY model on the square and hon-

eycomb lattice, respectively. The results for all quantities are well converged down

to about T ≈ 0.1 to 0.2. Figures 4.5(a),(b) and 4.6(a),(b) show that the behavior

of energy and the entropy is qualitatively similar to the one observed in the Ising

model. However, the results for the XY model in the presence of disorder converge

at lower temperature than those for the Ising model. For the XY model, the specific
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heat in the presence of disorder exhibits a peak that is well resolved by our NLCE

[Figs. 4.5(c) and 4.6(c)]. We note that the energy, entropy, and specific heat follow

the second order result in Eq. (4.9) for T > 2 in the square lattice and T > 0.7 in the

honeycomb lattice.

Interestingly, Figs. 4.5(d) and 4.6(d) show that in the XY model the uniform (z)

susceptibility in the presence of disorder exhibits a plateau for low temperatures.

This is qualitatively different from the behavior observed for the Ising model. The

fact that the response to an external magnetic field in the z-direction is independent
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Figure 4.5: Spin-1/2 XY model on the square lattice. Panels (a)–(d) show the
energy, entropy, specific heat, and uniform susceptibility vs T , respectively. Solid
lines depict disorder averaged quantities, while dashed lines depict results for the
clean system. Thin lines report bare results for the last two orders of the NLCE,
while thick lines report the results of two resummation techniques. A thin continuous
line following the results of the resummations reports results for a lower order of the
same resummation technique and is used to gauge their stability. The dotted vertical
line marks the position of the phase transition.
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of temperature for low temperatures shows that increasing temperature does not

increase the disorder in the spin correlations in the z-direction.

We should add that the classical XY model has been studied in the presence of

Gaussian-random dilution [162] and bimodal dilution [163] of ferromagnetic bonds.

In these works, the BKT transition was seen to slowly disappear as the dilution

was increased. Here we only have considered the fully disordered case, i.e., an equal

distribution of ferro- and antiferromagnetic bonds, so we do not expect that any

remnants of the BKT phase are present in our calculations.
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Figure 4.6: Spin-1/2 XY model on the honeycomb lattice. Panels (a)–(d) show
the energy, entropy, specific heat, and uniform susceptibility vs T , respectively. Solid
lines depict disorder averaged quantities, while dashed lines depict results for the
clean system. Thin lines report bare results for the last two orders of the NLCE,
while thick lines report the results of two resummation techniques. A thin continuous
line following the results of the resummations reports results for a lower order of the
same resummation technique and is used to gauge their stability. Note that the results
converge to similar temperatures as in the square lattice.
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4.3.3 Heisenberg model

Figures 4.7 and 4.8 show results for the spin-1/2 Heisenberg model on the square

and honeycomb lattices, respectively. In Figs. 4.7(a) and 4.8(a), one can see that the

plateau in the energy at low temperatures is the clearest of all models studied in this

work. The onset of this plateau occurs at T ≈ 0.2 for both models. Remarkably, in

the honeycomb geometry, the energy in the presence of disorder converges down to

T ≈ 0.02. The entropy [Figs. 4.7(b) and 4.8(b)] behaves similarly to the entropy in

the XY model, but also converges to very low temperatures (T ≈ 0.03 to 0.04) in the

honeycomb geometry. Like for the XY model, the specific heat exhibits a clear peak

in the presence of disorder. The temperature at which the maximum of that peak

occurs is very close (but slightly larger) to the one in the clean model.
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Figure 4.7: Spin-1/2 Heisenberg model on the square lattice. Same as Fig. 4.5
but for the spin-1/2 Heisenberg model.
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In contrast to the XY model, the uniform susceptibility in the presence of disorder

increases rapidly with decreasing temperature at the lowest temperatures accessible

to us. The susceptibility therefore behaves qualitatively similar to the Ising model.

It is worth emphasizing that our results for all observables in the honeycomb lattice

appear to converge at temperatures significantly below T = 0.1, and quite close to

T = 0.01 for the energy, entropy, and uniform susceptibility.

Our calculations for the Heisenberg model reach lower temperatures and access

regimes beyond what has been possible with quantum Monte Carlo simulations. For

example, Ref. [164] studied the case of diluting an antiferromagnetic model with

ferromagnetic bonds of varying concentration. The results presented there did not

reach the equal probability J = ±1 case discussed here because of the sign problem.

For lower concentrations of ferromagnetic bonds (below 30%), the calculations were

still limited to temperatures above T ≈ 0.3.
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Fig. 4.6 but for the spin-1/2 Heisenberg model.
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Chapter 5

Quantum Quenches and Many-Body Localization in the

Thermodynamic Limit

In this chapter, we study quantum quenches in disordered isolated systems in the

thermodynamic limit. The initial state is taken to be stationary under some ini-

tial Hamiltonian, which at the time of the quench is suddenly changed to a new

(time-independent) Hamiltonian. The latter then drives the (unitary) dynamics of

the system. We are interested in the time average of observables (say, Ô) after the

quench. They can be calculated as O(τ) = Tr[ρ̂(τ)Ô] = Tr[ρ̂(τ)Ô] ≡ Tr[ρ̂DEÔ] = ODE,

where (·) = limτ ′→∞1/τ ′
∫ τ ′

0
dτ (·) indicates the infinite time average, ρ̂(τ) is the den-

sity matrix of the time-evolving state, and ρ̂DE ≡ ρ̂(τ) is the density matrix of the

so-called diagonal ensemble (DE) [76]. To obtain results in the thermodynamic limit,

we use a recently introduced NLCE for the DE [81, 165, 166]. When converged, NLCE

calculations provide exact results in the thermodynamic limit. For quenches in the

integrable XXZ chain, this was shown in Refs. [44,45] by comparing NLCEs with

exact analytic calculations using Bethe-ansatz. In this work, thermalization, or the

lack thereof, is studied by comparing results for observables in the DE and in the

grand-canonical ensemble (GE).
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5.1 Model

We focus on a system of impenetrable bosons in one-dimension (1D) with Hamiltonian

Ĥ = Ĥ0 + ĤD, where

Ĥ0 =
∑

i

[

−t(b̂†i b̂i+1 + H.c.) + V

(

n̂i −
1

2

)(

n̂i+1 −
1

2

)]

(5.1)

is translationally invariant and ĤD =
∑

i hi(n̂i − 1
2
) is the term with the disorder. b̂†i

(b̂i) creates (annihilates) a hard-core boson at site i and n̂i = b̂†i b̂i is the site number

operator. t stands for the hopping parameter, V for the nearest neighbor interaction,

and hi for the strength of the on-site disorder. In the spin language, Ĥ describes a

spin-1/2 XXZ model in the presence of a random magnetic field in the z-direction.

We select the random field to have a binary distribution with equal probabilities for

hi = ±h. This model has been recently motivated in the context of ultracold bosons

in optical lattices [68].

In chapter 4, we have shown that a disorder average that restores an exact trans-

lational invariance enables once again the use of NLCEs. Hence, all we need to do in

our calculations is replace O(c) = Tr[Ô ρ̂c] for the translationally invariant case by:

O(c) = Tr[Ô ρ̂c], (5.2)

where the overline represents the disorder average. Having to compute this additional

average reduces our site based linked cluster expansion from a maximum of 18 sites

for translationally invariant systems [81, 165, 166] to 14 sites here. We define Oens
l as

the sum over the contributions of clusters with up to l sites, where “ens” could be DE

or GE. The temperature used in the GE calculations to describe the system after the

quench is determined from a comparison of the energy of DE and the GE by ensuring

that |EDE
14 − EGE

14 |/|EDE
14 | < 10−12. We only report results for values of TI for which

EDE
14 and EGE

14 are converged within machine precision.
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5.2 Results

5.2.1 Average Ratio of Consecutive Energy Gaps

We first use full exact diagonalization of finite chains with periodic boundary con-

ditions to check whether Ĥ supports a many-body localized phase (as argued in

Ref. [68]) and, if it does, the value of the disorder strength at which such a phase

appears. We focus on V = 2t (which is the Heisenberg point in the spin model) and

set t = 1 as our unit of energy. As a first indicator of many-body localization, we

study the averaged ratio of the smaller and the larger of two consecutive energy gaps,

rn = min[δEn−1, δ
E
n ]/max[δEn−1, δ

E
n ], where δEn ≡ En+1 − En is the difference between

adjacent energy levels in the spectrum [59, 61]. The averaged ratio r is obtained by

averaging rn over the central half of the spectrum for a given disorder configuration,

and then averaging over disorder configurations. In the delocalized phase one expects

r ≈ 0.5359 and in the localized one, r ≈ 0.3863, corresponding to the results for the

Wigner-Dyson and Poissonian distributions [167], respectively.

Figure 5.1 shows the averaged ratio r as a function of the strength of the random

field h for three system sizes. One can see that there is a transition from a delocalized

to a localized phase with increasing disorder strength, and that it sharpens with

increasing system size. From the delocalized side, with increasing h, the curves for

different system sizes meet in the vicinity of h = 3.5, suggesting that the critical

hc ≈ 3.5. Remarkably, for the same model but with continuous disorder, the transition

was found to be at around twice this value (hc ≈ 7) [61].

5.2.2 observables

Now that we have an idea of the disorder strengths that correspond to the ergodic

and many-body localized phases, we proceed to study quantum quenches into both

94



0.5 1 2 4 8
h

0.35

0.4

0.45

0.5

0.55

r

L=14
L=14
L=15
L=16

t=1.0, V=2.0

r = 0.53

r = 0.39

Figure 5.1: Energy ratio as a function of disorder strength. Exact diagonal-
ization results for the averaged ratio of two consecutive energy gaps r (see text) as
a function of disorder strength in chains with L = 14, 15, and 16 sites; and V = 2.
For L = 14, the energy ratio was computed considering all 214 = 16384 disorder field
configurations (filled circles). We also show the energy ratio for L = 14 (open circles),
L = 15 (open squares), and L = 16 (open triangles) averaging over 9100 random
samples. The error bars depict one standard deviation. They make apparent that the
statistical errors are negligible at the scale of the figure.

regimes. We take the initial state to be in thermal equilibrium at some temperature

TI for ĤI with parameters tI = 0.5, VI = 2.5, and hj = 0 for all j, i.e., the initial

state is homogeneous. (We have verified that the results reported are robust when

changing the initial state, which is, in principle, arbitrary.) After the quench, we take

t = 1, V = 2.0, and different values of h 6= 0 (as in Fig. 5.1). In all our calculations,

the chemical potential µ = 0, so that the systems are at half filling. NLCEs for the

diagonal ensemble allow one to compute the infinite-time average of observables in

the thermodynamic limit for lattice systems evolving unitarily [81, 166].

In order to determine the initial temperature TI for which the various observables

calculated using NLCEs in the DE and GE are well converged, we define the following
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Figure 5.2: ∆(Eens)13, ∆(Kens)13, and ∆(mens)13 as a function of TI . Results for:
(a) ∆(Eens)13, (b) ∆(Kens)13, and (c) ∆(mens)13 as a function of TI and six values of
h . Open (filled) symbols depict the relative differences in the DE (GE). In all panels,
the GE results appear converged to within machine precision for temperatures TI & 2.
For the DE, only the energy (a) converges to within machine precision.

difference

∆(mens)l =

∑

k |(mk)
ens
l − (mk)

ens
14 |

∑

k |(mk)
ens
14 |

, (5.3)

which allows us to estimate the convergence of the NLCE calculations [81]. ∆(Kens)l

(∆(Eens)l) follows straightforwardly from Eq. (5.3) by removing the sums and

replacing mk → K(E). We plot ∆(Eens)13 in Fig. 5.2(a), ∆(Kens)13 in Fig. 5.2(b),
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Figure 5.3: Momentum distribution in the initial state and after quenches.
Last order (l = 14) of the NLCE calculation for the momentum distribution in the
initial state with TI = 2, and in the DE and GE after quenches with four different
values of the disorder strength h (two below and two above the delocalization to
localization transition). The inset depicts the last order of the NLCE for the kinetic
energy K after quenches as a function of h. Note that, for h . 2.5 < hc, the results
in the DE and the GE are virtually indistinguishable.

and ∆(mens)13 in Fig. 5.2(c) as a function of TI for a set of quenches. Figure 5.2 shows

that, with increasing TI , ∆(EGE)13, ∆(KGE)13, ∆(mGE)13 decrease and become zero

to within machine precison for TI & 2.0. We therefore expect that, within the cluster

sizes accessible to us, E, K, and m in the GE have converged to the thermodynamic

limit results for TI & 2.0. In the DE, however, only the energy [Fig. 5.2(a)] coverges

within machine precision. As evident from Figs. 5.2(b) and 5.2(c), for the kinetic

energy and the momentum distributions, respectively, the relative errors do not

change much with increasing temperature for TI & 2.0. In these cases, the error can

only be reduced by considering larger system sizes.

In Fig. 5.3, we report the initial momentum distribution of a system with TI = 2

and the final momentum distribution for different values of h after the quench. After
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the quench, the DE and GE results for h = 0.6 and 1 (h < hc) are indistinguishable

from each other, while for h = 4 and 6 (h > hc) are very different from each other.

Remarkably, the results that are close to each other for h > hc are those from the

DE. The contrast between the DE and GE results in this regime makes apparent

that there is more coherence in the one-particle sector after equilibration than if the

system were in thermal equilibrium (mDE
k=0 > mGE

k=0). The system “remembers” one-

particle correlations from the initial state. This has also been seen in quasi-periodic

systems [168]. It is easy to understand in the limit of very strong disorder, where Ĥ =
∑

i hi(n̂i− 1
2
), and, in the Heisenberg picture, b̂†i (τ)b̂j(τ) = exp[i(hi−hj)τ/~]b̂

†
i (0)b̂j(0).

A disorder average over hi, hj (with each being ±h with equal likelihood) reveals that,

for a half-filled system, mDE
k = 1/4 +mk(τ = 0)/2. Strikingly, a very strong freezing

of correlations is seen right after entering the many-body localized phase. The results

for the kinetic energy, almost constant in the inset in Fig. 5.3 for h > hc, provide

evidence of the robustness of these findings.

5.2.3 Relative difference between the DE and GE

To discern which of the differences between the DE and GE seen in Fig. 5.3 are

due to lack of convergence of the NLCE and which are expected to survive in the

thermodynamic limit, we calculate the following difference

δ(m)l =

∑

k |(mk)
DE
l − (mk)

GE
14 |

∑

k |(mk)GE
14 | , (5.4)

which allows us to quantify the difference between the DE and the GE. δ(K)l (δ(E)l)

follows straightforwardly from Eqs. (5.4) by removing the sums and replacing mk →

K(E).
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Figure 5.4: Relative differences for the momentum distribution and the
kinetic energy. Relative differences for the momentum distribution and the kinetic
energy vs l in the NLCE calculation for TI = 2 and the same set of quenches as in
Fig. 5.2. (a) δ(m)l, (b) δ(K)l, (c) ∆(mDE)l, and (d) ∆(KDE)l.

Results for δ(m)l, δ(K)l, ∆(mDE)l and ∆(KDE)l vs l are reported in Figs. 5.4(a)–

5.4(d), respectively, for six values of h. They show that: (i) The momentum distribu-

tion function (a nonlocal quantity) and the kinetic energy (a local quantity) exhibit

qualitatively similar behavior. (ii) For h & 3.5, δ(m)l and δ(K)l do not change with

increasing l, and are much larger than ∆(mDE)l and ∆(KDE)l, i.e., the former are

expected to remain nonzero in the thermodynamic limit. This supports the existence

of many-body localization in the thermodynamic limit. (iii) For h . 3.0, δ(m)l and

δ(K)l decrease with increasing l, and are of the same order of magnitude as ∆(mDE)l

and ∆(KDE)l (which also decrease with increasing system size). Hence, the differ-

ences between those observables in the DE and the GE are expected to vanish in

the thermodynamic limit, i.e., those values of h belong to the ergodic phase. In this

phase, δ(m)l and δ(K)l behave as in systems without disorder [81]. (iv) ∆(mDE)l and
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Figure 5.5: Relative differences for the momentum distribution for TI = 2.
Relative differences for the momentum distribution vs l in the NLCE calculation for
3.2 ≤ h ≤ 3.8. (a) δ(m)l and (b) ∆(mDE)l. In (a), horizontal dashed lines correspond
to the average value of last 2 orders of δ(m)l for h = 3.6, 3.7, and 3.8.

∆(KDE)l in Figs. 5.4(c)–5.4(d) show that the NLCE convergence errors are largest in

the region where the system transitions between ergodic and localized.

In order to better pin down the transition point between the ergodic and many-

body localized phases, in Fig. 5.5(a) we plot δ(m)l vs l in the vicinity of h = 3.5.

For h ≥ 3.6, we see that δ(m)l seems to saturate to a finite value that is larger

than ∆(mDE)13, suggesting that the system is many-body localized for h ≥ 3.6. The

transition between ergodic and many-body localized can occur for smaller values of

h as, for larger values of l, the plots for δ(m)l may saturate to a constant value.

However, we expect that hc ≈ 3.5 since in the vicinity of this disorder strength we see

that δ(m)l and ∆(mDE)l−1 are very close to each other for the largest system sizes

studied.
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Figure 5.6: Relative differences for the momentum distribution for TI = 10
and TI = 100. The equivalent of Fig. 5.5 for TI = 10 (left) and TI = 100 (right).
For h ≥ 3.6, δ(m)l vs l [(a) and (c)] appears to converge to a nonzero value with
increasing system size. Furthermore, the convergence errors [estimated by ∆(mDE)l,
see panels (b) and (d)] are smaller than the δ(m)l differences for those values of h.
These results are very similar to those for TI = 2 reported in the main text.

In Figure 5.6, we show the equivalent of Fig. 5.5 but for higher initial temperatures.

In general, it is expected that as one increases the mean energy density after the

quench (which is exactly what increasing TI does in our case) the transition point

between the delocalized and localized phases should move towards stronger disorder

[66]. However, for the temperatures at which our NLCEs for the energy converge to

within machine precision, we do not observe any significant difference between the

results for TI = 2, 10, and 100. This is possibly because TI = 2 is already too high to

see this effect. The effective temperatures after quench are reported in Table 5.1.
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Table 5.1: Effective temperatures used in the GE calculations.
h=0.6 h=1.0 h=3.0 h=3.5 h=4.0 h=6.0

TI=2.0 2.996 3.482 9.900 12.558 15.635 32.095
TI=10.0 14.894 17.590 51.858 65.850 82.005 168.226
TI=100.0 149.283 177.563 531.698 675.640 841.738 1727.657
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Chapter 6

Summary and Conclusions

In chapter 2, we presented a pedagogical overview to NLCEs, which is the main

numerical approach in this thesis to study correlated lattice systems. NLCEs use

the basis of LCEs, but employ exact diagonalization, instead of perturbation theory

as done in HTEs, to calculate the properties of finite clusters in the series. This

means that the properties of each cluster are calculated to all orders in β. The main

advantage of NLCEs over HTEs is that, for models with short-range correlations,

it is possible to access arbitrarily low temperatures because of the lack of a small

parameter in the series. Furthermore, for models in which correlations grow slowly

as the temperature is lowered, NLCEs can converge well below the temperature at

which HTEs diverge. In NLCEs, as opposed to HTEs, the convergence temperature

is controlled by the correlations in the model, and by the highest order in the series

that can be calculated.

In chapter 3, we used DQMC and NLCEs to study experimentally relevant ther-

modynamic properties and spin correlations of the Hubbard model in the honeycomb

lattice. We find that, at half filling and weak interactions, the compressibility in this

lattice may be smaller than in the square lattice at low T , despite the fact that the

ground state in the former is a semimetal and in the latter an insulator. We also

find that the honeycomb lattice exhibits a more significant anomalous region with

d〈n̂↑n̂↓〉/dT < 0 than the square lattice, which leads to a stronger adiabatic cooling

in the former lattice geometry. Remarkably, NN spin correlations in the honeycomb
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lattice are stronger than in the square lattice in an extended region of entropies for

all U .

We have also shown that a low-temperature upturn in the double occupancy also

occurs away from half filling, and that it is actually more prominent than the one

at half filling. By comparing the isentropic curves for T/w as a function of U/w

away from (but close to) half filling and those at half filling, we have shown that

adiabatic cooling is more efficient in the former. We then have used the local density

approximation to study adiabatic cooling in the presence of a confining harmonic

potential, finding that in the trapped system such a process is indeed more efficient

than in the homogeneous one. This means that, in the presence of a harmonic trap,

one can create Mott insulating domains with exponentially long AF correlations at

average entropies per particle of s ≃ 0.8, while in the homogeneous system one needs

s . 0.5 to fall in such a regime. These upper limits for the values of entropy are even

higher than those predicted for the square lattice geometry.

In chapter 4, we used NLCEs to study thermodynamic properties of spin models

with bimodal (±J) bond disorder. The results reported are in the thermodynamic

limit at temperatures for which they are well converged. We have unveiled various

interesting effects of disorder in spin-1/2 Ising, XY, and Heisenberg models. For all

models we find that disorder leads to a saturation of the energy at the lowest temper-

atures accessible to us, in a regime where the entropy is higher than in clean systems.

This makes apparent that there are many low lying energy states. For the disordered

classical Ising model, on both the square and the honeycomb lattice, the divergence of

the specific heat in the clean case is replaced by a peak, and the uniform susceptibility

follows an inverse temperature law for all temperatures in the presence of disorder.

This was explicitly verified order by order. In the Heisenberg model, we also find that

the susceptibility increases with decreasing temperature for all temperatures acces-
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sible to us in the presence of disorder. In the XY model, on the other hand, we find

that the susceptibility exhibits a plateau at low temperatures. On both the XY and

Heisenberg models, our NLCE calculations were able to resolve a peak in the specific

heat.

In chapter 5, we studied quantum quenches in the thermodynamic limit in an

interacting model with binary disorder. This was possible by generalizing the NLCE

approach to solve problems with disorder. We have shown that for quenches starting

in a delocalized phase, a freezing of correlations can occur in the steady state after

the quench right after entering the many-body localized phase. We located the critical

value of the transition between the ergodic and many-body localized phase using a

quantum chaos indicator (the average ratio between consecutive energy gaps) in finite

systems and the difference between NLCE predictions for observables in the DE and

the GE after quantum quenches. The values of hc were found to be consistent in those

two schemes. The small convergence errors of NLCE for h > hc strongly support that

the many-body localized phase occurs in the thermodynamic limit.
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